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0.1 �l�¼ê

�l�¼ê´Î�IX¦^©lCþ{�g,�)�¼êx"

0.1.1 �l��§

·�±Ñt�§�~µ(àg�/)�k���»�a ��ÎN§p�H§?u9²ïG�§ý

¡ý9§þeL¡§Ý®�§SÜÃ9"¦§Ý©Ùº

Äk·��Ñ½)¯Kµ
uxx + uyy + uzz = 0, 0 ≤ r ≤ R, 0 ≤ z ≤ H, 0 ≤ θ < 2π

ur|x2+y2 = 0, 0 ≤ z ≤ H, 0 ≤ θ < 2π

u(x, y, 0) = g1(r, θ), u(x, y,H) = g2(r, θ), 0 ≤ r ≤ R, 0 ≤ θ < 2π.

·�¦^Î�IX¿^©lCl{§3Î�IXe§àgÑt�§�

∆3u =
∂u

∂r2
+

1

r

∂u

∂r
+

1

r2

∂u

∂θ2
+
∂u

∂z2
= 0.

�©lCþ

u = ZRΘ,

Ù¥§Z = Z(z), R = R(r),Θ = Θ(θ)"Kk§

−r
2R′′Z + rR′Z + r2RZ ′′

RZ
=

Θ′′

Θ
.

Ø��Θ′′

Θ
= −λ§Kk�k�¯K{

Θ′′ + λΘ = 0, 0 ≤ θ ≤ 2π

Θ(0) = Θ(2π),Θ′(0) = Θ′(2π).

ù´±Ï>.^���k�¯K§k = 1, q = 0, ρ = 1§dSL nØ§λ0 = 0§Θ0 = 1"Ù{�k

�λn = n2, n ≥ 1§éA�k¼êΘ
(1)
n = cosnθ,Θ

(2)
n = sinnθ, n ≥ 1"ò�k��\��§§�

r2R′′Z + rR′Z + r2RZ ′′

RZ
= n2.

=µ

−Z
′′

Z
=
−n2R+ r2R′′ + rR′

r2R
.

·�2^�g©lCþ§b�þª�~�−µ§K·����k�¯K{
r2R′′ + rR′ + (µr2 − n2)R = 0, r ≥ 0

|R(0)| <∞, R′(a) = 0.

�¤IO/ª§k {
[rR′]′ − n2

r
R+ µrR = 0, 0 ≤ x ≤ a

|R(0)| <∞, R′(a) = 0.

·��ân �ØÓ��5?Øµ
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�n = 0 �§q = 0§üà©O�g,>.^�ÚII a>.^�"Ï0 ´�k�§éA�k¼

ê�R0 = 1"Ù{�k�þ�u"§·��±�x =
√
µr, y(x) = R(x/

√
µ)§·�Ò��
{

x2y′′ + xy′ + x2y = 0, x ≥ 0.

|y(0)| <∞.

þã�§¡�"��l��§"

�n 6= 0 �§q 6= 0§·�ØI��Ä"�k�"¤k�k�Ñ�u0§=µ > 0"·��±

�x =
√
µr, y(x) = R(x/

√
µ)§·�Ò��
{

x2y′′ + xy′ + (x2 − n2)y = 0, x ≥ 0.

|y(0)| <∞.

þã�§¡�n��l��§"��ν�£ν ≥ 0¤�l��§�/ª�

x2y′′ + xy′ + (x2 − ν2)y = 0, x ≥ 0.

�¤SL�/ª�

[xy′]′ − ν2

x
y + xy = 0, x > 0.

·�uyØ
30���ÿI��Ä"�k�	§Ù¦/ªÑ´Ú��§Ï¯K�Ø%3u)þ

�~�©�§"

½n. XJy1 Úy2 ´þã~�©�§�ü��5Ã')§Ù¥��30 :k.§K,��7,3"

:Ã."

¢Sþ§·�b�y1 ´½n�k.)§y2 ´Ã.)§K~�©�§�¤k)�±L«

�C1y1 +C2y2"�±`²§¤kk.)Ñ´y1 ��ê"(Ü·��>.^�§y1 ´·�¤'%�"

Ù,�A)¡�ν-��l�¼ê§P�Jν(x)"

y3b�·�®²��
Jn(x)§·�£�
n-��l��k�¯K"R(r) = Jn(
√
µr)">.

^��

|R(0)| <∞, R′(r) = (Jn(
√
µr))′|r=a =

√
µJ ′n(x)|x=

√
µa = 0.

�ω =
√
µ§�J ′n(ωa) = 0 �¤k�)�ωn,1 < ωn,2 · · ·"K�k�µn,m = ω2

n,m§�k¼êRn,m =

J(ωn,mr)§�n = 0 �§U�¹?Ø"�k�´Ä�3"ò�k��\Z ��§§��

Z ′′ − ω2
n,mZ = 0

�k��"�)�

Z = Cn,m,1e
ωn,mz + Cn,m,2e

−ωn,mz.

�k�"�)�

Z = C +Dz.

¤±�½)¯K�)�

u = C +Dz +

∞∑
n=1

∞∑
m=1

(C
(1)
n,m,1e

ωn,mz + C
(1)
n,m,2e

−ωn,mz)Jn(ωn,mr)Θ
(1)
n (θ) + · · · .



3

————————————————————————–

£�àg�/¤�k���»�a ��ÎN§p�H§?u9²ïG�§ý¡k��mÃ'�

966\§þeL¡§Ý®�§SÜk��mÃ'�9"¦§Ý©Ùº

Äk·��Ñ½)¯Kµ
uxx + uyy + uzz = f(r, θ, z), 0 ≤ r ≤ R, 0 ≤ θ < 2π, 0 ≤ z ≤ H
ur|r=a = ϕ(θ, z), 0 ≤ z ≤ H, 0 ≤ θ < 2π

u(x, y, 0) = g1(r, θ), u(x, y,H) = g2(r, θ), 0 ≤ r ≤ R, 0 ≤ θ < 2π.

r>.^�àgz§�v = r2

2a
ϕ(θ, z)§9w = u− v§�

∂w
∂r2

+ 1
r
∂w
∂r

+ 1
r2

∂w
∂θ2

+ ∂w
∂z2

= f(r, θ, z), 0 ≤ r ≤ R, 0 ≤ θ < 2π, 0 ≤ z ≤ H
wr|r=a = 0, 0 ≤ z ≤ H, 0 ≤ θ < 2π

w(x, y, 0) = g1(r, θ), w(x, y,H) = g2(r, θ), 0 ≤ r ≤ R, 0 ≤ θ < 2π.

ùp�f, g1, g2 ¬k�AUC§��
�B·�ÒØUÎÒ
"�Θn, µn, Rn,m = Jn(ωn,m)(x) �c

¡¤ã"·��é��÷v�½�§�A)§�÷v>.^�"Ø�b�ù�A)�

ṽ =
∑
n,m

Z(1)
n,m(z)Θ(1)

n (θ)Rn,m(r) +
∑
n,m

Z(2)
n,m(z)Θ(2)

n (θ)Rn,m(r) +
∑
m

Z0,mR0,m.

��Bå�·��ÑÜ©/ª§��Ñ´���"l

∂ṽ

∂r2
+

1

r

∂ṽ

∂r
+

1

r2

∂ṽ

∂θ2
+
∂ṽ

∂z2
=
∑
n,m

(
Zn,mΘnR

′′
n,m + Zn,mΘn

R′n,m
r

+ Zn,mΘ′′n
Rn,m
r2

+ Z ′′n,mΘnRn,m

)
.

�\Θ′′n + n2Θn = 0§þª�u∑
n,m

(
Zn,mΘn

r2R′′n,m + rR′n,m − n2Rn,m

r2
+ Z ′′n,mΘnRn,m

)
.

�\
−n2Rn,m+r2R′′n,m+rR′n,m

r2Rn,m
= −ω2

n,m§þª�u∑
n,m

(
−ω2

n,mZn,mΘnRn,m + Z ′′n,mΘnRn,m
)

=
∑
n,m

(
−ω2

n,mZn,m + Z ′′n,m
)

ΘnRn,m.

òf ©)�

f(z, r, θ) =
∑
n,m

fn,m(z)Θn(θ)Rn,m(r).

éì�

−ω2
n,mZn,m + Z ′′n,m = fn,m(z).

Q,´éA)§Ø�b�Zn,m(0) = Z ′n,m(0) = 0"d.ªC�µ

−ω2
n,mZ̄n,m + p2Z̄n,m = f̄n,m(z).

��

Z̄n,m =
1

p2 − ω2
n,m

f̄n,m(z).
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l

Zn,m =
eωn,mz − e−ωn,mz

2ωn,m
∗ fn,m.

Z0,0 = z ∗ f0,0.

ù�·�Ò��
¤��A)

ṽ =
∑
n,m

Z(1)
n,mΘ(1)

n Rn,m +
∑
n,m

Z(2)
n,mΘ(2)

n Rn,m +
∑
m

Z0,mR0,m.

�w̃ = w − ṽ§Ò��

∂w̃
∂r2

+ 1
r
∂w̃
∂r

+ 1
r2

∂w̃
∂θ2

+ ∂w̃
∂z2

= 0, 0 ≤ r ≤ R, 0 ≤ θ < 2π, 0 ≤ z ≤ H
w̃r|r=a = 0, 0 ≤ z ≤ H, 0 ≤ θ < 2π

w̃(x, y, 0) = g1(r, θ), w̃(x, y,H) = g2(r, θ), 0 ≤ r ≤ R, 0 ≤ θ < 2π.

ùpg1, g2 k�AUC§ã�BÒØ�
"ù�·�Òz¤
��àg�/"

0.2 �l�¼ê

·�5)ν�£ν > 0¤�l��§

x2y′′ + xy′ + (x2 − ν2)y = 0, x ≥ 0.

ù´��2�~�©�§§Ù)k/ªC1Jν + C2Nν§Ù¥Jν ÚNν ´½Â3(0,+∞) þ�5Ã'�

A)§Ù¥§Jν 30 :k.§Nν 30 :Ã."y3·�éùüA)µØ��

y =

+∞∑
n=0

anx
n+ν .

�\�l��§§��

(1 + 2ν)a1 = 0, n(n+ 2ν)an + an−2 = 0.

·���A)§Ï¿Ø'%Ûê�"·�k

a2k =
(−1)ka0

22kk!(k + ν) · (k + ν − 1) · · · (ν + 1)
.

·�0���¼êΓ ¼êµ

Γ(x) =

∫ ∞
0

e−ttx−1dt.

T¼ê3x ≥ 1 Ñk½Â§¿�k

Γ(1) =

∫ ∞
0

e−tdt = −e−t|∞0 = 1.

�x ≥ 1 �§

Γ(x+ 1) =

∫ ∞
0

e−ttxdt = −
∫ ∞

0

txde−t = −txe−t|∞0 +

∫ ∞
0

e−tdtx = x

∫ ∞
0

e−ttx−1dx = xΓ(x).
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^þã4íúª§·��±`²Γ(n+ 1) = n!§��±òΓ ¼ê�½Âí2��N¢ê�K���

êþ"~X

Γ(−1

2
) = Γ(

1

2
)/(−1

2
) = −4Γ(

3

2
).

¢Sþ

Γ(
1

2
) =

∫ ∞
0

e−tt−
1
2 dt =

∫ ∞
0

e−s
2

s−
1
2 ds2 = 2

∫ ∞
0

e−s
2

s−1ds =
√
π.

�´

Γ(0) = Γ(1)/0 =∞ ±9Γ(−n) =∞, n ∈ N,

3dØ�Ðm"

k
Γ ¼ê§·��±òa2k P�

a2k =
(−1)kΓ(ν + 1)a0

22kk!Γ(k + ν + 1)
.

�a0 = 1
2νΓ(ν+1)

§·���
�l��§�1��A)�´·��'%�A)µ

Jν(x) =

+∞∑
k=0

(−1)kx2k+ν

22k+νk!Γ(k + ν + 1)
=

+∞∑
k=0

(−1)k

k!Γ(k + ν + 1)

(x
2

)2k+ν

.

Jν ��vkwªL�ª§�·�k

J 1
2
(x) =

√
2

π

sinx√
x
.

¢Sþ§�k ���ê�"

Γ(
1

2
+ k) = Γ(

1

2
)× 1

2
× 3

2
× · · · × 2k − 1

2
=

√
π(2k − 1)!!

2k
.

l

J 1
2
(x) =

+∞∑
k=0

(−1)k

k!Γ(k + 1
2

+ 1)

(x
2

)2k+ 1
2

=

+∞∑
k=0

(−1)k

k!
√
π(2k+1)!!

2k+1

(x
2

)2k+ 1
2

.

�n�

J 1
2
(x) =

+∞∑
k=0

(−1)k

k!
√
π(2k+1)!!

2k+1

(x
2

)2k+ 1
2

=

√
2

πx

+∞∑
k=0

(−1)k

(2k + 1)!
x2k+1 =

√
2

πx
sinx.

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

�
¦,��A)§·�Ø�b�,��A)�

y =

+∞∑
n=0

anx
n−ν .

�\�l��§§��

n(n− 2ν)an + an−2 = 0.

·��±òa2k P�

a2k =
(−1)kΓ(−ν + 1)a0

22kk!Γ(k − ν + 1)
.
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�a0 = 1
2−νΓ(−ν+1)

§·���
�l��§�,��A)µ

J−ν(x) =

+∞∑
k=0

(−1)kx2k−ν

22k−νk!Γ(k − ν + 1)
=

+∞∑
k=0

(−1)k

k!Γ(k − ν + 1)

(x
2

)2k−ν
.

�ν Ø´�ê�§

lim
x→0+

J−ν(x) =∞. lim
x→0+

Jν(x) = 0

ÏJν �J−ν �5Ã'"�´�ν = n ��K�ê��ÿ

J−n(x) =

+∞∑
k=0

(−1)k

k!Γ(k − n+ 1)

(x
2

)2k−n
=

+∞∑
k=n

(−1)k

k!Γ(k − n+ 1)

(x
2

)2k−n

=

+∞∑
k=n

(−1)k

k!(k − n)!

(x
2

)2k−n
=

+∞∑
k=0

(−1)k+n

(k + n)!k!

(x
2

)2k+n

= (−1)n
+∞∑
k=0

(−1)k

Γ(k + n+ 1)k!

(x
2

)2k+n

= (−1)nJn(x).

Jn �J−n �5�'"�
)ûù�¯K"�ν Ø´�ê�§·�-

Nν(x) =
Jv(x) cos(νπ)− J−ν(x)

sin(νπ)
.

ν-��l��§�¤k)�±L«�C1Jv + C2Nν"éu�K�ê

Nn(x) = lim
ν→n

Nν(x) = lim
ν→n

Jν(x) cos(νπ)− J−ν(x)

sin(νπ)
.

ù�4�´´ 0
0
�/ª§�±^â7�{K§�

Nn(x) =
cos(νπ)∂Jν

∂ν
(x)− πJν(x) sin(νπ)− ∂J−ν

∂ν
(x)

π cos(πν)
|ν=n =

∂Jν
∂ν

(x)− (−1)n ∂J−ν
∂ν

(x)

π
|ν=n.

Jν ¡�1�aν-��l�¼ê¶Nν ¡�1�aν-��l�¼ê½öì�ù¼ê"3ù�Ö¥·�

:'5Jn AO´J0"

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

0.3 �l�¼ê�5�

0.3.1 1¼ê

exp(x
2
(ξ − 1

ξ
)) ¡��l�¼ê�1¼ê"·�k

exp(
x

2
(ξ − 1

ξ
)) = exp(

x

2
ξ) exp(−x

2

1

ξ
) =

(
∞∑
n=0

1

n!
(
xξ

2
)n

)(
∞∑
n=0

(−1)n

n!
(
x

2ξ
)n

)
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�ξ �gêÐm�µ

exp(
x

2
(ξ +

1

ξ
)) =

∞∑
n=0

∞∑
k=0

1

(n+ k)!
(
xξ

2
)n+k (−1)k

k!
(
x

2ξ
)k +

∞∑
n=1

∞∑
k=0

1

k!
(
xξ

2
)k

(−1)n+k

(n+ k)!
(
x

2ξ
)n+k

=

∞∑
n=0

(
∞∑
k=0

(−1)k

k!(n+ k)!
(
x

2
)2k+n

)
ξn +

∞∑
n=1

(
(−1)n

∞∑
k=0

(−1)k

k!(n+ k)!
(
x

2
)2k+n

)
ξ−n

=

∞∑
n=0

Jn(x)ξn +

∞∑
n=1

(−1)nJn(x)ξ−n

=

∞∑
n=0

Jn(x)ξn +

∞∑
n=1

J−n(x)ξ−n =

∞∑
n=−∞

Jn(x)ξn.

5¿�XJò1¼êw¤��ξ�E¼ê§K1¼ê3ξ 6= 0 )Û§¿�ξ = 0 ´1¼ê��áÛ:§

�±âKÐmµ

exp(
x

2
(ξ +

1

ξ
)) =

∞∑
−∞

anξ
n

^âKÐm�úª

an =
1

2πi

∫
C

f(ξ)

(ξ − a)n+1
dξ, n = 0,±1,±2, · · · ,

Ù¥C ´�7�áÛ:a �4´£�Ö�86�¤"3ùp�f(ξ) = exp(x
2
(ξ − 1

ξ
))§�C �ü �§

=ξ = eθi, 0 ≤ θ < 2π§�a = 0"Kk

an =
1

2πi

∫ 2π

0

exp(x
2
(eθi − 1

eθi
))

(eθi − 0)n+1
deθi =

1

2π

∫ 2π

0

exp(x sin θi)

enθi
dθ =

1

2π

∫ 2π

0

exp((x sin θ − nθ)i)dθ.

5¿�exp((x sin θ − nθ)i) = cos(x sin θ − nθ) + i sin(x sin θ − nθ) ±9sin(x sin θ − nθ) �θ �Û¼
êÚ±Ï2π �¼ê§·�k

1

2π

∫ 2π

0

sin(x sin θ − nθ)dθ =
1

2π

∫ π

−π
sin(x sin θ − nθ)dθ = 0.

¤±

an =
1

2π

∫ 2π

0

cos(x sin θ − nθ)dθ = Jn(x).

¡�����l�¼ê�È©L«"

|^1¼ê�±y²éõ�l�¼ê�5�"

J0(0) = 1, Jn(0) = 0, n 6= 0.

q~X

Jn(x+ y) =

∞∑
k=−∞

Jn+k(x)J−k(y).

¢Sþ��¡

exp(
x+ y

2
(ξ − 1

ξ
)) =

∞∑
n=−∞

Jn(x+ y)ξn.
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,��¡

exp(
x+ y

2
(ξ − 1

ξ
)) = exp(

x

2
(ξ − 1

ξ
)) exp(

y

2
(ξ − 1

ξ
)) = (

∞∑
n=−∞

Jn(x)ξn)(

∞∑
n=−∞

Jn(y)ξn).

�ξ ��êÐm�

exp(
x+ y

2
(ξ − 1

ξ
)) =

∞∑
n=−∞

∞∑
k=−∞

Jn+k(x)ξn+kJ−k(y)ξ−k =

∞∑
n=−∞

∞∑
k=−∞

Jn+k(x)J−k(y)ξn.

éì�µ

Jn(x+ y) =

∞∑
k=−∞

Jn+k(x)J−k(y).

0.3.2 �©'X�4íúª

�l�¼êJν÷v±e5�µ

(1) (xνJν)
′ = xνJν−1 = xνJ ′ν + νxν−1Jν ;

(2) (Jν
xν

)′ = −Jν+1

xν
=

J′ν
xν
− νJν

xν+1 .

�n�

(1) Jν−1 = J ′ν + νx−1Jν ;

(2) Jν+1 = −J ′ν + νx−1Jν .

·�y²�µ

y². (1). Äk

xνJν(x) = xν
∞∑
k=0

(−1)k

k!Γ(k + ν + 1)
(
x

2
)2k+ν =

∞∑
k=0

(−1)k

22k+νk!Γ(k + ν + 1)
x2k+2ν .

éx ¦��

(xνJν(x))′ =

∞∑
k=0

(−1)k(2k + 2ν)

22k+νk!Γ(k + ν + 1)
x2k+2ν−1 = xν

∞∑
k=0

(−1)k

22k+ν−1k!Γ(k + ν)
x2k+ν−1 = xνJν−1(x).

(2). Ón

Jν(x)

xν
= x−ν

∞∑
k=0

(−1)k

k!Γ(k + ν + 1)
(
x

2
)2k+ν =

∞∑
k=0

(−1)k

22k+νk!Γ(k + ν + 1)
x2k.

I�5¿�´k = 0 ��~ê�§¦���0§�
;�Ø�E¤�Ø§·�üÕJÑ5�Ä§�,

XJk! �¤Γ(k + 1) @oÒv7���
"¦��

(
Jν(x)

xν
)′ =

∞∑
k=1

(−1)k2k

22k+νk!Γ(k + ν + 1)
x2k−1 =

∞∑
k=1

(−1)k

22k+ν−1(k − 1)!Γ(k + ν + 1)
x2k−1

=

∞∑
k=0

(−1)k+1

22k+ν+1k!Γ(k + ν + 2)
x2k+1 = −x−ν

∞∑
k=0

(−1)k

22k+ν+1k!Γ(k + ν + 2)
x2k+ν+1

= −x−ν
∞∑
k=0

(−1)k

k!Γ(k + (ν + 1) + 1)
(
x

2
)2k+(ν+1) = −x−νJν+1(x).
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d�©'X§·��±��4íúª

(1) J ′ν = 1
2
(Jν−1 − Jν+1);

(2) 2ν
x
Jν = Jν−1 + Jν+1.

±9

J ′0(x) = J−1(x) = −J1(x).

Ï§���l�¼ê�)Ù�êoU^J0, J1 LÑ"ù�´��Ú�Á�Y��¦§¦þ^J0§

J1 L«"~X

J ′1 =
1

2
(J0 − J2) =

1

2
J0 −

1

2
(
2

x
J1 − J0) = J0 −

1

x
J1.

�,·���±^�©'X¦J ′1

(xJ1)′ = xJ0 = J1 + xJ ′1.

��

J ′1 = J0 −
1

x
J1.

üö´���"q~X

J3 =
4

x
J2 − J1 =

4

x
(
2

x
J1 − J0)− J1 = (

8

x2
− 1)J1 −

4

x
J0

~f1. O�È©
∫∞

0
e−axJ0(bx)dx, a, b ∈ R, a, b > 0. ¿O�L[J0(t)], L[J1(t)].

). ^�l�¼ê�È©L�ª"

2π

∫ ∞
0

e−axJ0(bx)dx =

∫ ∞
0

∫ 2π

0

e−ax cos(bx sin θ)dθdx

=

∫ ∞
0

∫ 2π

0

e−axeibx sin θdθdx

=

∫ 2π

0

∫ ∞
0

ex(−a+ib sin θ)dxdθ

=

∫ 2π

0

1

−a+ ib sin θ
ex(−a+ib sin θ)|∞0 dθ

= 2

∫ π/2

−π/2

−1

−a+ ib sin θ
dθ

= 2

∫ π/2

−π/2

a+ ib sin θ

a2 + b2 sin2 θ
dθ

= 2

∫ π/2

−π/2

a

a2 + b2 sin2 θ
dθ.

�t = tan θ§Kdt = d(tan θ) = dθ
cos2 θ

§�\�∫ π/2

−π/2

a

a2 + b2 sin2 θ
dθ =

∫ ∞
−∞

a cos2 θ

a2 + b2 sin2 θ
dt =

∫ ∞
−∞

a

a2 + (a2 + b2)t2
dt.



10

�s =
√
a2+b2

a
t§�\þª§��∫ π/2

−π/2

a

a2 + b2 sin2 θ
dθ =

1√
a2 + b2

∫ ∞
−∞

1

1 + s2
ds =

1√
a2 + b2

arctan s|∞−∞ =
π√

a2 + b2
.

l ∫ ∞
0

e−axJ0(bx)dx =
1

π
× π√

a2 + b2
=

1√
a2 + b2

.

XJ^3ê½n§�±`²

L[J0(t)] =
1√

1 + p2
, Re(p) > 0.

¢Sþ�Rep > 0 �

L[J0(t)](p) =

∫ ∞
0

e−ptJ0(t)dt =
1

2π

∫ ∞
0

∫ 2π

0

e−pt cos(t sin θ)dθdt =
1

π

∫ ∞
−∞

p

p2 + (p2 + 1)t2
dt.

p
p2+(p2+1)t2

��E¼êkü���4:t1, t2 = ± pi√
p2+1
§��3þ�²¡£t1¤§��3e�²¡

£t2¤"

Res(
1

p2 + (p2 + 1)t2
, t1) = lim

t→t1

p

p2 + (p2 + 1)t2
× (t− t1) =

p

(p2 + 1)(t− t2)
|t=t1 =

p

(p2 + 1)(t1 − t2)
.

L[J0(t)](p) =
1

π
× 2πiRes(

1

p2 + (p2 + 1)t2
, t1) =

1√
1 + p2

.

,�Rep > 0 �

L[J1(t)] =

∫ ∞
0

e−ptJ1(t)dt = −
∫ ∞

0

e−ptJ ′0(t)dt = −e−ptJ0(t)|∞0 −p
∫ ∞

0

e−ptJ0(t)dt = 1−pL[J0(t)].

=

L[J1(t)] =

√
1 + p2 − p√

1 + p2
.

~f2. n ≥ 2§y²∫ x

0

xnJ0(x)dx = xnJ1(x) + (n− 1)xn−1J0(x)− (n− 1)2x2

∫ x

0

xn−2J0(x)dx.

y². ù´Ö�¡���"∫ x

0

xnJ0(x)dx =

∫ x

0

xn−1xJ0(x)dx =

∫ x

0

xn−1(xJ1(x))′dx = xnJ1(x)− (n− 1)

∫ x

0

xn−1J1(x)dx.

^�©'XJ1(x) = −(J0(x))′§�∫ x

0

xn−1J1(x)dx = −
∫ x

0

xn−1J ′0(x)dx = xn−1J0(x) + (n− 1)

∫ x

0

xn−2J0(x)dx.

nÜ±þ¤ã§y²(Ø"
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¢Sþ§é?¿�êm,nµ∫
xmJn(x)dx =

∫
xm−nxnJn(x)dx =

∫
xm−n−1(xn+1Jn+1(x))′dx

= xmJn+1(x)− (m− n− 1)

∫
xm−1Jn+1(x)dx.

(Ü~f2§�±`²�ª
∫
xmJn(x)dxoUL«¤§J0, J1,

∫
J0 �|Ü"�m+n�Ûê�ÿ§�

n�� ∫
xJ0dx =

∫
(xJ1)′dx = xJ1.

�m+ n �óê��ÿ§�n�
∫
J0dx v{�K"

0.3.3 ìCúª�":

x2y′′ + xy′ + (x2 − ν2)y = 0, x ≥ 0.

�u =
√
xy§�

y′ =
u′

x1/2
− u

2x3/2
, y′′ =

u′′

x1/2
− u′

x3/2
+

3u

4x5/2
.

��

u′′ + (1 +
1/4− ν2

x2
)u = 0.

�|x| �~���ÿ§�±Cq�@�
u′′ + u = 0.

ÙÏ)�

u = C1 cosx+ C2 sinx = A cos(x+ θ).

¢Sþ§?�Ú/í��±y²£Ñ¤

Jv(x) ≈
√

2

πx
cos(x− νπ

2
− π

4
),

Nv(x) ≈
√

2

πx
sin(x− νπ

2
− π

4
).

l�±uyJv, J
′
v, Jv + hJ ′v ÑkÃ¡õ�":"ù`²·�À��>.^�ok�êÃ���k

�"

0.4 �l��§��k�¯K

y3·��Ä�l��§��k�¯K§{
x2y′′ + xy′ + (µx2 − ν2)y = 0, 0 ≤ x ≤ a
|y(0)| <∞, αy(a) + βy′(a) = 0.

SL.�§

[xy′]′ − ν2

x
+ µxy = 0.
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I�5¿�´ρ = x§ÏSÈ�〈f, g〉 =
∫ a

0
f(x)g(x)xdx"

dþ!?Ø��§T�§�)�

y = C1Jν(
√
µx) + C2Nν(

√
µx).

�\>.^�§C2 = 0"�ω =
√
µ§K>.^��

αJν(ωa) + βωJ ′ν(ωa) = 0.

þ��§kÃê)§·�b�¤k)�(0 = ω0 <)ω1 < · · ·"

(�k�µ0 = 0, éA�k¼êY0 = 1)

�k�µn = ω2
n, éA�k¼êYn = Jν(ωnx).

I�5¿�´�k�α = 0, ν = 0�§ω0 = 0�3"

·�I�±{Jν(ωnx)}n���Ä�Fp�Ðm§(0, a) �¼êf(x) Ðm�

f =�U�~ê�+

∞∑
n=1

fnJν(ωnx).

�
O�Xê§·�I�O�
∫ a

0
xJ2

v (ωn)dx§�déeª¦±2y′

x[xy′]′ + (ω2x2 − ν2)y = 0.

��

2[xy′][xy′]′ + (ω2x2 − ν2)2yy′ = 0.

=

([xy′]2)′ + (ω2x2 − ν2)(y2)′ = 0.

l0 �a �È©§��µ∫ a

0

([xy′]2)′dx = −
∫ a

0

(ω2x2 − ν2)(y2)′dx = −(ω2x2 − ν2)y2|a0 +

∫ a

0

2ω2xy2dx.

þª�>= [xy′]2|a0 = (ay′(a))2§l∫ a

0

xy2dx =
(ay′(a))2 + (ω2a2 − ν2)y(a)2 + ν2y(0)2

2ω2
.

�\y = Jν(ωx) 9ν2Jν(0)2 = 0§�∫ a

0

xy2dx =
a2ω2J ′2ν (ωa) + (ω2a2 − ν2)J2

ν (ωa)

2ω2
.

N 2
ν = 〈Jν(ωx), Jν(ωx)〉 =

∫ a
0
xJ2

ν (ωx)dx:

(α) α 6= 0, β = 0: d�Jν(ωa) = 0§��N 2
ν = a2

2
J ′2ν (ωa) = a2

2
J2
ν+1(ωa)¶

(β) α = 0, β 6= 0:d�J ′ν(ωa) = 0§��N 2
ν =

(ω2a2−ν2)J2
ν (ωa)

2ω2 = 1
2
(a2 − v2

ω2 )J2
ν (ωa)¶
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(γ) α 6= 0, β 6= 0:d�§�h = β
α
§kJν(ωa)+hωJ ′ν(ωa) = 0§��N 2

ν = 1
2
( a2

h2ω2 +a2− v2

ω2 )J2
ν (ωa)"

AO/§�ν = 0 �ÿµ

(α) α 6= 0, β = 0: N 2
0 = a2

2
J2

1 (ωa)¶

(β) α = 0, β 6= 0: N 2
0 = a2

2
J2

0 (ωa)¶

(γ) α 6= 0, β 6= 0:N 2
0 = 1

2
( a2

h2ω2 + a2)J2
0 (ωa)"

~f3. �J0(x) = 0 �¤k���0 < ω1 < ω2 < · · ·§©Oò(0, 1) þ�¼ê1, x2 ©)�J0(ωix) �

?ê"

). ω2
i ±9J0(ωi) �éAXe"��l��k�¯K��k�Ú�k¼ê{

x2y′′ + xy′ + µx2y = 0, 0 ≤ x ≤ 1

|y(0)| <∞, y(1) = 0.

>.^��I a>.^�§¤±N 2
0,i = 1

2
J2

1 (ωi)"

Äké1 ©)µ

〈1, J0(ωix)〉 =

∫ 1

0

1J0(ωix)xdx =
1

ω2
i

∫ ωi

0

J0(x)xdx =
1

ω2
i

∫ ωi

0

(xJ1(x))′dx =
J1(ωi)

ωi
.

l

1 =

∞∑
i=1

〈1, J0(ωix)〉
N 2

0,i

J0(ωix) =

∞∑
i=1

2

ωiJ1(ωi)
J0(ωix).

2éx2 �©)µ

〈x2, J0(ωix)〉 =

∫ 1

0

x3J0(ωix)dx =
1

ω4
i

∫ ωi

0

J0(x)x3dx.

·�^~f2 �(J§�n = 3:∫
x3J0(x)dx = x3J1(x) + 2x2J0(x)− 4

∫ x

0

xJ0(x)dx = x3J1(x) + 2x2J0(x)− 4xJ1(x).

dÚî4ÙZ[úªµ

〈x2, J0(ωix)〉 =
1

ω4
i

(x3J1(x) + 2x2J0(x)− 4xJ1(x))|ωi0

=
1

ω4
i

(ω3
i J1(ωi) + 2ω2

i J0(ωi)− 4ωiJ1(ωi))

=
J1(ωi)

ωi
− 4J1(ωi)

ω3
i

.

l

x2 =

∞∑
i=1

〈x2, J0(ωix)〉
N 2

0,i

J0(ωix) =

∞∑
i=1

(
2

ωiJ1(ωi)
− 8

ω3
i J1(ωi)

)J0(ωix).

~f4. �J ′0(x) = 0 �¤k���0 < ω1 < ω2 < · · ·§ò(0, 1) þ�¼ê1, x2 ©)�1, J0(ωix) �?

ê"
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). 0, ω2
i ÚÙéA�1, J0(ωi) �Xe"��l��k�¯K��k�Ú�k¼ê{

x2y′′ + xy′ + µx2y = 0, 0 ≤ x ≤ 1

|y(0)| <∞, y′(1) = 0.

>.^��II a>.^�§¤±N 2
0,i = 1

2
J2

0 (ωi)"

Äké1 ©)µÒ´1"

2éx2 �©)µÄk¦~ê�k¼ê1 �Xê

〈1, 1〉 =

∫ 1

0

12xdx =
1

2
.

〈x2, 1〉 =

∫ 1

0

x3dx =
1

4
.

¤±~ê�Xê= 〈x2,1〉
〈1,1〉 = 1

2
"

àg§éÙ¦�Xêµ

〈x2, J0(ωix)〉 =

∫ 1

0

x3J0(ωix)dx =
1

ω4
i

∫ ωi

0

J0(x)x3dx.

·�^~f2 �(J§�n = 3:∫
x3J0(x)dx = x3J1(x) + 2x2J0(x)− 4

∫ x

0

xJ0(x)dx = x3J1(x) + 2x2J0(x)− 4xJ1(x).

dÚî4ÙZ[úª±9J ′0(ωi) = −J1(ωi) = 0µ

〈x2, J0(ωix)〉 =
1

ω4
i

(x3J1(x) + 2x2J0(x)− 4xJ1(x))|ωi0

=
1

ω4
i

(ω3
i J1(ωi) + 2ω2

i J0(ωi)− 4ωiJ1(ωi))

=
2J0(ωi)

ω2
i

.

l

x2 =
1

2
+

∞∑
i=1

〈x2, J0(ωix)〉
N 2

0,i

J0(ωix) =
1

2
+

∞∑
i=1

4

ω2
i J0(ωi)

J0(ωix).

~f5 ("��l��k�¯K). k��?u9²ï�n�7á�Î§�»pþ�1§þe.§Ý©

O�1− r2, 0§ý¡§Ý�0§Ã9§¦�ÎNS�§Ý©Ù"

). dé¡5§N´��§Ý©Ù��ÝÃ'§Ø��§Ýu = u(r, z)"Ï�±�Ñ½)¯K
∆3u = ∂u

∂r2
+ 1

r
∂u
∂r

+ ∂u
∂z2

= 0, 0 ≤ r ≤ 1, 0 ≤ z ≤ 1

u|r=1 = 0.

u(0, z) = 0, u(1, z) = 1− r2.

©lCþ§u(r, z) = R(r)Z(z)§k

−Z
′′

Z
=
rR′′ +R′

rR
.



15

�þª�~�−µ§���k�¯K{
r2R′′ + rR′ + µr2R = 0, 0 ≤ r ≤ 1

|R(0)| <∞, R(1) = 0.

ù´"���l��k�¯K§Ï�k��>.^�´I a>.^�"Ï"Ø´�k�§�

J0(ω)

�¤k�)�0 < ω1 < ω2 < · · ·"KéA�k�ω2
n§�k¼êJ0(ωnr)§ò�k��\Zn ��§§

��µ

Z ′′n − ω2
nZn = 0.

Zn = Ane
ωnz +Bne

−ωnz"l

u(r, θ) =

∞∑
n=1

(Ane
ωnz +Bne

−ωnz)J0(ωnr).

¦Xê§

u(r, 1) = 1− r2 =

∞∑
i=1

8

ω3
i J1(ωi)

)J0(ωix), u(r, 0) = 0.

éì� {
An +Bn = 0

Ane
ωn +Bne

−ωn = 〈1−r2,J0(ωnr)〉
〈J0(ωnr),J0(ωnr)〉 = 8

ω3
nJ1(ωn)

)� {
An = 8

(eωn−eωn )ω3
nJ1(ωn)

Bn = − 8
(eωn−eωn )ω3

nJ1(ωn)
.

l

u =

∞∑
n=1

8

(eωn − eωn)ω3
nJ1(ωn)

(eωnz − e−ωnz)J0(ωnr) =

∞∑
n=1

8

sh(ωn)ω3
nJ1(ωi)

sh(ωnz)J0(ωnr).

~f6. k��»�1 �Ã��7á�Î§Ð©§Ý�1− r2§9D�Xê/�Ý/'9Ñ´1§ý¡ý

9§Ã9§¦�ÎN�§ÝCz"

). N´��§Ý©Ù��ÝÃ'�z Ã'§Ø��§Ýu = u(t, r)"Ï�±�Ñ½)¯K
ut = ∂u

∂r2
+ 1

r
∂u
∂r
, 0 ≤ r ≤ 1, t > 0

ur|r=1 = 0, t > 0.

u(0, r) = 1− r2.

©lCþ§�u = T (t)R(r)§�
T ′

T
=
rR′′ +R′

rR
.

�>�t �¼ê§m>�r �¼ê§Ï�~ê§��−λ§��"��k�¯K{
r2R′′ + rR′ + λr2R = 0, 0 ≤ r ≤ 1

|R(0)| <∞, R′(1) = 0.
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Ú

T ′ + λT = 0.

>.^�©O�g,>.^�ÚII a>.^�§Ï�λ0 = 0 ��k�§éA�k¼ê�R0 = 1"�

J ′0(ω) = 0

�¤k�)�ω1 < ω2 < · · ·§K�k��ω2
n§é^�k¼ê�Rn = J0(ωnr)"�\�k�§)Tn

��©�§

T ′n + ω2
nTn = 0

�T0 = A0 ÚTn = Ane
−ω2

nt§n ≥ 1"¤±½)¯K�)�

u(t, r) = A0 +

∞∑
n=1

Ane
−ω2

ntJ0(ωnr).

ò1− r2 �Ðm

1− r2 =
1

2
−
∞∑
n=1

4

ω2
nJ0(ωn)

J0(ωnr).

éì�µ

A0 =
1

2
, An = − 4

ω2
nJ0(ωn)

, n ≥ 1.

¤±

u(t, r) =
1

2
−
∞∑
n=1

4

ω2
nJ0(ωn)

e−ω
2
ntJ0(ωnr).

0.5 V4��k�¯K

3¥�IX§cÙ´�3¶é¡5��ÿ�Cþ©l§·�¬-�V4�¼ê"

�k���»�a �7á¥§SÜÃ9§L¡�§Ý®�§�f(cos(θ))§(r, θ, ϕ), r ∈
[0, R], θ ∈ [0, π], ϕ ∈ [0, 2π) �¥4�IX§x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ"SÜ

Ã9§7á¥?u9²ï§¦§Ý©Ùº

3¥4�Ie§.Ê.dkXe/ªµ

∆u =
1

r2

∂

∂r

(
r2 ∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
+

1

r2 sin2 θ

∂2u

∂ϕ2
.

éõÔn¯K§AO´·>|¥�¯K§Ñk¶é¡5§ù�ÿ§)Ø�6uϕ§.Ê.d�±z

{�µ

∆u =
1

r2

∂

∂r

(
r2 ∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
,

Ù¥u = u(r, θ)"

~Xþã~f§�u = u(r, θ) �§Ý©Ù§Äk�Ñ½)¯K{
∆u = 0

u(a, θ) = f(cos θ)
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©lCþ§�u(r, θ) = R(r)Θ(θ)§Kk

1

r2
[r2R′]′Θ +

R

r2 sin θ
[sin θΘ′]′ = 0.

=

− [r2R′]′

R
=

[sin θΘ′]′

sin θΘ
.

�~�§��−λ"���k�¯K

(I)

{
[sin θΘ′]′ + λ sin θΘ = 0

|Θ(0)| <∞, |Θ(π)| <∞.

±9�©�§

− [r2R′]′

R
= −λ.

�CþO�x = cos θ§Kx ∈ [−1, 1]§θ = arccosx"

d

dθ
=

d

d arccosx
= −
√

1− x2
d

dx
, sin θ =

√
1− x2.

¤±

[sin θΘ′]′ =
d

dθ
(sin θ

d

dθ
Θ) = −

√
1− x2

d

dx
(−(1− x2)

d

dx
Θ) =

√
1− x2(−2x

dΘ

dx
+ (1− x2)

d2Θ

dx2
).

-y(x) = Θ(arccosx)§KΘ(θ) = y(cos θ)§���k�¯K

(II)

{
(1− x2)y′′ − 2xy′ + λy = 0

|y(±1)| <∞.

ù´V4��§��k�¯K"ÙSL .�

[(1− x2)y′]′ + λy = 0.

k = 1− x2§q = 0§ρ = 1§ü�>.^�Ñ´g,>.^�§Ï"´�k�§Ù¦�k�Ñ�u

""¤k�k�Ñ�±L«¤n(n + 1)§¢Sþ�k�n ´�K�ê��ÿâkk.)§�
`²

ù�¯�§·��´��l�¼ê@�éü��5Ã'�A)§b�)äk/ª

y =

∞∑
i=0

aix
i.

�\�k�¯K�

∞∑
i=0

i(i− 1)aix
i−2 −

∞∑
i=0

i(i− 1)aix
i −

∞∑
i=0

2iaix
i + n(n+ 1)

∞∑
i=0

aix
i = 0.

l

(i+ 2)(i+ 1)ai+2 − i(i− 1)ai − 2iai + n(n+ 1)ai = 0.

=

ai+2 =
(i− n)(i+ n+ 1)

(i+ 2)(i+ 1)
ai.
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-a0 = a1 = 1§Ûó�©l§·��±��ü�A)

y1(x) =
∑
i

a2ix
2i,

y2(x) =
∑
i

a2i+1x
2i+1.

d4íúªµ

lim
i→∞
| a2i

a2i−2

| = lim
i→∞
|a2i+1

a2i−1

| = 1.

¤±y1 �y2 �Âñ�»��Ñ´1"¿�y1 ��"ó¼ê§y2 ��"Û¼ê§y1 Úy2 �5Ã'"

=V4��§�¤k)�±L«�

C1y1 + C2y2.

�n ��K�ê��ÿ§·�UìÛó55?Ø§1). n = 2k �óê§d�

a2k+2 =
(2k − n)(2k + n+ 1)

(2k + 2)(2k + 1)
a2k = 0.

^��±`²a2i = 0, i = k + 1, · · · . =y1 �õ�ª§Ï|y1(±1)| <∞"2) �n �Ûê��ÿ§�

kaq?Ø§3dÑ�"

�n Ø´�ê��ÿ§�±y²

lim
i→∞

a2i = c1 6= 0, lim
i→∞

a2i+1 = c2 6= 0.

y1(1) Âñ5�c1

∑
i 12i ��§4�ª�u+∞ ½ö−∞"Ï�´ó¼ê§Ïy1(1) = y1(−1) =

+∞ ½ö−∞"��§y2 �±1 ����´±∞ �ÎÒ��"¤±d�§y1 Úy2 ÃØNo�5|

Ü§3±1 ���ÑØ�UÓ�k.§¤±d�n(n+ 1) Ø´�k�"

¤±£II¤��k��

λn = n(n+ 1), n = 0, 1, 2, · · · .

λn éA��k¼ê�

yn(x) =
dn

dxn
(x2 − 1)n.

y². �Y = (x2 − 1)n§K

(x2 − 1)Y ′ = 2nx(x2 − 1)n = 2nxY.

ü>¦n+ 1 �¦�§^4ÙZ[¦�úª�

[(x2 − 1)Y ′](n+1) = C0
n+1(x2 − 1)Y (n+2) + C1

n+12xY (n+1) + C2
n+12Y (n)

= (x2 − 1)Y (n+2) + 2(n+ 1)xY (n+1) + n(n+ 1)Y (n).

±9

[2nxY ](n+1) = 2nxY (n+1) + 2n(n+ 1)Y (n).

éì�¿^yn = Y (n) O���

(1− x2)y′′ − 2xy′ + λny = 0.
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))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

·���3yn cV\��~êÏf"

pn(x) =
1

2nn!
yn(x) =

1

2nn!

dn

dxn
(x2 − 1)n.

pn(x) ¡�V4�õ�ª§XJr(x2 − 1)n Ðm

(x2 − 1)n =

n∑
i=0

(−1)i
n!

i!(n− i)!
x2n−2i

��

pn(x) =

[n2 ]∑
i=0

(−1)i
(2n− 2i)!

2ni!(n− i)!(2− 2i)!
x2n−2i.

¡�?êL«§[·] ��ÎÒ"
{üO�N´��

p0(x) = 1,

p1(x) = x,

p2(x) =
1

2
(3x2 − 1),

p3(x) =
1

2
(5x3 − 3x).

pn(x) �n gõ�ª§�n �óê��ÿ�ó¼ê§�n �Ûê��ÿ�Û¼ê§pn(x) �Ä�Xê

� (2n)!
2nn!n!

"

y3·�®²k
{pn(x)}n≥0 ±9�k�λn = n(n+ 1)§

�k�¯K(I) ��k�Ó��λn = n(n+ 1)§�k¼ê�Θn = pn(cos θ), n = 1, 2, 3, · · · . ò�
k���Rn �¼ê§k

− [r2R′n]′

Rn
= −λn.

=

r2R′′n + 2rR′n − n(n+ 1)Rn = 0.

ù´��î.�§§�CþO�r = et§��

d2Rn
dt2

+
dRn
dt
− n(n+ 1)Rn = 0.

)�§

Rn(r) = Ane
nt +Bne

−(n+1)t = Anr
n +Bnr

−n−1.

¤±

u(r, θ) =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).
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3�~f¥§Bn = 0"-r = a§��

f(cos θ) =

∞∑
n=0

Ana
npn(cos θ).

I�òf(cos θ) �aqFp�©)µ

f(cos θ) =

∞∑
n=0

fnpn(cos θ).

Ù¥

fn =

∫ π
0
f(cos θ)pn(cos θ) sin θdθ∫ π

0
p2
n(cos θ) sin θdθ

=

∫ 1

−1
f(x)pn(x)dx∫ 1

−1
p2
n(x)dx

.

éì�§An = fn
an
±9

u(r, θ) =

∞∑
n=0

fn(
r

a
)npn(cos θ).

�
¦Xê§·�I�òëY¼ê÷Xpn �Fp�©)"dSL nØ§{pn(x)}n≥0 ´�|��

��Ä§l�±r[−1, 1]þ�ÎÜ>.^��ëY¼ê©)�{pn(x)}n≥0 ��5|Ü§���Â

ñ§ØÎÜ��U©)§Ø
�U>.þØÂñ/�NØ��ÂñÙ¦Ñé"l�±��A�{

ü�¯¢µ

(1) �m 6= n �ÿ
∫ 1

−1
pn(x)pm(x)dx = 0¶

(2) �Pn(x) = a0 + · · ·+ anx
n �n gõ�ª§KPn(x) �±dp0, p1, · · · , pn �5|Ü§Xê�±

^�½Xê{(½§�pn c¡�Xê�uan
2nn!n!
(2n)!

¶

(3) XJm ≤ n§K
∫ 1

−1
Pm(x)pn(x)dx = 0¶

(4) XJõ�ªPn(x) �kÛg�§KÐm¤{p2n+1} ��5|Ü¶XJõ�ªPn(x) �kóg�§

KÐm¤{p2n} ��5|Ü"

~f7. �k���»�a �7á¥§¥L¡�§Ý®�§�f(cos θ) = cos2(θ)§SÜÃ9§7á

¥?u9²ï§¦§Ý©Ùº

). �4�I(r, θ, ϕ), r ∈ [0, a], θ ∈ [0, π], ϕ ∈ [0, 2π)L¡§Ý�ϕÃ'§dé¡5§¥S�§Ý©Ù

��ϕ Ã'§Ï�±b�u = r(r, θ)"�Ñ½)¯K�µ{
∆u = 0, 0 ≤ r ≤ a, θ ∈ [−π, π]

u|r=a = cos2(θ), θ ∈ [−π, π].

d±þ?Ø��§

u(r, θ) =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

¥%§Ýk�§ÏBn = 0§¤±

u(r, θ) =

∞∑
n=0

Anr
npn(cos θ).
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-r = a ��

cos2 θ =

∞∑
n=0

Ana
npn(cos θ).

éì��§Ø
p0, p2 ��	§Ù{�Ü�0"¤±

cos2 θ = A0 +A2a
2(

1

2
(3 cos2 θ − 1)).

)�A0 = 1
3
, A2 = 2

3a2
"¤±

u(r, θ) =
1

3
+

2r2

3a2
p2(cos θ) =

r2

a2
cos2 θ + (

1

3
− r2

3a2
).

~f8. �k���»�RþÝ�R/2 ��%¥§	L¡�§Ý�cos2(θ)§SL¡�§Ý�cos(θ)§

�%¥?u9²ï§¦§Ý©Ùº

). �4�I(r, θ, ϕ), r ∈ [0, a], θ ∈ [0, π], ϕ ∈ [0, 2π)L¡§Ý�ϕÃ'§dé¡5§�%¥S�§Ý

©Ù��ϕ Ã'§Ï�±b�u = r(r, θ)"�Ñ½)¯K�µ{
∆u = 0, 0 ≤ r ≤ a, θ ∈ [−π, π]

u|r=R = cos2(θ), θ ∈ [−π, π].

d±þ?Ø��§

u(r, θ) =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

5¿�

cos θ = p1(cos θ),

cos2 θ =
1

3
p0(cos θ) +

2

3
p2(cos θ).

©O�\R ÚR/2 �An = Bn = 0, n ≥ 3 ±9{
A0 + B0

R
= 1

3

A0 + 2B0

R
= 0.{

A1R+ B1

R2 = 0
A1R

2
+ 4B1

R2 = 1.{
A2R

2 + B2

R3 = 2
3

A2R
2

4
+ 8B2

R3 = 0.

)�A0 = 2
3
, B0 = −R

3
, A1 = − 2

7R
, B1 = 2

7
R2, A2 = 64

93R2 , B2 = − 2
93
R3"�ª(J·�Ò���Ñ


"

'u�¥¯Kµ1�a>.^�ÛÐm§��kÛêg�¶1�a>.^�óÐm§��kó

g�"

~f9. �k���»�a �7á�¥§¥L¡�§Ý®�§�cos2(θ)§SÜÃ9§7á�¥?u

9²ï§�â±e�¹©O¦§Ý©Ùº
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(1) .Üý9¶

(2) .Üð§= 0"

). (1)r�¥Ö¤�����¥§�¦�.Üý9§=I4¥�L¡§Ýþeé¡=�§={
∆u = 0, 0 ≤ r ≤ a, θ ∈ [−π, π]

u|r=R = cos2(θ).

Ò´þþ~f"

(2)r�¥Ö¤�����¥§�¦�.Üð§0§=I4¥�L¡§Ýþe�é¡=�§=
∆u = 0, 0 ≤ r ≤ a, θ ∈ [−π, π]

u|r=R = cos2(θ), θ ∈ [−π, 0]

u|r=R = − cos2(θ), θ ∈ [0, π].

·�6�v{¦Xê"

0.5.1 V4�¼ê�1¼ê�4íúª

V4�¼ê�1¼ê�

1√
1− 2xt+ t2

, x ∈ [−1, 1],−1 < t < +1.

·�}Áét 30 :TaylerÐm"

(1 + s)−
1
2 =

∞∑
k=0

Ck− 1
2
sk =

∞∑
k=0

(− 1
2
)!

k!(− 1
2
− k)!

sk =

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

sk.

£ÁΓ ¼ê§Γ(x+ 1) = x!"¤±

1√
1− 2xt+ t2

=

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

(t2 − 2xt)k =

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

tk(t− 2x)k.

tn c¡�Xê

=

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

Cn−kk (−2x)2k−n =

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

Γ(k + 1)

Γ(n− k + 1)Γ(2k − n+ 1)
(−2x)2k−n.

5¿�

Γ(s+ 1) = sΓ(s).

¤±
Γ( 1

2
)

Γ( 1
2
− k)

= (
1

2
− k)× (

1

2
− (k − 1))× · · · × (

1

2
− 1) =

(−1)k(2k)!

22kk!
.

¤±tn cXê�

=

n∑
k=dn2 e

(−1)k(2k)!

22kk!

1

(n− k)!(2k − n)!
(−2x)2k−n.
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Ù¥= dn
2
e �Ø�un

2
����ê"O�l = n− k Kkþª�u

[n2 ]∑
l=0

(−1)n−l(2n− 2l)!

22n−2l(n− l)!
1

l!(n− 2l)!
(−2x)n−2l =

[n2 ]∑
l=0

(−1)l(2n− 2l)!

2n(n− l)!l!(n− 2l)!
xn−2l = pn(x).

¤±
1√

1− 2xt+ t2
=

∞∑
n=0

pn(x)tn.

-x = 1 �
∞∑
n=0

pn(1)tn =
1√

1− 2t+ t2
=

1

1− t
=

∞∑
n=0

tn.

éì�

pn(1) = 1.

-x = −1 �
∞∑
n=0

pn(−1)tn =
1√

1 + 2t+ t2
=

1

1 + t
=

∞∑
n=0

(−1)ntn.

éì�

pn(−1) = (−1)n.

-x = 0 �

∞∑
n=0

pn(0)tn =
1√

1 + t2
=

∞∑
k=0

Ck− 1
2
t2k =

∞∑
k=0

Γ( 1
2
)

Γ(k + 1)Γ( 1
2
− k)

t2k =

∞∑
k=0

(−1)k(2k)!

22kk!k!
t2k.

éì�: n �Ûê§Kpn(0) = 0¶n = 2k �óê§Kpn(0) = (−1)k(2k)!
22kk!k!

"|^1¼ê�±�ÑV4

�õ�ª�4íúª(n ≥ 1)"

(1) (n+ 1)pn+1(x)− x(2n+ 1)pn(x) + npn−1(x) = 0¶

(2) npn(x)− xp′n(x) + p′n−1(x) = 0¶

(3) npn−1(x)− p′n(x) + xp′n−1(x) = 0¶

(4) p′n+1(x)− p′n−1(x) = (2n+ 1)pn(x)"

y². Pϕ(x, t) = 1√
1−2xt+t2

§K

ϕt = (x− t)ϕ3,

ϕx = tϕ3.

ky²(1)

ϕt =

∞∑
n=1

npn(x)tn−1 =

∞∑
n=0

(n+ 1)pn+1(x)tn,

2tϕt + ϕ =

∞∑
n=0

(2n+ 1)pn(x)tn,
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tϕ+ t2ϕt =

∞∑
n=0

npn−1(x)tn =

∞∑
n=1

npn−1(x)tn.

¤± ∑
n≥0

((n+ 1)pn+1(x)− x(2n+ 1)pn(x) + npn−1(x))tn = ϕt − 2xtϕt − xϕ+ tϕ+ t2ϕt.

5¿�

ϕt − 2xtϕt + t2ϕt = [1− 2xt+ t2](x− t)ϕ3 = (x− t)ϕ.

¤±(n+ 1)pn+1(x)− x(2n+ 1)pn(x) + npn−1(x) = 0, n ≥ 1.

2y²(2).

ϕx =

∞∑
n=0

p′n(x)tn =

∞∑
n=1

p′n(x)tn.

¤±

tϕt − xϕx + tϕx =
∑
n≥1

(npn(x)− xp′n(x) + p′n−1(x))tn.

5¿�

tϕt − xϕx + tϕx = [t(x− t)− xt+ t2]ϕ3 = 0.

¤±npn(x)− xp′n(x) + p′n−1(x) = 0, n ≥ 1"

2y²(3).

(tϕ+ t2ϕt)− ϕx + txϕx =
∑
n≥1

(npn−1(x)− p′n(x) + xp′n−1(x))tn.

5¿�

(tϕ+ t2ϕt)− ϕx + txϕx = tϕ+ [t2(x− t)− t+ t2x]ϕ3 = tϕ− t[1− 2xt+ t2]ϕ3 = 0.

¤±npn−1(x)− p′n(x) + xp′n−1(x), n ≥ 1"

��y²(4).

ϕx
t
− tϕx − (2tϕt + ϕ) = p′1(x)− p0(x) +

∑
n≥1

(p′n+1(x)− p′n−1(x)− (2n+ 1)pn(x))tn

=
∑
n≥1

(p′n+1(x)− p′n−1(x)− (2n+ 1)pn(x))tn.

5¿�
ϕx
t
− tϕx − (2tϕt + ϕ) = −ϕ+ [1− t2 − 2t(x− t)]ϕ3 = ϕ+ ϕ = 0.

¤±p′n+1(x)− p′n−1(x) = (2n+ 1)pn(x)"

~f10. m,n ≥ 0 ��ê§¦È© ∫ 1

0

xmpn(x)dx.
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). ·�k?nü«{ü�/"

n = 0 �ÿ§z�
∫ 1

0
xmp0(x)dx =

∫ 1

0
xmdx = 1

m+1
.

m = 0, n ≥ 1 ��ÿ§∫ 1

0

pn(x)dx =
1

2n+ 1

∫ 1

0

p′n+1(x)− p′n−1(x)dx =
−pn+1(0) + pn−1(0)

2n+ 1
.

AO/§�n ��"óê��ÿ�0"

�m,n ≥ 1 ��ÿ§∫ 1

0

xmpn(x)dx =
1

n

∫ 1

0

xm(xp′n(x)− p′n−1(x))dx

=
1

n

(
(xm+1pn(x)− xmpn−1(x))|10 −

∫ 1

0

(m+ 1)xmpn(x)−mxm−1pn−1(x)dx

)
=

1

n

(
−
∫ 1

0

(m+ 1)xmpn(x)−mxm−1pn−1(x)dx

)
.

�n� ∫ 1

0

xmpn(x)dx =
m

m+ n+ 1

∫ 1

0

xm−1pn−1(x)dx.

(m,n)→ (m− 1, n− 1) EþãL§�ª�±z¤{ü�/"�N´wÑrÈ©«��¤[−1, 0]

½ö[−1, 1]§ù«6§�,¤á"~X∫ 1

−1

p4(x)x4dx =
4

9

∫ 1

−1

p3(x)x3dx =
4

21

∫ 1

−1

p2(x)x2dx =
8

105

∫ 1

−1

p1(x)x1dx =
8

315

∫ 1

−1

p0(x)x0dx =
16

315
.

0.5.2 V4�Fp�Ðm

3?nV4��k�¯K��ÿ§·�I�¦∫ 1

−1

p2
n(x)dx.

�d§·�ò1¼ê²��l−1 �1 �È©"∫ 1

−1

1

1− 2xt+ t2
dx =

∑
n

∑
m

∫ 1

−1

pn(x)pm(x)tm+ndx.

�>�¼ê ln(1−2xt+t2)
−2t

§¤±∫ 1

−1

1

1− 2xt+ t2
dx =

ln(1− 2xt+ t2)

−2t
|1−1 =

ln(1 + t)− ln(1− t)
t

=

∞∑
n=0

2

2n+ 1
t2n.

m>dSL nØ§�m 6= n ��ÿ
∫ 1

−1
pn(x)pm(x)dx = 0"¤±m>�u∑
n

(∫ 1

−1

p2
n(x)dx

)
t2n.

éì� ∫ 1

−1

p2
n(x)dx =

2

2n+ 1
.
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~f11. ¦È© ∫ 1

−1

p4(x)(1 + x+ 2x2 + 3x3 + 4x4)dx.

). �±ò1 + x+ 2x2 + 3x3 + 4x4 Ðm�

1 + x+ 2x2 + 3x3 + 4x4 = C0p0 + C1p1 + C2p2 + C3p3 + C4p4.

·��I�'%C4§Ï�

p4(x) =
1

8
(35x4 − 30x2 + 3).

¤±C4 = 32
35
"¤±∫ 1

−1

p4(x)(1 + x+ 2x2 + 3x3 + 4x4)dx =
32

35

∫ 1

−1

p2
4(x)d(x) =

32

35
× 2

9
=

64

315
.

�d§dSLnØ§?Û(−1, 1) þ�ëYk.¼êÑ�±^V4�õ�ªÐm"

~f12. ò

f(x) =


0 −1 < x < α

1/2 x = α

1 α < x < 1.

UV4�õ�ªÐm"

). ∫ 1

−1

f(x)p0(x)dx =

∫ 1

α

p0(x)dx = 1− α.

�n ≥ 1,∫ 1

−1

f(x)p0(x)dx =
1

2n+ 1

∫ 1

α

pn(x)dx =
1

2n+ 1

∫ 1

α

p′n+1(x)− p′n−1(x)dx =
pn−1(α)− pn+1(α)

2n+ 1
.

¤±

f(x) =
1− α

2
p0(x) +

∞∑
n=1

pn−1(α)− pn+1(α)

2
pn(x).

y3·��±?nþ!��¥¯K"

~f13. 
∆u = 0, 0 ≤ r ≤ a, θ ∈ [−π, π]

u|r=R = cos2(θ), θ ∈ [−π, 0]

u|r=R = − cos2(θ), θ ∈ [0, π].

). dc¡�?Ø��§½)¯K�)�±L«�

u =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).
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Ï�|u(0, θ)| <∞§¤±Bn = 0"¤±

u =

∞∑
n=0

Anr
npn(cos θ).

-r = R �
∞∑
n=0

AnR
npn(cos θ) =

{
cos2(θ), θ ∈ [−π, 0]

− cos2(θ), θ ∈ [0, π].

=
∞∑
n=0

AnR
npn(x) = f(x) =

{
x2, x ∈ [0, 1]

−x2, x ∈ [−1, 0].

·�òf(x) UV4�õ�ª©)

f(x) =

∞∑
n=0

Cnpn(x).

Ù¥

Cn =
〈f(x), pn(x)〉
〈pn(x), pn(x)〉

.

5¿�f(x) �Û¼ê§¤±�n �óê��ÿ§

〈f(x), pn(x)〉 =

∫ 1

−1

f(x)pn(x)dx = 0.

�n �Ûê��ÿ§XJn = 1

〈f(x), p1(x)〉 =

∫ 1

−1

f(x)p1(x)dx = 2

∫ 1

0

x2p1(x)dx =

∫ 1

0

xp0(x)dx =

∫ 1

0

xdx =
1

2
.

�n �Ûê�n ≥ 3 �

〈f(x), pn(x)〉 =

∫ 1

−1

f(x)pn(x)dx

= 2

∫ 1

0

x2pn(x)dx =
4

n+ 3

∫ 1

0

xpn−1(x)dx =
4

(n+ 3)(n+ 1)

∫ 1

0

pn−2(x)dx

=
4(pn−3(0)− pn−1(0))

(n+ 3)(n+ 1)(2n− 3)
.

¤±

u =
r

2R
p1(cos θ) +

∑
n �Ûê,n≥3

4(pn−3(0)− pn−1(0))

(n+ 3)(n+ 1)(2n− 3)
(
r

R
)npn(cos θ).

~f14. ���»�a ��%7á¥�SÜk��:>Ö4πε0q (ε0 ´ý�0>~ê)§§�¥%�

ål�b§¦¥S>³©Ù"

). b�:>Ö?uz �¶þ§Kd¶é¡5§>³�ϕ Ã'"·��±r>³©¤üÜ©§�Ü

©´d:>Ö�)�>³�

ϕ1(x, y, z) =
q

ρ(x, y, z)
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Ù¥

ρ(x, y, z) =
√
x2 + y2 + (z − b)2 =

√
r2 sin2 θ + (r cos θ − b)2 =

√
r2 − 2br cos θ + b2.

,�Ü©´d¥�þ�aA>Ö�)�>³§÷v ∆u = 0 x2 + y2 + z2 < a2

u|r=a = − q√
a2 sin2 θ+(a cos θ−b)2

, θ ∈ [0, π].

þã½)¯K�)�±L«�

u =

∞∑
n=0

(Anr
n +Bnr

−n−1)pn(cos θ).

¥�þ�aA>Ö3¥%�>³k.§¤±Bn = 0"¤±

u =

∞∑
n=0

Anr
npn(cos θ).

·�ò>.>³UV4�õ�ª?1©)

− q√
a2 sin2 θ + (a cos θ − b)2

=

∞∑
n=0

Cnpn(cos θ).

Ù¥

Cn =
2n+ 1

2
×
∫ π

0

− q√
a2 sin2 θ + (a cos θ − b)2

pn(cos θ) sin θdθ = −(2n+ 1)q

2a

∫ 1

−1

pn(x)√
1 + ( b

a
)2 − 2 b

a
x
dx.

d1¼êúª∫ 1

−1

pn(x)√
1 + ( b

a
)2 − 2 b

a
x
dx =

∞∑
k=0

∫ 1

−1

pn(x)pk(x)(
b

a
)kdx = (

b

a
)n × 2

2n+ 1
.

¤±§

Cn = − bnq

an+1
= Ana

n ⇒ An = − bnq

a2n+1
.

¤±

u = −
∞∑
n=0

bnq

a2n+1
rnpn(cos θ) = − q

a

∞∑
n=0

(
br

a2
)npn(cos θ).

2g^1¼êúª"

u = − q
a
× 1√

1− 2 br
a2

cos θ + ( br
a2

)2

= − q√
a2 − 2br cos θ + ( br

a
)2

.

¤±>³

ϕ = ϕ1 + u =
q√

r2 − 2br cos θ + b2
− q√

a2 − 2br cos θ + ( br
a

)2
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24 re�¼êUV4�õ�ªÐmµ

(1) x3

(2) x4

(3) |x|

28 �¥�¥¡�±§Ýu0§©O2e�^�e¦½§Ý©Ùµ

(1) .¡�±"Ý¶

(2) .¡ý9"

29 �»�R þÝ�R/2 ��%�¥§S	¥¡�§Ý�±�

A sin2(
θ

2
), θ ∈ [0,

π

2
],

.¡§Ý�A/2§¦��%¥§Ý©Ùº

��µ12§13§16§18(1)§26.

12. �ωn ´J0(2ω) = 0 ��¢�§r¼ê

f(x) =


1, 0 < x ≤ 1

0.5, x = 1

0, 0 < x < 2

Ðm¤J0(ωnx) �?ê"

13. �ωn ´J1(ω) = 0 ��¢�§r¼êf(x) = x, 0 < x < 1 Ðm¤J1(ωnx) �?ê"

16. �»�R �Ã���Î�ýL¡�±�½�§Ýu0§ÎfS�Ð©§Ý�0§SÜÃ9§¦

ÎfS�§Ý©ÙCzº

18(1). )e�½)¯Kµ
urr + ur

r
+ uzz = 0, 0 ≤ r ≤ a, 0 < z < l

u(a, z) = 0,

u(r, 0) = 0, u(r, l) = T0(~ê).

26 3�»�1�¥S¦NÚ¼ê(∆u = 0)§¦�

u|r=1 = 3 cos(2θ) + 1.


