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1. � f(x) ∈ C(R), -

g(x, y) =

∫ x

0

(f(t+ y)− f(t)) dt,

Áy g(x, y) = g(y, x).

y²

g(x, y) =

∫ x

0

(f(t+ y) dt−
∫ x

0

f(t)) dt =

∫ x+y

y

f(u) du−
∫ x

0

f(t)) dt

=

∫ 0

y

f(u) du+

∫ x+y

0

f(u) du−
∫ x

0

f(t)) dt

= −
∫ y

0

f(u) du+

∫ x+y

0

f(u) du−
∫ x

0

f(t)) dt

Ïd g(x, y) = g(y, x).

2. � f(x) 3 [a, b] þëY, �∫ b

a

f(x) dx = 0,

∫ b

a

xf(x) dx = 0,

Áy���3ü: x1, x2 ∈ (a, b) ¦� f(x1) = f(x2) = 0.

y² �K�y²¿©|^éëY¼êf(x),e
∫ b

a

f(x) dx = 0 ,K f(x)3(a, b)

þØCÒ��=� f(x) ≡ 0ù�(Ø. Ïd f(x) 3(a, b) þ��k��":.

e x0 ∈ (a, b) ´ f(x) ���":, K f(x) 3 x0 üýCÒ, Ø��

� a < x < x0 �, f(x) > 0, =⇒ (x− x0)f(x) < 0;

� x0 < x < b �, f(x) < 0, =⇒ (x− x0)f(x) < 0;

íÑ (x− x0)f(x) 3 (a, b) þØCÒ. �´d^�
∫ b

a

(x− x0)f(x) dx = 0, gñ.

3. � f(x) 3 [a, b] þkëY�¼ê. ¦y:

max
a≤x≤b

|f(x)| ≤ 1

b− a

∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣+ ∫ b

a

|f ′(x)| dx.
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y² Ï |f(x)|, f(x) ëY, ¤±©O3[a, b] þ�����Ú���, P

|f(x1)| = max
a≤x≤b

|f(x)|, f(x2) = min
a≤x≤b

f(x) (x1, x2 ∈ [a, b])

w, f(x2) ≤
1

b− a

∫ b

a

f(x) dx, Ïd

max
a≤x≤b

|f(x)| = |f(x1)| =
∣∣∣∣∫ x1

x2

f ′(x) dx+ f(x2)

∣∣∣∣ ≤ ∣∣∣∣∫ x1

x2

f ′(x) dx

∣∣∣∣+ |f(x2)|
≤
∣∣∣∣∫ x1

x2

|f ′(x)| dx
∣∣∣∣+ |f(x2)|

≤
∫ b

a

|f ′(x)| dx+ 1

b− a

∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ .

4. � f(x) 3 [0, 1] þkëY��¼ê.�f(0) = 0, ¦y:∫ 1

0

|f(x)|2 dx ≤ 1

2

∫ 1

0

(1− x2)|f ′(x)|2 dx.

�Ò¤á��=� f(x) ≡ cx, Ù¥ c ´~ê.

y² Ï� f(x) =

∫ x

0

f ′(t) dt, |^Cauchy Ø�ª�

|f(x)|2 =
(∫ x

0

1 · f ′(t) dt
)2

≤
∫ x

0

12 dt

∫ x

0

|f ′(t)|2 dt = x

∫ x

0

|f ′(t)|2 dt

�Ò¤á��=� f ′(x) = c · 1, Ï f(0) = 0, ¤±��=� f(x) = cx.

ü>È©¿|^©ÜÈ©{�∫ 1

0

|f(x)|2 dx =

∫ 1

0

x

(∫ x

0

|f ′(x)|2 dt
)

dx =

∫ 1

0

1

2

(∫ x

0

|f ′(x)|2 dt
)

dx2

=
1

2
x2
(∫ x

0

|f ′(x)|2 dt
) ∣∣∣1

0
− 1

2

∫ 1

0

x2 d

(∫ x

0

|f ′(x)|2 dt
)

≤ 1

2

∫ 1

0

(1− x2)|f ′(x)|2 dx.

�Ò¤á��=� f(x) = cx.

5. � f(x) 3 [0,+∞) þëY�÷v

|f(x)| ≤ ekx + k

∫ x

0

|f(x)| dx,
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Ù¥ k ´~ê, ¦yµ|f(x)| ≤ (kx+ 1)ekx.

y² - g(x) =

∫ x

0

|f(x)| dx, K g(x) ��:

g′(x) = |f(x)| ≤ ekx + k

∫ x

0

|f(x)| dx = ekx + kg(x)

=⇒ (g′(x)− kg(x))e−kx ≤ 1,=⇒
(
g(x)e−kx − x

)′ ≤ 0

Ïd¼ê g(x)e−kx − x 3[0,+∞) þüN~, =

g(x)e−kx − x ≤ g(x)e−kx − x
∣∣∣
x=0

= 0,

íÑ g(x) ≤ xekx, �Òk

|f(x)| ≤ ekx + k

∫ x

0

|f(x)| dx ≤ ekx + kxekx = (kx+ 1)ekx.

6. � f(x) 3 [0, 1] þ�K!ëY��, f(0) = f(1) = 0, � |f ′(x)| ≤ 1 , ¦y∫ 1

0

f(x) dx ≤ 1

4
.

¿¯þãØ�ª´Ä�U¤��ª, ��oº

y² �âK¿©O�3 ξ1, ξ2 ¦�

f(x)− f(0) = f ′(ξ1)x,=⇒0 ≤ f(x) ≤ x, x ∈ [0, 1];

f(1)− f(x) = f ′(ξ2)(1− x),=⇒0 ≤ f(x) ≤ 1− x, x ∈ [0, 1]

=⇒ f(x) ≤ g(x) =

x 0 ≤ x ≤ 1
2
,

1− x 1
2
≤ x ≤ 1.

Ïd ∫ 1

0

f(x) dx ≤
∫ 1

0

g(x) dx =

∫ 1
2

0

x dx+

∫ 1

1
2

(1− x) dx =
1

4
.

e�3÷vK8^��f(x) ¦�þã�ª¤á, K∫ 1

0

(g(x)− f(x)) dx = 0,

� f(x), g(x) ëY� g(x)− f(x) ≥ 0, |^�KëY¼ê�È©�", ��=�

¼êð�u"�(Ø, íÑ f(x) ≡ g(x), �´ g(x) 3 x =
1

2
Ø��, gñ. Ï

dØ�3÷v^��¼ê¦��ª¤á.
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7. � f(x) 3 [0, 1] þkëY��¼ê, f(0) = 0, f(1) = 1, � |f ′(x)| ≤ 1 , ¦y∫ 1

0

|f(x) + f ′(x)| dx ≥ 1.

y² - F (x) = f(x)ex−1, K F ′(x) = (f(x) + f ′(x))ex−1, íÑ∫ 1

0

(f(x) + f ′(x))ex−1 dx = F (1)− F (0) = 1

3 [0, 1] þ, ex−1 ≤ 1, ¤±

1 =

∣∣∣∣∫ 1

0

(f(x) + f ′(x))ex−1 dx

∣∣∣∣ ≤ ∫ 1

0

|f(x)+f ′(x)|ex−1 dx ≤
∫ 1

0

|f(x)+f ′(x)| dx.

8. � f(x) ´ [0, 1] þ�KüN4O�ëY¼ê, 0 < α < β < 1, ¦y∫ 1

0

f(x) dx ≥ 1− α
β − α

∫ β

α

f(x) dx.

�
1− α
β − α

ØU�¤���ê.

y² -

F (u) =

∫ u

0

f(x) dx− u− α
β − α

∫ β

α

f(x) dx (β ≤ u ≤ 1)

� β ≤ u ≤ 1, α ≤ x ≤ β �,f(u)− f(x) ≥ 0,

=⇒ F ′(u) = f(u)− 1

β − α

∫ β

α

f(x) dx =
1

β − α

∫ β

α

(f(u)− f(x)) dx ≥ 0,

¤± F (u) 3 [β, 1] þüN4O,

F (1) ≥ F (β) =

∫ β

0

f(x) dx−
∫ β

α

f(x) dx =

∫ α

0

f(x) dx ≥ 0,

ddíÑ�y²�Ø�ª.

e�3 λ, ¦�é?¿[0, 1] þ�KüN4OëY¼ê f(x), k∫ 1

0

f(x) dx ≥ λ

∫ β

α

f(x) dx
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é?¿� ε > 0, A�[0, 1] þ�KüN4OëY¼ê fε(x)

fε(x) =


0, 0 ≤ x ≤ α,
1

ε
(x− α) α < x < α + ε,

1, α+ ε ≤ x ≤ 1

=⇒
∫ 1

0

fε(x) dx =

∫ α+ε

α

1

ε
(x− α) dx+

∫ 1

α+ε

dx = 1− α− ε

2
.

λ

∫ β

α

fε(x) dx = λ
(
β − α− ε

2

)
¤±dØ�ª ∫ 1

0

fε(x) dx ≥ λ

∫ β

α

fε(x) dx

íÑ

λ ≤
1− α− ε

2

β − α− ε
2

,

é?¿� ε > 0 ¤á. - ε→ 0+ �

λ ≤ 1− α
β − α

.

9. � f(x) 3 R þk���¼ê, f(x), f ′(x), f ′′(x) Ñ�u", b��3�ê a, b,

¦� f ′′(x) ≤ af(x) + bf ′(x) é�� x ∈ R ¤á, ¦y

(1) lim
x→−∞

f ′(x) = 0.

(2) �3~ê c ¦� f ′(x) ≤ cf(x).

y² Ï f ′′(x) > 0, íÑ f ′(x) üNO�K, ¤±4� lim
x→−∞

f ′(x) �3k�. Ó

n, lim
x→−∞

f(x) �3k�.

=⇒ f(x+ 1)− f(x) = f ′(ξ) ≥ f(x) > 0 x ≤ ξ ≤ x+ 1,

- x→ −∞, � lim
x→−∞

f ′(x) = 0.

� c =
b+
√
b2 + 4a

2
, K c > b � (b− c)c = −a, ¤±

f ′′(x)− cf ′(x) ≤ af(x) + bf ′(x)− cf ′(x) = (b− c)(f ′(x)− cf(x)),

=⇒
(
(f ′(x)− cf(x))e(c−b)x

)′ ≤ 0,

5



í� (f ′(x)− cf(x))e(c−b)x üN~. qÏ�

lim
x→−∞

(f ′(x)− cf(x))e(c−b)x = lim
x→−∞

(f ′(x)− cf(x)) lim
x→−∞

e(c−b)x = 0

¤± (f ′(x)− cf(x))e(c−b)x ≤ 0, = f ′(x) ≤ cf(x).

10. � f(x) 3 [0, 1] þëY, 0 ≤ f(x) ≤ 1, ¦y

2

∫ 1

0

xf(x) dx ≥
(∫ 1

0

f(x) dx

)2

¿¦¦þª¤��ª�ëY¼ê.

y² -

F (u) = 2

∫ u

0

xf(x) dx−
(∫ u

0

f(x) dx

)2

(0 ≤ u ≤ 1),

=⇒ F ′(u) = 2uf(u)− 2f(u)

∫ u

0

f(x) dx = 2f(u)

∫ u

0

(1− f(x)) dx ≥ 0

¤± F (u) üNO F (1) ≥ F (0) = 0, =íÑØ�ª. ekëY¼ê f(x) ¦��

ª¤á, K F (1) = 0, Ïd F (u) = 0 (0 ≤ u ≤ 1), íÑ

F ′(u) = 2f(u)

∫ u

0

(1− f(x)) dx = 0,

íÑ f(x) = 0 ½ f(x) = 1.

11. � f(x) 3 [0, 1] þk��ëY�ê, f(0)f(1) ≥ 0, ¦y∫ 1

0

|f ′(x)| dx ≤ 2

∫ 1

0

|f(x)| dx+
∫ 1

0

|f ′′(x)| dx

y² � |f ′(x)| ©O3x1, x2 ����!���:

M = |f ′(x1)| = max
x∈[0,1]

|f ′(x)|, m = |f ′(x2)| = min
x∈[0,1]

|f ′(x)|

ÏdkM ≥
∫ 1

0

|f ′(x)| dx ±9

∫ 1

0

|f ′′(x)| dx ≥
∣∣∣∣∫ x2

x1

f ′′(x) dx

∣∣∣∣ = |f ′(x1)− f ′(x2)| ≥M −m.
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=⇒
∫ 1

0

|f ′′(x)| dx−
∫ 1

0

|f ′(x)| dx ≥M −m−
∫ 1

0

|f ′(x)| dx ≥ −m,

Ïd�yØ�ª, �duy²

m ≤ 2

∫ 1

0

|f(x)| dx.

em = 0, (Øw,. e m 6= 0, K f ′(x) 3[0, 1] þvk":. Ø�� f ′(x) >

0 (x ∈ [0, 1]), íÑ f(x) î�üNO, ¿duf(x) 3à:ÓÒ, ¤±f(x) 3[0, 1]

þØCÒ. Ø�� f(x) > 0, ¤±∫ 1

0

|f(x)| dx =

∫ 1

0

f(x) dx = f(0) +

∫ 1

0

(f(x)− f(0)) dx

≥
∫ 1

0

(f(x)− f(0)) dx =

∫ 1

0

f ′(ξ)x dx ≥ m

∫ 1

0

x dx =
1

2
m

12. � f(x) ´ R þ�����ëY¼ê, �é∀x, y ∈ Rk

|f ′(x)− f ′(y)|2 < |x− y|

¦y |f ′(x)|3 < 3f(x) (x ∈ R).

y² e f ′(x) = 0, þªw,¤á. e f ′(x) > 0, K?� y < x, K

0 ≤ f(y) = f(x)−
∫ x

y

f ′(t) dt = f(x) +

∫ x

y

(f ′(x)− f ′(t)) dt− (x− y)f ′(x)

≤ f(x) +

∫ x

y

√
x− t dt− (x− y)f ′(x)

= f(x)− 2

3
(x− t)

∣∣∣x
y
− (x− y)f ′(x)

= f(x) +
2

3
(x− y)3/2 − (x− y)f ′(x)

� y = x− (f ′(x))2 < x, �\�

f(x) +
2

3
(f ′(x))3 − (f ′(x))3 = f(x)− 1

3
(f ′(x))3,

=��Ø�ª. e f ′(x) < 0, y{aq.

13. � f(x) ´ R þ��¼ê�k�¼ê. ®� F (x) ´ f(x) ����¼ê, ¦∫
f−1(x) dx.
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) k���C� x = f(y), 2^©ÜÈ©, ��2^_C�:∫
f−1(x) dx =

∫
yf ′(y) dy =

∫
y df(y)

= yf(y)−
∫
f(y) dy = yf(y)− F (y) + C

= xf−1(x)− F (f−1(x)) + C.

14. ¦È© I =

∫ π

0

x sinx

sinx+ | cosx|
dx

) 1�Ú|^é¡5, - u = π − x:

I =

∫ π

0

x sinx

sinx+ | cosx|
dx =

∫ π

0

(π − u) sinu
sinu+ | cosu|

du

=⇒ 2I = π

∫ π

0

sinx

sinx+ | cosx|
dx


 ∫ π

0

sinx

sinx+ | cosx|
dx =

∫ π/2

0

sinx

sinx+ | cosx|
dx+

∫ π

π/2

sinx

sinx+ | cosx|
dx

=

∫ π/2

0

sinx

sinx+ cosx
dx+

∫ π/2

0

cosx

cosx+ sinx
dx =

π

2

��� I =
π2

4
.
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