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� y = f(x) 3«m I þk½Â, x0 ∈ I, P y0 = f(x0).

f(x) 3�: x0 ëY�ln��¡n)µ

(1) y = f(x) 3 x0 kk�4�, �4���u¼ê3ù:�¼ê�µ

lim
x→x0

f(x) = f(x0)

(2) �gCþ x→ x0 �,ÏCþ y − y0 = f(x)− f(x0)´Ã¡�.

±þ�xÑ´��gCþÚÏCþ�ål.

(3) é y0 = f(x0) �?¿���� (y0 − ε, y0 + ε), �3 x0 �����

(x0 − δ, x0 + δ) ¦�

f : (x0 − δ, x0 + δ) −→ (y0 − ε, y0 + ε)

½ f((x0 − δ, x0 + δ)) ⊂ (y0 − ε, y0 + ε).

ùp�*:´8�lÿÀ��ÝéëY5�n).

�!5�µ

1!�mëY�Vg±9�mëY�duëY.

2!namä:£��!a�±91�amä:¤.

3!ëY¼ê�oK$�±9EÜ¼ê�ëY5. AO´EÜ¼ê�ëY5

lim
y→y0

f(y) = f(y0), lim
x→x0

φ(x) = φ(x0) =⇒ lim
x→x0

f(φ(x)) = f(φ(x0))

�� y0 = φ(x0). Ïdk�ÿ�L«�

lim
x→x0

f(φ(x)) = f

(
lim
x→x0

φ(x)

)
= f(φ(x0))

~X: Ï� f(x) = ex ëY, e xn → x0, K

lim
n→∞

exn = e
lim

n→∞
xn

= ex0

lim
x→x0

sin(ex) = sin

(
lim
x→x0

ex
)
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4!ëY¼ê�¼ê��35±9ëY5. ��¼ê��gCþÚÏCþ��é

A,Òk�¼ê.�ëY¼ê�3�¼ê¿©7�^�´î�üN.

5!¤kÐ�¼ê3Ù½Â�¥ëY.

~ 1 � f(x) ëY, e f(x0) > 0, K3x0 ���Sð�u". =�3 δ > 0 ¦�

� x ∈ (x0 − δ, x0 + δ) �, k f(x) > 0£�:�u", ±>�u"¤.

y² þã(J´¼ê4��S53ëY¼êþ�í2. Ï

lim
x→x0

f(x) = f(x0) > 0,

� ε =
f(x0)

2
> 0, �3δ > 0, ¦�� |x− x0| < δ �k

0 <
f(x0)

2
= f(x0)− ε < f(x) < f(x0) + ε,

~ 2 é[a, b] þëY¼ê f(x), � E = {x | x ∈ [a, b], f(x) = 0}£f(x) ":�8
Ü¤, P α = inf E, K f(α) = 0, þ(.�´Xd.

y² Ï� E ⊂ [a, b], ¤± α ∈ [a, b].

e f(α) 6= 0, Ø�� f(α) > 0, �â~ 1, �3 δ > 0 ¦� f(x) > 0 x ∈
(α− δ, α+ δ) ⊂ [a, b], Ïd inf E ≥ α + δ, gñ.

n!4«mþëY¼ê£ùÜ©SN����¤.

1!4«mþëY¼ê�0�5£¹":½n¤.

2!4«mþëY¼ê�k.5.

3!4«mþëY¼ê3«mS�½U
����!���.

4!4«mþëY¼ê���´��4«m.

'�µ(¹$^.AO´þã5�é4«m¥?¿ü: [x1, x2] ⊂ [a, b] �¤á.

o!��ëYµ

1!rºëY���ëY�«O.

¼êf(x)3½Â�I¥ëY´Å:½Â�. =

�éx0 ∈ Iµé?¿� ε > 0, �½�3 δ > 0, ¦�� |x − x0| < δ �,

k|f(x)− f(x0)| < ε. ùp� δ Ï x0 �ØÓ
ØÓ.

¼êf(x)3½Â�I¥��ëY´�é?¿� ε > 0, Ø+ x0 ´I ¥�=�:, �

½�3Ú�� δ > 0, �� |x− x0| < δ, Òk|f(x)− f(x0)| < ε.

Ï�/ù, Ò´é ε > 0, �3Ú��ºfδ > 0, �� I ¥ü:x, x0 ÷v

|x− x0| < δ, ÒU�y |f(x)− f(x0)| < ε. ÏdÖþ�Ñ���d�½Â, ^x′, x′′ �

O x, x0, ��x
′, x′′ ���uδ,Òk¼ê� f(x′), f(x′′) ���uε.

2!4«m[a, b]þëY¼ê�½��ëY, Ïd, ëY���ëY�«OÑ8¥3

�4�k�«m½Ã�«mþ�¼ê.
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Ê!~Kµ

~ 1 y²Ø�3 R þ�ëY¼ê¦�

f(f(x)) = e−x

y² e�3ëY¼ê¦�þª¤á. é?¿� x1 6= x2 , e f(x1) = f(x2) =⇒
f(f(x1)) = f(f(x2)) =⇒ e−x1 = e−x2 gñ.

¤±f(x) ´ü�,=⇒ �3�¼ê =⇒ f(x) î�üN. f(x)↗ (î�) : ∀x1 < x2 =⇒ f(x1) < f(x2) =⇒ f(f(x1)) < f(f(x2))

f(x)↘ (î�) : ∀x1 < x2 =⇒ f(x1) > f(x2) =⇒ f(f(x1)) < f(f(x2)).

=⇒ e−x1 < e−x2 , gñ, ¤±ù��¼êØ�3.

~ 2 y²µ¼ê

g(x) =
x

ex − 1
− a, x ∈ (0,+∞)

3 (0,+∞) þk":.

y² Ï�(±e4��±^L’Hopital{K¤

g(0 + 0) = lim
x→0+

g(x) = 1− a > 0, lim
x→+∞

g(x) = −a < 0

�â4��5�,�½�3�C 0 ��:x1 > 0 ±9¿©���: x2 ©O÷v

g(x1) > 0, g(x2) < 0 Ïd3 [x1, x2] k":�Ò´3 (0,+∞) Sk":.

~ 3 y²µ f
∣∣∣
[a,+∞)

ëY� lim
x→∞

f(x) = l =⇒ f
∣∣∣
[a,+∞)

��ëY.

y²µ(1): ∀ε > 0 d^� lim
x→∞

f(x) = l, ¿|^Cauchy ÂñOK� ∃M > 0 é

u÷v x, x′ > M �:, k

|f(x)− f(x′)| < ε

3«m [a,M+1]þ,¼êëYÏd��ëY,¤±�3 δ′ > 0¦�éu x, x′ ∈ [a,M+1]

¥�ü: x, x′, �� |x− x′| < δ′, Òk |f(x)− f(x′)| < ε

� δ = min{δ′, 1} Kéu?¿� x, x′ ∈ [a,+∞) �� |x − x′| < δ, �o x, x′ ∈
[a,M + 1] �o x, x′ > M , ÏdÑk

|f(x)− f(x′)| < ε

ùp�
��Ñy x < M < x′ �Ã{�ä�¯K,�
þãEâ?n.��5`XJ

�Äk�:��¹,þã?n´~^�,;�Ñy3ª.?Ã{`�Ù�y�Ñy.

~ 4 y²µ f
∣∣∣
[a,b)
ëY� lim

x→b−
f(x) =∞ =⇒ f

∣∣∣
[a,b)
Ø��ëY.
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y²µ£�y{¤b� f(x) 3 [a, b) þ��ëY, K

é?¿� ε > 0, �½�3 δ′ > 0, �� |x′ − x′′| < δ′ x′, x′′ ∈ [a, b), Òk

|f(x′)− f(x′′)| < ε.

� δ =
δ′

2
, é?¿� x′, x′′ ∈ [a, b), �� |x′ − b| < δ, |x′′ − b| < δ, Òk

|x′ − x′′| ≤ |x′ − b|+ |x′′ − b| < 2δ = δ′

í�

|f(x′)− f(x′′)| < ε.

�âCauchy ÂñOK, f(x) � x→ b− �Âñ, ù�^�gñ, Ïd f(x) 3 [a, b) þ

Ø��ëY.

~ 5 y²µe f(x) 3 [0,+∞) þ��ëY, K
f(x)

x
3 [1,+∞) þk.. �

K¹Â´ef(x) ��ëY, K |f(x)| = O(x)(x → +∞), 
 f(x) = x2 Ø÷v

|f(x)| = O(x)(x→ +∞),¤±Ø��ëY.

y²µé ε = 1, �½�3 δ′ > 0, ¦�é?¿� x > 0, y > 0 ,k

|x− y| < δ′ =⇒ |f(x)− f(y)| < 1

�

δ < δ′ M = max
x∈[0,δ]

|f(x)|,

é?¿� x > 1, �½�3��ê n, ¦�

nδ < x < (n+ 1)δ, ½ 0 < x− nδ < δ,

ù� f(x) Ò�±L«�

f(x) =
n∑
k=1

[f(x− (k − 1)δ)− f(x− kδ)] + f(x− nδ)

Ù¥ 0 < x− nδ < 1. ¤±� x > 1 �

|f(x)| ≤
n∑
k=1

|f(x− (k − 1)δ)− f(x− kδ)|+ |f(x− nδ)| ≤ n+M

=⇒ |f(x)|
|x|

≤ n

x
+
M

x
≤ 1

δ
+M

~ 6 � f(x), g(x)3[0,+∞)þ��ëY, xg(x)→ 0 (x→ +∞), Áy f(x)g(x)

��ëY.
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y² Ï�

f(x)g(x) =
f(x)

x
· xg(x)→ 0 (x→ +∞)

¤± f(x)g(x) ��ëY.

~7 � f(x) 3 [0, 1] þëY, f(0) = f(1). ¦y: é?¿g,ê n, 3 [0, 1− 1
n
] ¥

�3�: ξ, ¦� f(ξ) = f(ξ + 1
n
).

y² �	¼ê g(x) = f(x)− f(x+ 1
n
). w,3 [0, 1− 1

n
] þëY. �Iy² g(x)

3 [0, 1− 1
n
] þk":.

e g(x) 3 [0, 1 − 1
n
] þÃ":, Kd0�½n�, g(x) 3 [0, 1 − 1

n
] þØCÒ. Ø

�� g(x) 3 [0, 1− 1
n
] þð��, Kk

g

(
j

n

)
= f

(
j

n

)
− f

(
j + 1

n

)
> 0, j = 0, 1, · · · , n− 1.

òþªé j = 0, 1, · · · , n− 1 ¦Ú, ��

f(0) > f(1).

ù�^�gñ!

~8 ¦yé?¿g,ê n, �§ xn + xn−1 + · · ·+ x = 1�3����� xn; ?�

Úy², ê� {xn} Âñ, ¿¦Ù4�.

y² � f(x) = xn+ xn−1 + · · ·+ x− 1, K¼ê3 [0,+∞) î�üNO,ëY, Ï

dXJk��, �½��. ,��¡� n ≥ 2 �

f(0) = −1, f(1) = n− 1 > 0,

Ïî�üN, �3«m (0, 1)S�3����, P� xn, ÷v0 < xn < 1 Ú�§

xnn + xn−1n + · · ·+ xn = 1, n = 2, 3, · · · ,

bX xn 6 xn+1, K

1 = xn+1
n+1 + xnn+1 + · · ·+ xn+1 > xn+1

n+1 + (xnn + xn−1n + · · ·+ xn) = xn+1
n+1 + 1

í� xn+1 ≤ 0, gñ. Ïd7k xn > xn+1. =, ê� {xn} î�üN~��ê�. u´

§´Âñ�. � limxn = d.

Ï�xn ÷v�§�z� xn(1 − xnn) = 1 − xn. 
 xn < x2 < 1 (n > 2) ¤±

0 < xnn < xn2 → 0. - n→ +∞ �

d = 1− d, =⇒ d =
1

2
.
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