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3þ�Ù¥§·�®²�Ù
)XÛò�àg½)¯Kz�àg½)¯K§3ù�Ù9e�Ù

¥·�ò¦^©lCþ{?nàg½)¯K"©lCþ��·^��µ�§àg§>.^�àg"

1.1 ©lCþ

1.1.1 u�Ä�§©lCþ

·�Äkwu�Ä�§�©lCþ{"·�±üà�½�~f£=Öþ�~f¤�~µ
utt = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = ϕ(x), ut(0, x) = ψ(x), 0 ≤ x ≤ l
u(t, 0) = 0, u(t, l) = 0, 0 ≤ t < +∞.

). ¦Ñ¤k/XT (t)X(x) ��")§��5U\§¦Ñ�5U\�Xê"Äk©lCþ§·�b

�

u(t, x) = T (t)X(x).

�\�½�§��
T ′′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï�½�~�§��−λ"l·���±e�k�¯Kµ{
X ′′ + λX = 0, 0 ≤ x ≤ l
X(0) = 0, X(l) = 0.

(d>.^�T (t)X(0) = 0§l=�X(0) = 0 ��ÿk�")"¤±9

T ′′(t) + λa2T = 0.

©�¹?Øµ

(1) λ < 0�§Ø��λ = −k2,(k > 0)§K

X ′′ − k2X = 0.

X = C1e
kx + C2e

−kx"�\>.^�{
C1 + C2 = 0,

C1e
kl + C2e

−kl = 0.

��Ý
 (
1 1

ekl e−kl

)
.

�1�ª= e−kl − ekl 6= 0"Ï�§|�k")§=C1 = C2 = 0"ù«�¹��"
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(2) λ = 0�§X = C1x+ C2"�\>.^�{
C2 = 0,

C1l + C2 = 0.

)�§C1 = C2 = 0"ù«�¹��"

(3) λ > 0�§X = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^�{

C1 = 0,

C1 cos(
√
λl) + C2 sin(

√
λl) = 0.

)�§��C1 = 0 ±9� √
λl = nπ, n = 1, 2, 3 · · ·

�§k�")"·�Ø�ò¤k¦��k�¯Kk�")�λ ���¡��k�§éA�¼

ê¡��k¼ê"~X

�k�µλn =
(nπ
l

)2

éA�k¼êµXn = sin(
nπx

l
), n = 1, 2, 3 · · · .

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λna2Tn = −
(nπa

l

)2

Tn.

)�

Tn(t) = An cos(
nπat

l
) +Bn sin(

nπat

l
), n = 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=0

(
An cos(

nπat

l
) +Bn sin(

nπat

l
)

)
sin(

nπx

l
).

���Ú§éÐ©^��Fp�Ðm§ÏLXêéA(½AnÚBn���"éϕ(x) �Fp�Ðm

ϕ(x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
nπx

l
).

Ù¥

cn =
〈ϕ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

ϕ(s) sin(
nπs

l
)ds.

ùp〈f, g〉 =
∫ l

0
f(s)g(s)ds"Ónéψ(x) �Fp�Ðm

ψ(x) =

∞∑
n=1

dnXn =

∞∑
n=1

dn sin(
nπx

l
).

Ù¥

dn =
〈ψ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

ψ(s) sin(
nπs

l
)ds.
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-t = 0¿éì§·��±��µ {
An = cn
nπa
l
Bn = dn.

)�§ {
An = 2

l

∫ l
0
ϕ(s) sin(nπs

l
)ds

Bn = l
nπa

2
l

∫ l
0
ψ(s) sin(nπs

l
)ds.

½)¯K�)�

u(t, x) =

∑∞
n=1

(
2
l

∫ l
0
ϕ(s) sin(nπs

l
)ds cos(nπat

l
)

+ 2
nπa

∫ l
0
ψ(s) sin(nπs

l
)ds sin(nπat

l
)
)

sin(nπx
l

).

3)¥§·�¡ωn = nπa
l
��kªÇ§�Ð©^��À�Ã'"¡ω1 = πa

l
�Äª§Ù{��

ª"£Áa =
√
T/ρ§·�k

ωn =
nπ

l

√
T/ρ.

Äª

ω1 =
π

l

√
T/ρ.

�±wÑµ��4ªÇCp§·�I�ü$�Ý§ü$u�§O�Üå¶��XJ��4ªÇ

C$§·�I�O\�Ý§O\u�§ü$Üå"��5`§Äª�p(Ñ�kb§���$�"

0�J�(Ñ$��J���ù´��u��ÄªÇÚ���éX�u�[�ÄªÇ��§(

ÑÒ�p§\vuy�J��u'�J��[éõí§,	����(Ñ�¬$��
"/

0�ùc#�O�<�(�¬Co§`{�(���Ì¬�Xc#�O�~�§l¦(Ñ

Co"(��þ
§¤±uÑÒ¶Z
"Ò��u§�[�(Ñ��y§�o��$�¶þ"/

0Iå`{�(ÑÑNØ��§Ò´duI<�å<(���áo[k�O"/

·��´^þ�Ù�~fµ

~f1. ����l�n�u§�à�½x = 0?§,�àx = l3ç���gd$Ä§Ã	å�^§Ð

© ��ϕ(x)§Ð©�Ýψ(x)"�Ñ½)¯K¿¦)"

). ½)¯K�µ 
utt = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = ϕ(x), ut(0, x) = ψ(x), 0 ≤ x ≤ l
u(t, 0) = 0, ux(t, l) = 0, 0 ≤ t < +∞.

Äk©lCþ§·�b�

u(t, x) = T (t)X(x).

�\�½�§��
T ′′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï�½�~�§��−λ"l·���±e�k�¯Kµ{
X ′′ + λX = 0, 0 ≤ x ≤ l
X(0) = 0, X ′(l) = 0.
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±9

T ′′(t) + λa2T = 0.

©�¹?Øµ

(1) λ < 0�§X = C1e
√
−λx + C2e

−
√
−λx"�\>.^���C1 = C2 = 0"��"

(2) λ = 0�§X = C1x+ C2"�\>.^���C1 = C2 = 0"��"

(3) λ > 0�§X = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^��\>.^�{

C1 = 0,

−C1

√
λ sin(

√
λl) + C2

√
λ cos(

√
λl) = 0.

��C1 = 0 ±9 √
λl = nπ − π

2
, n = 1, 2, 3 · · · .

�k�Ú�k¼ê�µ

�k�:λn =

(
(2n− 1)π

2l

)2

éA�k¼ê:Xn = sin(
(2n− 1)πx

2l
).

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λna2Tn = −
(

(2n− 1)πa

2l

)2

Tn.

)�

Tn(t) = An cos(
(2n− 1)πat

2l
) +Bn sin(

(2n− 1)πat

2l
), n = 0, 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=1

(
An cos(

(2n− 1)πat

2l
) +Bn sin(

(2n− 1)πat

2l
)

)
sin(

(2n− 1)πx

2l
).

���Ú§(½AnÚBn���"éϕ(x)�Ðm

ϕ(x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
(2n− 1)πx

2l
).

Ù¥

cn =
〈ϕ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

ϕ(s) sin(
(2n− 1)πs

2l
)ds.

Ónéψ(x)�Ðm

ψ(x) =

∞∑
n=1

dnXn =

∞∑
n=1

dn sin(
(2n− 1)πx

2l
).

Ù¥

dn =
〈ψ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

ψ(s) sin(
(2n− 1)πs

2l
)ds.
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-t = 0¿éì§·��±��µ {
An = cn

Bn = 2l
(2n+1)πa

dn.

½)¯K�)�

ũ(t, x) =

∑∞
n=1

(
2
l

∫ l
0
ϕ(s) sin( (2n−1)πs

2l
)ds cos( (2n−1)πat

2l
)

+ 4
(2n−1)πa

∫ l
0
ψ(s) sin( (2n−1)πs

2l
)ds sin( (2n−1)πat

2l
)
)

sin( (2n−1)πx
2l

).

1.1.2 9�§�©lCþ

3ù�!¥§·�?Ø��9�§�©lCþ"

~f2. ����l�dn�0�|¤�[\(üà:©O�0, l)§��ý9§SÜÃ9§Ð©§Ý

�x"�Ñ½)¯K¿¦)"

). ½)¯K�µ 
ut = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = x, , 0 ≤ x ≤ l
ux(t, 0) = 0, ux(t, l) = 0, 0 ≤ t < +∞.

Äk©lCþ§·�b�

u(t, x) = T (t)X(x).

�\�½�§��
T ′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï�½�~�§��−λ"l·���X�~�©�§Ú
>.^�µ {

X ′′ + λX = 0, 0 ≤ x ≤ l
X ′(0) = 0, X ′(l) = 0.

©�¹?Øµ

(1) λ < 0�§X = C1e
√
−λx + C2e

−
√
−λx"�\>.^���C1 = C2 = 0"��"

(2) λ = 0�§X = C1x + C2"�\>.^���C1 = 0§C2�±Ø�u0"�k�λ0 = 0§éA

�k¼êX0 = 1§T0 = A0"

(3) λ > 0�§PX = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^���C2 = 0 ±9

√
λl = nπ, n = 1, 2, 3 · · · .

�k�:λn =
(nπ
l

)2

éA�k¼ê:Xn = cos(
nπx

l
).

�½λn§K�±��éATn�~�©�§µ

T ′n = −λna2Tn.

)�

Tn(t) = Ane
−n2π2a2

l2
t, n = 1, 2 · · · .
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�n��½)¯K�)�

u(t, x) = A0 +

∞∑
n=1

Ane
−n2π2a2

l2
t cos(

nπx

l
).

���Ú§(½An���"éÐ©^��Ðm

x =

∞∑
n=0

cnXn =

∞∑
n=0

cn cos(
nπx

l
).

Ù¥

cn =
〈x,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

s cos(
nπs

l
)ds =

2l((−1)n − 1)

n2π2
, n = 1, 2, 3, · · · ,

c0 =
〈x,X0〉
〈X0, X0〉

=
l

2

-t = 0¿éì§·��±��µ

An = cn, n = 0, 1, 2 · · · .

½)¯K�)�

u(t, x) =
l

2
+

∞∑
n=1

2l((−1)n − 1)

n2π2
e−

n2π2a2

l2
t cos(

nπx

l
).

5¿��n�óê�§éA��0§l

u(t, x) =
l

2
−
∞∑
n=0

4l

(2n+ 1)2π2
e−

(2n+1)2π2a2

l2
t cos(

(2n+ 1)πx

l
).

1.1.3 Ñt�§�©lCþ

~f3. k�¬[0, 1] × [0, 1]���/7á¡§SÜÃ9§L¡ý9�?u9²ïG�§®

�x = 0,y = 0, y = 1§Ý©O�0, ϕ(x), ψ(x)"x = 1�§Ý�0�0��>§9��XêÚ9D�X

ê�1"Á^©lCþ{¦Ñ§SÜ�§Ý©Ù"

). �Ñ½)¯K 
uxx + uyy = 0, 0 ≤ x, y ≤ 1

u(0, y) = 0, u(1, y) + ux(1, y) = 0, 0 ≤ y ≤ 1

u(x, 0) = ϕ, u(x, 1) = ψ, 0 ≤ x ≤ 1.

©lCþ§b�

u(x, y) = X(x)Y (y).

�\�½�§��

−Y
′′

Y
=
X ′′

X
.

þª�½�~�§��−λ"l·���X ��k�¯Kµ{
X ′′ + λX = 0, 0 ≤ x ≤ 1

X(0) = 0, X ′(1) +X(1) = 0.
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±9

Y ′′ − λY = 0.

©�¹?Øµ

(1) λ < 0�§X = C1e
√
−λx + C2e

−
√
−λx"�\>.^���C1 = C2 = 0"��"

(2) λ = 0�§X = C1x+ C2"�\>.^���C1 = C2 = 0§��"

(3) λ > 0�§PX = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^�x = 0��C1 = 0 ±9

sin(
√
λ) +

√
λ cos(

√
λ) = 0.

XJb�k =
√
λ§K·�I�¦Ñ

k = − tan(k)

�¤k��kn, n ≥ 1§ù¹Ò��O�Å
"b�·�®²��
kn§KéA�k�λn = k2
n§

�k¼êXn = sin(knx)§�\Y �~�©�§§�

Y ′′n − k2
nYn = 0.

)�

Yn = Ane
kny +Bne

−kny.

l½)¯K�)�

u(x, y) =
∑
n≥1

(Ane
kny +Bne

−kny) sin(knx).

�
éϕ Úψ �Fp�Ðm§·�O�

〈Xn, Xn〉 =

∫ 1

0

sin2(kns)ds =

∫ 1

0

1− cos(2kns)

2
ds

=
1

2
− sin(2kns)

4kn

∣∣∣1
0

=
1

2
− sin(2kn)

4kn
=

1

2
− 2 tan(kn)

4kn(1 + tan2(kn))

=
1

2
+

2kn
4kn(1 + k2

n)
=

2 + k2
n

2(1 + k2
n)
.

l

ϕ =
∑
n≥1

2(1 + k2
n)

2 + k2
n

∫ 1

0

ϕ(s) sin(kns)ds sin(knx).

ψ =
∑
n≥1

2(1 + k2
n)

2 + k2
n

∫ 1

0

ψ(s) sin(kns)ds sin(knx).

éì� {
An +Bn =

2(1+k2n)

2+k2n

∫ 1

0
ϕ(s) sin(kns)ds

Ane
kn +Bne

−kn =
2(1+k2n)

2+k2n

∫ 1

0
ψ(s) sin(kns)ds.
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)�  An =
2(1+k2n)

(2+k2n)(e−kn−ekn )

(
e−kn

∫ 1

0
ϕ(s) sin(kns)ds−

∫ 1

0
ψ(s) sin(kns)ds

)
Bn =

2(1+k2n)

(2+k2n)(ekn−e−kn )

(
ekn
∫ 1

0
ϕ(s) sin(kns)ds−

∫ 1

0
ψ(s) sin(kns)ds

)
.

��(JÒØ�
§��
"¤kù
Ñ�±��O�Å?n"

~f4 (²¡4�I©lCþ). k�n�7á��§þÝ�ÑØO§�»�R§vk9§�±þ�

§Ý�ϕ = ϕ(θ)§þe¡ý9"®�7á��?u9²ï§¦SÜ§Ý©Ù"

). ²¡.Ê.d�f34�Ix = r cos θ, y = r sin θ e�±L«�

∆2 =
∂

∂r2
+

1

r

∂

∂r
+

1

r2

∂

∂θ2

·�Äk�Ñ½)¯K§Q,´��§·�^4�Ix = r cos θ, y = r sin θ{
∆2u = ∂u

∂r2
+ 1

r
∂u
∂r

+ 1
r2

∂u
∂θ2

= 0, 0 ≤ r ≤ R, 0 ≤ θ ≤ 2π

u(1, θ) = ϕ(θ), θ ∈ [0, 2π)

©lCþ§�u = RΘ, R = R(r),Θ = Θ(θ)§Kk

−r
2R′′ + rR′

R
=

Θ′′

Θ
.

�Θ′′

Θ
= −λ§���k�¯K {

Θ′′ + λΘ = 0, 0 ≤ θ ≤ 2π

Θ(0) = Θ(2π),Θ′(0) = Θ′(2π).

)��k�9éA�k¼êµλ0 = 0,Θ0 = 1§λn = n2,Θn,1 = cos(nθ),Θn,2 = sin(nθ), n =

1, 2, 3 · · · . )�§
r2R′′ + rR′ − n2R = 0,

ù«a.�~�©�§�î.�§§k�½�){§�CþO�r = et§�(ùp��ê´ét¦�)

d2R

dt2
− n2R = 0.

)�§�

R0 = C0,1t+ C0,2 = C0,1 ln r + C0,2, Rn = Cn,1e
nt + Cn,2e

−nt = Cn,1r
n + Cn,2r

−n, n = 1, 2, 3 · · · .

5¿�|R(0)| <∞ �
R0 = C0, Rn = Cnr

n, n = 1, 2, 3 · · · .

l

u = C0 +

∞∑
n=1

(An cos(nθ) +Bn sin(nθ))rn.

·�¦ÑXê

C0 =
1

2π

∫ 2π

0

ϕ(s)ds
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An =
1

Rnπ

∫ 2π

0

ϕ(s) cos(ns)ds

Bn =
1

Rnπ

∫ 2π

0

ϕ(s) sin(ns)ds.

l

u =
1

2π

∫ 2π

0

ϕ(s)ds+

∞∑
n=1

(
rn

Rnπ

∫ 2π

0

ϕ(s) cos(ns)ds cos(nθ) +
rn

Rnπ

∫ 2π

0

ϕ(s) sin(ns)ds sin(nθ)

)

=
1

2π

∫ 2π

0

ϕ(s)

(
1 + 2

∞∑
n=1

rn

Rn
cos(n(s− θ))

)
ds

·�¦Úª
∑∞

n=1
rn

Rn
cos(n(s− θ))§Ù�

∞∑
n=1

rn

Rn
en(s−θ)i =

r/Re(s−θ)i

1− r/Re(s−θ)i =
r/Re(s−θ)i(1− r/Re(θ−s)i)

(1− r/Re(s−θ)i)(1− r/Re(θ−s)i)
=

r/Re(s−θ)i − (r/R)2

1− 2r/R cos(θ − s) + (r/R)2

�¢Ü"=
r/R cos(s− θ)− (r/R)2

1− 2r/R cos(θ − s) + (r/R)2
=

rR cos(s− θ)− r2

R2 − 2rR cos(θ − s) + r2
.

l

u(r, θ) =
1

2π

∫ 2π

0

ϕ(s)

(
1 + 2

rR cos(s− θ)− r2

R2 − 2rR cos(θ − s) + r2

)
ds =

1

2π

∫ 2π

0

ϕ(s)
R2 − r2

R2 − 2rR cos(θ − s) + r2
ds.

þ�úª¡�Ñtúª"

~f5 (õgCþ©lCþ). k�¬[0, 1]× [0, 1]× [0, 1]���N7á¬§SÜÃ9�?u9²ï

G�§®�k�¡§Ý�1§Ù{þ�0"Á^©lCþ{¦Ñ§SÜ�§Ý©Ù"

). Äk�Ñ½)¯K{
∆3u = 0, 0 ≤ x, y, z ≤ 1

u(1, y, z) = 1, u(0, y, z) = u(x, 0, z) = u(x, 1, z) = u(x, y, 0) = u(x, y, 1) = 0.

©lCþu = XY Z§Ù¥X = X(x), Y = Y (y), Z = Z(z)"Kk

−XY
′′ + Y X ′′

XY
=
Z ′′

Z
.

Ø��Z′′

Z
= −λ§Kk�k�¯K {

Z ′′ + λZ = 0, 0 ≤ z ≤ l
Z(0) = Z(1) = 0.

O��§�k�9�k¼ê�

λn = n2π2, Zn = sin(nπz), n = 1, 2, 3 · · · .
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�½λn§·�k

−X
′′ − n2π2X

X
=
Y ′′

Y
.

Ø��Y ′′

Y
= −µ§Kk�k�¯K {

Y ′′ + µY = 0, 0 ≤ z ≤ l
Y (0) = Y (1) = 0.

O��§�k�9�k¼ê�

µm = m2π2, Ym = sin(mπy),m = 1, 2, 3 · · · .

)�©�§X ′′m,n−(n2π2+m2π2)Xm,n = 0§��Xm,n = Am,n cos(
√
n2 +m2πx)+Bm,n sin(

√
n2 +m2πx)"

=

u =
∑
n,m≥1

(
Am,ne

√
n2+m2πx +Bm,ne

−
√
n2+m2πx

)
sin(mπy) sin(nπz).

©O-x = 0, 1 � {
Am,n +Bm,n = 0

Am,ne
√
n2+m2π +Bm,ne

−
√
n2+m2π = 〈1,YmZn〉

〈YmZn,YmZn〉 .

5¿��m,n���óê��ÿ§〈1, YmZn〉 = 0§d�·��Bm,n = 0"�m,nÑ´Ûê�§Kk

Bm,n =
16

mnπ2(e
√
n2+m2π − e−

√
n2+m2π)

.

l

u(x, y, z) = −
∑

m,n≥1,m,n�Ûê

16(e
√
n2+m2πx − e−

√
n2+m2πx)

mnπ2(e
√
n2+m2π − e−

√
n2+m2π)

sin(mπy) sin(nπz)

g�. k�¬[0, 1] × [0, 1] × [0, 1] ���N7á¬§ÃSÜk9§9²ï§8�¡÷v>.^�

£I,II,IIIa¤§�Ñ½)¯K¿^U\�nÚÀþ�nòÙ©)�eZ©lCþ¯K§Ø^¦)"

1.2 �k�¯K

1.2.1 ��©lCþ

·�é��àg½)¯K�©lCþ¿�Ñ)K6§"
Ltu+ Lxu = 0, t ∈ I, a ≤ x ≤ b.
>.^�

'ut�½)^�§��´Ð©^�.

Ù¥

Lt = a0(t)
∂2

∂t2
+ a1(t)

∂

∂t
+ a2(t)

Lx = b0(x)
∂2

∂x2
+ b1(x)

∂

∂t
+ b2(x).
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©lCþu(t, x) = T (t)X(x)§��

−LtT
T

=
LxX
X

.

�LxX
X

= −λ§·�k�k�¯K {
LxX + λX = 0

>.^�

)Ñ�k�λn!éA�k¼êXn!éATn§��

u =
∑

CnXnTn.

�\½)^�¦Ñu"

1.2.2 �k�¯K�SLnØ

�!·��	Sturm-Liouville(SL).�k�¯Kµ{
[k(x)X ′]′ − q(x)X + λρ(x)X = 0, a ≤ x ≤ b
>.^�

Ù¥>.^��{µ

Ia. �¦k(a) > 0 Ónb :¶

IIa. �¦k(a) > 0 Ónb :¶

IIIa. �¦k(a) > 0Ónb:¶αu+β ∂u
∂n

= 0, α, β > 0§a:αu(a)−βux(a) = 0¶b: αu(b) +βux(b) =

0¶

g,>.^�. �¦k(a) = 0 Ónb :§�õ��":¶�±�|X(a)| <∞¶

±Ï>.^�. k(a) = k(b) > 0 �§�±��±Ï>.^�X(a) = X(b), X ′(a) = X ′(b)§�þ¡a

.ØÓ§±Ï>.^�7Lü�à:Ó��"

éuþ!J���k�¯K{
b0(x)X ′′ + b1(x)X ′ + b2(x) + λX = 0, a ≤ x ≤ b
>.^�

·�oUz�SL.�k�¯K§d�

k(x) = exp(

∫ s

0

b1(s)

b0(s)
ds), q(x) = −b2(x)

b0(x)
k(x), ρ(x) =

k(x)

b0(x)
.

£�SL�k�¯K§·��½(¢S�k�¯K¿Ø�½÷v)

(1) k(x), q(x), ρ(x)�[a, b]þëY¼ê¶

(2) ��3(a, b)þ§k(x) > 0, ρ(x) > 0, q(x) ≥ 0§à:��õ�k(x), ρ(x) ��?":;

(3) SÈ〈f, g〉 =
∫ b
a
f(x)g(x)ρ(x)dx"



1 ©lCþ{ 12

½n. Äu±þb�§�k�Ú�k¼ê÷v

(1) �K5§¤k�k�Ñ´�K¢ê¶�3"�k��¿�^�´q(x) = 0�üà��I,IIIa>

.^�§P�λ0 = 0£±Ï>.^�¶ü>�g,>.^�½IIa>.^�¤§éA�k¼ê

�X0 = 1¶

(2) �ê5§=k�ê��k��kXe/ªµ

(0 = λ0 <XJ�3�{)λ1 < λ2 < · · · .

XJØ´±Ï>.^�§Kz��k�λn=éA���k¼êXn(ÃÀ�"~ê�)¶

(3) ��5§XJn 6= m§K〈Xn, Xm〉 =
∫ b
a
Xn(x)Xm(x)ρ(x)dx = 0¶

(4) ��5§3�½SÈe§¤k�k¼ê�¤Lρ([a, b])£¤k÷v>.^��¼ê�N§Ù¢Ø
÷v>.^����´�±�¤��|����È§�±XÓFourier Ðm��ö�

f(x) =
∑
n

〈f,Xn〉
〈Xn, Xn〉

Xn(x) =
∑
n

∫ b
a
f(s)Xn(s)ρ(s)ds∫ b

a
Xn(s)Xn(s)ρ(s)ds

Xn(x).

·�5¿�Öþk�[��£ã§3d·��Ñy²"

y²(�K5y²). �λ ��k�§éA�k¼ê�X"é

[k(x)X ′]′ − q(x)X + λρ(x)X = 0

¦þX ¿la �b È©§��∫ b

a

X[k(x)X ′]′ − q(x)XX + λρ(x)XXd(x) = 0.

5¿�

[k(x)X ′X]′ = X[k(x)X ′]′ + k(x)X ′2.

·�k ∫ b

a

[k(x)X ′X]′ − k(x)X ′2 − q(x)XX + λρ(x)XXd(x) = 0.

=µ

λ

∫ b

a

ρ(x)XXd(x) =

∫ b

a

−[k(x)X ′X]′ + k(x)X ′2 + q(x)XXd(x)

= k(a)X(a)X ′(a)− k(b)X(b)X ′(b) +

∫ b

a

k(x)X ′2 + q(x)X2d(x).

Ï�k, q ≥ 0§·�=I`²

k(a)X(a)X ′(a)− k(b)X(b)X ′(b) ≥ 0.

�dI�Ué>.^���{©a?Ø"��±Ï>.^�§k(a) = k(b)§X(a) = X(b)§

X ′(a) = X ′(b)"w,¤á"
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��±Ï>.^���ÿ§©O`²k(a)X(a)X ′(a) ≥ 0 Ú−k(b)X(b)X ′(b) ≥ 0"~Xé

ux = a à:µ¢Sþ§éuI a£X(a) = 0¤¶II a£X ′(a) = 0¤¶g,>.^�£k(a) = 0¤§w

,¤á"éuIII aµαX(a)− βX ′(a) = 0§k

k(a)X(a)X ′(a) = k(a)
α

β
(X(a))2 ≥ 0.

nþ¤ã§·��¤
�K5�y²"

'u"�k�§XJ"´�k�§��k¼ê´X§K

0 = λ

∫ b

a

ρ(x)XXd(x) =

∫ b

a

−[k(x)X ′X]′ + k(x)X ′2 + q(x)XXd(x)

=
(
k(a)X(a)X ′(a)− k(b)X(b)X ′(b)

)
+
( ∫ b

a

k(x)X ′2d(x)
)

+
( ∫ b

a

q(x)X2d(x)
)
.

dc¡?Ø§þªm>n�Ñ�K§��ª¤á§K7,k

k(a)X(a)X ′(a)− k(b)X(b)X ′(b) = 0;∫ b

a

k(x)X ′2d(x) = 0;∫ b

a

q(x)X2d(x) = 0.

Ï�X 6= 0§¤±q(x) = 0"Ï�k(x)|(a,b) > 0§¤±X ′ = 0§=X = ~ê§�k¼ê�X0 = 1"

�e�Uì>.^�a.?Ø§¢Sþ§�,�à:µ~Xa :�I a>.^��ÿ§

X = X(a) = 0.

�III a>.^���ÿ

0 = αX(a)− βX ′(a) = αX(a)

��0 = X(a) = X"ùüaÑvk�"�k¼ê§¤±I,IIIa>.^�Ø��"

��§=Irλ = 0, X = 1 �\�k�¯K�y=�"3dÑL"

y²(��5y²). �λn Úλm �ØÓ�k�§éA�k¼ê�Xn, Xm"K

[k(x)X ′n]′ − q(x)Xn + λnρ(x)Xn = 0

[k(x)X ′m]′ − q(x)Xm + λmρ(x)Xm = 0

©O¦þXm ÚXn ��¿la �b È©�

(λn − λm)

∫ b

a

ρXnXmd(x) =

∫ b

a

[k(x)X ′m]′Xn − [k(x)X ′n]′Xmd(x).

Ï�λn − λm 6= 0§=I`²
∫ b
a

[k(x)X ′m]′Xn − [k(x)X ′n]′Xmd(x) = 0§�d5¿�

[k(x)X ′mXn]′ = Xn[k(x)X ′m]′ + k(x)X ′mX
′
n,
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[k(x)X ′nXm]′ = Xm[k(x)X ′n]′ + k(x)X ′nX
′
m.

þ¡üª���

[k(x)X ′m]′Xn − [k(x)X ′n]′Xm = [k(x)X ′mXn]′ − [k(x)X ′nXm]′.

= ∫ b

a

[k(x)X ′m]′Xn − [k(x)X ′n]′Xmd(x) =

∫ b

a

[k(x)X ′mXn]′ − [k(x)X ′nXm]′d(x)

= (k(x)X ′mXn − k(x)X ′nXm)|ba
= k(b)X ′m(b)Xn(b)− k(a)X ′m(a)Xn(a)− k(b)X ′n(b)Xm(b) + k(a)X ′n(a)Xm(a)

=I`²þª= 0§�,�â>.^�a.?Ø"��±Ï>.^�§k(a) = k(b)§X(a) = X(b)§

X ′(a) = X ′(b)"w,¤á"

��±Ï>.^���ÿ§©O`²k(a)X ′m(a)Xn(a)−k(a)X ′n(a)Xm(a) = 0Úk(b)X ′m(b)Xn(b)−
k(b)X ′n(b)Xm(b) = 0"~Xéux = a à:µ¢Sþ§éuI a£Xn(a) = Xm(a) = 0¤¶II a

£X ′n(a) = X ′m(a) = 0¤¶g,>.^�£k(a) = 0¤§w,¤á"

éuIII aµαXn(a)− βX ′n(a) = 0§αXm(a)− βX ′M (a) = 0§k

k(a)X ′m(a)Xn(a) = k(a)
α

β
Xn(a)Xm(a).

Ón

k(a)X ′n(a)Xm(a) = k(a)
α

β
Xn(a)Xm(a).

�¤á"

nþ¤ã§·��¤
y²"

3ù�Ù��m©·�®²ùL©lCþ�~f§3d·�Þü�#�~f£�´e�Ù�S

N¤"

1). ν��l��k�¯K {
[xy′]′ − ν2

x
y + λxy = 0, 0 ≤ x ≤ a

|y(0)| <∞, αy(a) + βy′(a) = 0.

2). V4��k�¯K" {
[(1− x2)y′]′ + λy = 0,−1 ≤ x ≤ 1

|y(±1)| <∞.

1.2.3 �
�k�¯K

~f6. )�k�¯K§ {
y′′ + λy = 0,−l ≤ x ≤ l
y′(−l) = y′(l) = 0.



1 ©lCþ{ 15

). ù´IO�SL �k�¯K">.^�þ�II a§q = 0§Ïλ0 = 0§éA�k¼êy0 = 1§Ù

{�k�þ��")~�©�§�

y = A cos(
√
λx) +B sin(

√
λx), λ > 0.

�\>.^� {
A
√
λ sin(

√
λl) +B

√
λ cos(

√
λl) = 0

−A
√
λ sin(

√
λl) +B

√
λ cos(

√
λl) = 0

= {
A sin(

√
λl) = 0

B cos(
√
λl) = 0

Q,sin(
√
λl) Úcos(

√
λl) Ø�UÓ��""�±wÑ§�¦ù��§|k�")§KA,B ��k

��= 0"�¦k�")§�A,B Ø��""

1). A = 0, B 6= 0§cos(
√
λl) = 0 ���k�Ú�k¼ê

λ1,n =

(
(n− 1

2
)π

l

)2

, y1,n = sin(
(n− 1

2
)πx

l
), n = 1, 2, 3, · · · .

2). A 6= 0, B = 0§sin(
√
λl) = 0 ���k�Ú�k¼ê

λ2,n =
(nπ
l

)2

, y2,n = cos(
nπx

l
), n = 1, 2, 3, · · · .

�,�{Ø��§�ÚÖþ´���"

~f7. )�k�¯K§ {
x2y′′ + xy′ + λy = 0, 1 ≤ x ≤ e
y(l) = y(e) = 0.

). kr�k�¯Kz�IOSL�k�¯Kµ

k(x) = exp(

∫
b1(x)

b0(x)
dx) = exp(

∫
x

x2
ds) = x,

q(x) = −b2(x)

b0(x)
k(x) = 0,

ρ(x) =
k(x)

b0(x)
=

1

x
.

�k�¯Kz� {
[xy′] + λ y

x
= 0, 1 ≤ x ≤ e

y(1) = y(e) = 0.

dd�ä�k��u"£Ï�>.^�Ñ´I a§¤±vk0 �k�¤§Ï�I��Äλ > 0 ��

/"

~�©�§´î.�§§CþO�§x = et, 0 ≤ t ≤ 1§k

d2y

dt2
+ λy = 0.
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duλ > 0§)�

y = A cos(
√
λt) +B sin(

√
λt) = A cos(

√
λ lnx) +B sin(

√
λ lnx).

d>.^� {
A = 0

A cos(
√
λ) +B sin(

√
λ) = 0

�sin(
√
λ) = 0"�k�Ú�k¼ê�

λn = n2π2, yn = sin(nπ lnx), n = 1, 2, 3, · · · .

~f8. )�k�¯K§ {
y′′ + 2ay′ + λy = 0, 0 ≤ x ≤ l
y(0) = y′(l) = 0

). ÄkdSLnØ§"Ø´�k�§��k��u"")�§t2+2at+λ = 0§�t = −a±
√
a2 − λ"

XJλ < a§)�§��"XJλ = a§)�§��"XJλ > a§y = C1e
−ax cos(

√
λ− a2x) +

C2e
−ax sin(

√
λ− a2x)"�\>.^�§�C1 = 0§cos(

√
λ− a2l) = 0"�

√
λ− a2l = nπ − π

2
, n = 1, 2, · · · .

�k�λn = a2 +
(

(2n−1)π
2l

)2

§�k¼êyn = e−ax sin( (2n−1)π
2l

x).

5P. ¢Xê~�©�§y′′ + py′ + qy = 0 �){XeµÄk¦λ2 + pλ+ q = 0 ��§��U±e

A«�/

(1) �k"�µC1x+ C2¶

(2) ��"�λ1 = 0§��¢�λ2 6= 0µC1 + C2e
λ2x¶

(3) ü��"ØÓ¢�λ1, λ2¶C1e
λ1x + C2e

λ2xµ

(4) ü��Ó�"¢�λ1 = λ2µC1e
λ1x + C2xe

λ1xµ

(5) ü��ÝE�λ1 = a+ bi, λ2 = a− bi§a, b�¢êµeax(C1 cos(bx) + C2 sin(bx))"

5P. î.�§x2y′′ + axy′ + by = 0 ){µ�x = et§K

dy

dx
=

dy

det
= e−t

dy

dt
,

d

dx

dy

dx
=

d

det
(e−t

dy

dt
) = e−t

d

dt
(e−t

dy

dt
) = e−2t(

d2y

dt2
− dy

dt
).

�\��§§5¿�x = et§�
d2y

dt2
+ (a− 1)

dy

dt
+ by = 0.

z�þ�5P��/"
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1.3 �àg½)¯K�©lCþ

©lCþI�ér�àg^�§��½)¯K¿Ø�½¤á§�,33þ�Ù¥·�®²ùL

�àg½)¯KXÛàgz§Ã�´U\�nÚÀþ�n"�éu�§�àg>.^�àg�½

)¯K§�´�E,"·��´l~fm©"
utt = a2uxx + f(t, x), 0 ≤ x ≤ l, t > 0

u(t, 0) = A(t), u(t, l) = B(t)

u(0, x) = ϕ(x), ut(0, x) = ψ(x), 0 ≤ x ≤ l.

Äk^U\�nò¯K©)"

(I)


utt = a2uxx + f(t, x), 0 ≤ x ≤ l, t > 0

u(t, 0) = u(t, l) = 0

u(0, x) = 0, ut(0, x) = 0, 0 ≤ x ≤ l.

(II)


utt = a2uxx, 0 ≤ x ≤ l, t > 0

u(t, 0) = u(t, l) = 0

u(0, x) = ϕ(x), ut(0, x) = ψ(x), 0 ≤ x ≤ l.

(III)


utt = a2uxx, 0 ≤ x ≤ l, t > 0

u(t, 0) = A(t), u(t, l) = B(t)

u(0, x) = 0, ut(0, x) = 0, 0 ≤ x ≤ l.

�½)¯K�)Ò´þãn�½)¯K)�¦Ú"Ù¥§£II¤´àg½)¯K§�±^©lCþ{

?n"£I¤��§�àg§>.^�àg§�±^àgz�n?n"£III¤�>.^��àg��

§àg"3d·�?n£I¤Ú£III¤"

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

£I¤�?nµ·�I�é÷v>.^��A)§�±l�k¼ê��5|Ü\Ã"�k�¯K{
y′′ + λy = 0, 0 ≤ x ≤ l
y(0) = y(l) = 0

��k¼ê�Xn = sin(nπx
l

), n = 1, 2, 3, · · ·"�·��A)´v =
∑∞

n=1 Tn(t)Xn(x)"K

vtt = a2vxx + f.

=

vtt =

∞∑
n=1

T ′′n (t)Xn(x) = −a2

∞∑
n=1

(
nπ

l
)2Tn(t)Xn(x) + f(t, x).

òf(t, x) ©)�

f(t, x) =

∞∑
n=1

fn(t)Xn(x).

éì�

T ′′n (t) = −a2(
nπ

l
)2Tn(t) + fn(t).
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^.Ê.dC�)þã�©�§£Tn(0) = T ′n(0) = 0¤"

p2T̄n = −(
nπa

l
)2T̄n + f̄n.

�

T̄n =
1

p2 + (nπa
l

)2
× f̄n.

¤±

Tn = L−1(
1

p2 + (nπa
l

)2
) ∗ L−1(f̄n) =

( l

nπa
× sin(

nπat

l
))
)
∗ fn(t) =

l

nπa

∫ t

0

fn(t− τ) sin(
nπaτ

l
)dτ.

l

v =

∞∑
n=1

l

nπa

∫ t

0

fn(t− τ) sin(
nπaτ

l
)dτ sin(

nπx

l
).

5¿�v(0, x) = vt(0, x) = 0"Ïv Ò´½)¯K£I¤�)"

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

£III¤�?n"Äkr>.àgz"·��év = v(t, x) §�¦

v(0, x) = A(t), v(l, x) = B(t).

Ø��v = xp(t) + q(t)§K

q(t) = A(t), p(t) =
B(t)−A(t)

l
.

v �À�¿Ø��§No{üNo5"^ũ = u− v§��
ũtt = a2ũxx + vtt − a2vxx, 0 ≤ x ≤ l, t > 0

ũ(t, 0) = 0, ũ(t, l) = 0

ũ(0, x) = −v(0, x), ũt(0, x) = −vt(0, x), 0 ≤ x ≤ l.

z��/£I¤"

�>.^�Ñy±Ï¼ê��ÿ§·��±�¦v ÷v�½�§µ~X
utt = a2uxx, 0 ≤ x ≤ l, t > 0

u(t, 0) = 0, u(t, l) = sin(ωt), sin(ωl
a

) 6= 0

u(0, x) = 0, ut(0, x) = 0, 0 ≤ x ≤ l.

·��±�¦v = X(x)T (t)§�

X(0) = 0, X(l) = 1,−ω2XT = a2X ′′T.

=T (t) = sin(ωt), X ′′ = −ω2

a2
X. �

X = sin(
ωx

a
)/ sin(

ωl

a
).

¤±

v = X(x)T (t) =
sin(ωx

a
)

sin(ωl
a

)
sin(ωt)
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~f9. ¦)Xe½)¯Kµ 
ut = a2uxx + f, 0 ≤ x ≤ l, t > 0

ux(t, 0) = ux(t, l) = 0

u(0, x) = 0, 0 ≤ x ≤ l.

). ·�I�éAÏ�A)§÷v>.^�§�±l�k¼ê��5|Ü\Ã"�k�¯K{
y′′ + λy = 0, 0 ≤ x ≤ l
y′(0) = y′(l) = 0

��k¼ê�X0 = 1, Xn = cos(nπx
l

), n = 1, 2, 3, · · ·"�·��A)´v =
∑∞

n=0 Tn(t)Xn(x)"K

vt = a2vxx + f.

=

vt =

∞∑
n=0

T ′n(t)Xn(x) = −a2

∞∑
n=0

(
nπ

l
)2Tn(t)Xn(x) + f(t, x).

òf(t, x) ©)�

f(t, x) =

∞∑
n=0

fn(t)Xn(x).

éì�

T ′n(t) = −a2(
nπ

l
)2Tn(t) + fn(t).

^.Ê.dC�)þã�©�§£T̄n = L[Tn], f̄n = L[f ]¤"

pT̄n = −(
nπa

l
)2T̄n + f̄n.

�

T̄n =
1

p+ (nπa
l

)2
× f̄n.

¤±

Tn = L−1(
1

p+ (nπa
l

)2
) ∗ L−1(f̄n) = e−(nπal )2t ∗ fn(t) =

∫ t

0

fn(t− τ)e−(nπal )2τdτ.

l

v =

∞∑
n=0

∫ t

0

fn(t− τ)e−(nπal )2τdτ sin(
nπx

l
).

5¿�v(0, x) = vt(0, x) = 0"Ïv Ò´½)¯K�)"

5P. �f ´[0,∞) þ/¢�½E�¼ê§.Ê.dC�½Â�

f̄ = L[f ] =

∫ ∞
0

f(t)e−ptdt.

�f, g ´[0,∞) þ/¢�½E�¼ê§òÈ½Â�

f ∗ g(t) =

∫ t

0

f(τ)g(t− τ)dτ.
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.Ê.dC�òÈ5�

L[f ∗ g] = L(f)L(g).

�©�.Ê.dC�"

L(fn) = pnL[f ]− pn−1f(0+) + pn−2f ′(0+) + · · · .

�
{ü¼ê/.Ê.dC�"

L[eλt] =
1

p− λ
;

L[
tn

n!
] =

1

pn+1
;

L[sin(ωt)] =
ω

p2 + ω2
;

L[cos(ωt)] =
p

p2 + ω2
.

1.3.1 Ñt�§��àg½)¯K

éuÑt�§��àg½)¯K {
∆u = f, 1 ≤ x ≤ e
u|S = ϕ(x, y, z).

��5`·��Ä�½)¯K«�Ñ´5K�§X�¬§§¥�"·���^A){§AO´

�f ´õ�ª��ÿ§éN´^�½Xê{¦Ñ��A)v",�-w = u− v§��w �àg½)
¯K {

∆w = 0, 1 ≤ x ≤ e
w|S = ϕ(x, y, z)− v(x, y, z).

±e´Öþ�~fµ

~f10. {
uxx + uyy = 12(x2 − y2), a2 ≤ x2 + y2 ≤ b2

u|x2+y2=a2 = 1, ∂u
∂n
|x2+y2=b2 = 0.

). ké��A)µv = x4 − y4"�w = u− v �{
wxx + wyy = 0, a2 ≤ x2 + y2 ≤ b2

w|x2+y2=a2 = 1− v, ∂u
∂n
|x2+y2=b2 = − ∂v

∂n
.

^4�Ix = r cos θ, y = r sin θ. =v = r4 cos(2θ)§n �ü {���÷Xr  	"l�±z�{
wxx + wyy = 0, a2 ≤ x2 + y2 ≤ b2

w|x2+y2=a2 = 1− a4 cos(2θ), ∂u
∂n
|x2+y2=b2 = −4b3 cos(2θ).

4�Ie.ª�§���)�

u = A0 +B0 ln r +

∞∑
n=1

(Anr
n +Bnr

−n)(Cn cos(nθ) +Dn sin(nθ)).
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-r = a Úb �{
A0 +B0 ln a+

∑∞
n=1(Ana

n +Bna
−n)(Cn cos(nθ) +Dn sin(nθ)) = 1− a4 cos(2θ).

B0b
−1 +

∑∞
n=1(nAnb

n−1 − nBnb−n−1)(Cn cos(nθ) +Dn sin(nθ)) = −4b3 cos(2θ).

·�=I��Ä~ê�Úcos(2θ) �§Ù¦�Xê�Ü�0"éì�
A0 +B0 ln a = 1.

B0b
−1 = 0.

C2(A2a
2 +B2a

−2) = −a4.

C2(2A2a− 2B2a
−3) = −4b3.

)�µ 
A0 = 1.

B0 = 0.

C2A2 = −a6++b6

a4+b4
.

C2B2 = −a4b4(a2−2b2)
a4+b4

.

¤±

w = 1− a6 + +b6

a4 + b4
r2 cos(2θ)− a4b4(a2 − 2b2)

a4 + b4
r−2 cos(2θ).

¤±

u = v + w = 1 + [r4 − a6 + +b6

a4 + b4
r2 − a4b4(a2 − 2b2)

a4 + b4
r−2] cos(2θ).

))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))))

5P. �Ù:µ�«/ª©lCþ¶�k�¯K"

��µ3§5.(3)"��µ5(6)§8¶2.(1)(2)(3)§10(2)(5)

3. �^þ!�u�½ux = 0 9x = l§3m©��]m§§�/G´�^±( l
2
, h) �º:��Ô

�§Ð�Ý�"§�vk	å�^§¦u� £¼ê"

5.(3) 
utt = a2uxx − 2hut, (0 ≤ x ≤ l, t ≥ 0, 0 < h < πa

l
, h �~ê),

u(t, 0) = u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x).

5.(6) ��S�)|�4¯Kµ {
∆2u = 0, (a ≤ r ≤ b),
u(a, θ) = 1, u(b, θ) = 0.

8. ���»�a ���/²�§Ù�±>.þ�§Ý�±u(a, θ) = Tθ(π− θ), �»>.þ�§
Ý�"Ý§��þeý¡ý9§Á¦�S�§Ý©Ù"

1. )e��k�¯K
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(1). {
y′′ − 2ay′ + λy = 0, 0 < x < 1, a = constant,

y(0) = y(1) = 0.

(2). {
[r2R′]′ + λr2R = 0, 0 < r < a,

|R(0)| <∞, R(a) = 0; [ J«µy = rR]

(3). {
y(4) + λy = 0, 0 < x < l,

y(0) = y(l) = y′′(0) = y′′(l) = 0.

10. )e��àg�k�¯Kµ

(2) 
ut = a2uxx, 0 < x < 1, a = constant > 0,

u(t, 0) = 0, ux(t, l) = − q
k

u(0, x) = u0.

¿¦limt→+∞ u(t, x)"

(5) 
utt = uxx + g(t, x), 0 < x < 1,

u(t, 0) = 0, ux(t, l) = E

u(0, x) = Ex, ut(0, x) = 0.


