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¯K(Ô). ����läký��ýL¡�þ![\§�à�x = 0§màx = l§§�Ð©§Ý

�ϕ(t)§üà÷ve�>.^���µ

(1) �àý9§mà�±~§u0;

(2) �müà©Ok96�Ýq1Úq2?\;

(3) �à§Ýµ(t)§mà�§Ý�θ(t)�0��>§9��Xê�h"

). (1) 
ut = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = ϕ(t), 0 ≤ x ≤ l
ux(t, 0) = 0, u(t, l) = u0, 0 ≤ t < +∞.

(2) 
ut = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = ϕ(t), 0 ≤ x ≤ l
ux(t, 0) = − q1

k
, ux(t, l) = q2

k
, 0 ≤ t < +∞.

(3) 
ut = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = ϕ(t), 0 ≤ x ≤ l
u(t, 0) = µ(t), u(t, l) + k

h
ux(t, l) = θ(t), 0 ≤ t < +∞.

¯K(l). ����lüà�½�u§^Ãr§�¥:�u¶��Ãmhål§,��Ã?Ùgd�

Ä§�Ñ½)¯K"

). 

utt = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = 2xh

l
, 0 ≤ x ≤ l/2

u(0, x) = 2h− 2xh
l
, l < x ≤ l

ut(0, x) = 0, 0 ≤ x ≤ l
u(t, 0) = u(t, l) = 0, 0 ≤ t < +∞

¯K. �k��þ!�ÎN§�»�a§p�h§ý¡2§Ý�0 ��í¥gde%§þ.ý9§e

.§Ý�g(t, x, y)§Ð©§Ý�ϕ(x, y, z)§Á�Ñ½)¯K"

). 
ut = b2∆u+ f(t, x, y, z), x2 + y2 < a2, t > 0, 0 < z < h

u(t, x, y, 0) = g(t, x, y), uz(t, x, y, 0) = 0, x2 + y2 < a2, t > 0,

(u+ k
h̃
ur)|r=a = 0, t > 0, 0 < z < h

u(0, x, y, z) = ϕ(x, y, z), x2 + y2 < a2, 0 < z < h.
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¯K(�). |^U\�nÚàgz�n¦){
ut + aux = f(t, x),−∞ ≤ x ≤ +∞, 0 ≤ t < +∞
u(0, x) = ϕ(x),−∞ ≤ x ≤ +∞

a 6= 0 �~ê"

). ò½)¯K©)�

(I)

{
vt + avx = 0,−∞ ≤ x ≤ +∞, 0 ≤ t < +∞
v(0, x) = ϕ(x),−∞ ≤ x ≤ +∞

Ú

(II)

{
wt + awx = f(t, x),−∞ ≤ x ≤ +∞, 0 ≤ t < +∞
w(0, x) = 0,−∞ ≤ x ≤ +∞

éu(I)§�CþO�ξ = x− at, η = x �

vt = vξξt + vηηt = −avξ, vx = vξξx + vηηx = vξ + vη.

�\(I) ��½�§§��

vη = 0

l
v = h(ξ) = h(x− at), h �?¿¼ê"�\Ð©^��h(x) = ϕ(x)§¤±v(t, x) = ϕ(x− at)"
éu(II)§A^Öþ�àgz�n£Àþ�n¤§�I¦)

(II)

{
w̃t + aw̃x = 0,−∞ ≤ x ≤ +∞, τ ≤ t < +∞
w̃(τ, x) = f(τ, x),−∞ ≤ x ≤ +∞

�½�§�Ï)�w̃(t, x; τ) = h(x− at)§�\τ ��^��

w̃(τ, x; τ) = h(x− aτ) = f(τ, x).

��h(x) = f(τ, x+ aτ)"l


w̃(t, x; τ) = f(τ, x+ aτ − at).

½)¯K(II) �)�

w(t, x) =

∫ t

0

f(τ, x+ aτ − at)dτ.

¤±u = v + w = ϕ(x− at) +
∫ t
0
f(τ, x+ aτ − at)dτ"

¯K(��). ¦�à�½��Ã.u�Ä¯K
utt = a2uxx, 0 ≤ x ≤ +∞, 0 ≤ t < +∞
u(0, x) = sinx, ut(0, x) = kx, 0 ≤ x ≤ +∞
u(t, 0) = 0, t ≥ 0.



2 1�Ù 3

). à:�½£u(t, 0) = 0¤�Ûòÿ§à:gd$Ä£ux(t, 0) = 0¤�óòÿ§ùp0 :�½§Ï


Ûòÿ"#�½)¯K�
vtt = a2vxx,−∞ < x < +∞, 0 ≤ t < +∞
v(0, x) = sinx, vt(0, x) = kx,−∞ < x < +∞
v(t, 0) = 0, t ≥ 0.

d�K��úª

u(t, x) = v(t, x)|x≥0 =
sin(x+ at) + sin(x− at)

2
+

1

2a

∫ x+at

x−at
ksds = sin(x) cos(at) + 2kxt.

¯K. ¦)��u��Ä¯Kµ{
utt = uxx − 4t+ 2x,−∞ < x < +∞, 0 ≤ t < +∞
u(0, x) = x2, ut(0, x) = sin(3x),−∞ < x < +∞.

). �K��úª�¦�§àg§��½�§���A)v(t, x) = − 2t3

3
+ xt2"�w = u− v§�{

wtt = wxx,−∞ < x < +∞, 0 ≤ t < +∞
w(0, x) = x2, wt(0, x) = sin(3x),−∞ < x < +∞.

d�K��úª

w =
(x− t)2 + (x+ t)2

2
+

1

2

∫ x+t

x−t
sin(3s)ds = x2 + t2 +

1

3
sin(3x) sin(3t).

¤±

u(t, x) = w + v = x2 + t2 − 2t3

3
+ xt2 +

1

3
sin(3x) sin(3t)

2 1�Ù

3. �^þ!�u�½ux = 0 9x = l§3m©��]m§§�/G´�^±( l
2
, h) �º:��Ô

�§Ð�Ý�"§�vk	å�^§¦u� £¼ê"

). ½)¯K�µ 
utt = a2uxx, 0 ≤ x ≤ l, 0 ≤ t < +∞
u(0, x) = 4h

l2
x(l − x), ut(0, x) = 0, 0 ≤ x ≤ l

u(t, 0) = 0, u(t, l) = 0, 0 ≤ t < +∞.

©lCþ§b�

u(t, x) = T (t)X(x).

�\�½�§��
T ′′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�k�
¯Kµ {

X ′′ + λX = 0, 0 ≤ x ≤ l
X(0) = 0, X(l) = 0.
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±9

T ′′(t) + λa2T = 0.

©�¹?Øµ

(1) λ < 0�§X = C1e
√
−λx + C2e

−
√
−λx"�\>.^���C1 = C2 = 0"��"

(2) λ = 0�§X = C1x+ C2"�\>.^���C1 = C2 = 0"��"

(3) λ > 0�§X = C1 cos(
√
λx) + C2 sin(

√
λx)"�\>.^��\>.^�{

C1 = 0,

C1 cos(
√
λl) + C2 sin(

√
λl) = 0.

��C1 = 0 ±9 √
λl = nπ, n = 1, 2, 3 · · · .

�k�Ú�k¼ê�µ

�k�:λn = (
nπ

l
)2éA�k¼ê:Xn = sin(

nπx

l
), n = 1, 2, 3 · · · .

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λna2Tn = −(
nπa

l
)2Tn.

)�

Tn(t) = An cos(
nπat

l
) +Bn sin(

nπat

l
), n = 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=1

(
An cos(

nπat

l
) +Bn sin(

nπat

l
)

)
sin(

nπx

l
).

dÐ©^�

ut(0, x) =

∞∑
n=1

Bnnπa sin(
nπx

l
) = 0.

¤±Bn = 0"Ðmu(0, x)

4h

l2
x(l − x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
nπx

l
).

Ù¥

cn =
〈ϕ,Xn〉
〈Xn, Xn〉

=
2

l

∫ l

0

4h

l2
s(l − s) sin(

nπs

l
)ds =

16h((−1)n − 1)

(nπ)3
.

�n �Ûê��ÿcn = 32h
(nπ)3

§�n �óê�§cn = 0"¤±

u(t, x) =
∑∞

n=0
32h

(2n+1)3π3 cos( (2n+1)πat
l

) sin( (2n+1)πx
l

)
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5.(3) 
utt = a2uxx − 2hut, (0 ≤ x ≤ l, t ≥ 0, 0 < h < πa

l
, h �~ê),

u(t, 0) = u(t, l) = 0,

u(0, x) = ϕ(x), ut(0, x) = ψ(x).

). ©lCþ§b�u(t, x) = T (t)X(x). �\�½�§��

T ′′ + 2hT ′

a2T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�k�
¯Kµ {

X ′′ + λX = 0, 0 ≤ x ≤ l
X(0) = 0, X(l) = 0.

±9

T ′′(t) + 2hT ′ + λa2T = 0.

)�k�¯K���k�Ú�k¼ê�µ

�k�:λn = (
nπ

l
)2éA�k¼ê:Xn = sin(

nπx

l
).

�½λn§K�±��éATn�~�©�§µ

T ′′n (t) + 2hT ′n + (
nπ

l
)2a2Tn = 0.

)�

Tn(t) = e−ht
(
An cos(

√
(
nπa

l
)2 − h2t) +Bn sin(

√
(
nπa

l
)2 − h2t)

)
, n = 1, 2 · · · .

�n��½)¯K�)�

u(t, x) =

∞∑
n=1

e−ht
(
An cos(

√
(
nπa

l
)2 − h2t) +Bn sin(

√
(
nπa

l
)2 − h2t)

)
sin(

nπx

l
).

Ù¥

An =
2

l

∫ l

0

ϕ(s) sin(
nπs

l
)ds,

Bn =
1√

(nπa
l

)2 − h2

(
han +

2

l

∫ l

0

ψ(s) sin(
nπs

l
)ds

)
.

5.(6) ��S�)|�4¯Kµ {
∆2u = 0, (a ≤ r ≤ b),
u(a, θ) = 1, u(b, θ) = 0.
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). N´wÑu �θ Ã'§Ø��u = u(r)§¤±

∆2u = urr +
ur
r

= u′′ +
u′

r
= 0.

�CþO�r = et ��
d2u

dt2
= 0.

¤±u = A+Bt = A+B ln r"�\>.^��

A+B ln a = 1, A+B ln b = 0.

)�µA = − ln b
ln a−ln b , B = 1

ln a−ln b"¤±

u =
ln r − ln b

ln a− ln b
.

8. ���»�a ���/²�§Ù�±>.þ�§Ý�±u(a, θ) = Tθ(π− θ), 
�»>.þ�§
Ý�"Ý§��þeý¡ý9§Á¦�S�§Ý©Ù"

). �Ñ½)¯K 
∆2u = urr + ur

r
+ uθθ

r2
= 0, 0 ≤ r ≤ a, 0 ≤ θ ≤ π

u(a, θ) = Tθ(π − θ), 0 ≤ θ ≤ π
u(r, 0) = u(r, π) = 0, 0 ≤ r ≤ a.

©lCþ§�u(r, θ) = R(r)Θ(θ)§Kk

−r
2R′′ + rR′

R
=

Θ′′

Θ

�~ê§��−λ§���k�¯K{
Θ′′ + λΘ = 0, 0 ≤ θ ≤ π
Θ(0) = Θ(π) = 0.

)��k�9éA�k¼êµλn = n2,Θn = sin(nθ), n = 1, 2, 3 · · · . ò�k��\R ��©�
§

r2R′′n + rR′n − n2Rn = 0,

�CþO�r = et§�
d2R

dt2
− n2R = 0.

)�§�

Rn = Cn,1e
nt + Cn,2e

−nt = Cn,1r
n + Cn,2r

−n, n = 1, 2, 3 · · · .

5¿�|R(0)| <∞ �
Rn = Cnr

n, n = 1, 2, 3 · · · .

l


u =

∞∑
n=1

Cn sin(nθ)rn.
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¦Xê§òTθ(π − θ) U�u¼ê©)µ

Tθ(π − θ) =

∞∑
n=0

8T0

(2n+ 1)3π
sin((2n+ 1)θ).

éì�C2n = 0, C2n+1 = 8T0

(2n+1)3πa2n+1"¤±

u(r, θ) =

∞∑
n=0

8T0

(2n+ 1)3π

( r
a

)2n+1

sin((2n+ 1)θ).

1. )e��k�¯K

(1). {
y′′ − 2ay′ + λy = 0, 0 < x < l, a = constant,

y(0) = y(l) = 0.

). z� {
[e−axy′]′ + e−axλy = 0, 0 < x < l, a = constant,

y(0) = y(l) = 0.

dSL nØ§"Ø´�k�§��k��u"")�§t2 − 2at + λ = 0§�t = a ±
√
a2 − λ"XJλ < a§)�§��"XJλ = a§)�§��"XJλ > a§y =

C1e
ax cos(

√
λ− a2x)+C2e

−ax sin(
√
λ− a2x)"�\>.^�§�C1 = 0§sin(

√
λ− a2l) =

0"�
√
λ− a2l = nπ, n = 1, 2, · · · .

�k�λn = a2 +
(
nπ
l

)2
§�k¼êyn = eax sin(nπx

l
), n = 1, 2, · · · .

¯K. ¦�k�¯Kµ {
y′′ + 2y′ + λy = 0, 0 < x < 9,

y(0) = y(9) = 0.

). z� {
[exy′]′ + exλy = 0, 0 < x < 9,

y(0) = y(9) = 0.

dSL nØ§"Ø´�k�§��k��u"")�§t2 + 2t+ λ = 0§λ ≤ 1 ?Ø�±�

�§λ > 1 ��t = −1 ±
√
λ− 1i"¤±y = C1e

−x cos(
√
λ− 1x) + C2e

−x sin(
√
λ− 1x)"

�\>.^�§�C1 = 0§sin(9
√
λ− 1) = 0"�

9
√
λ− 1 = nπ, n = 1, 2, · · · .

�k�λn = 1 +
(
nπ
9

)2
§�k¼êyn = e−x sin(nπ

9
x), n = 1, 2, · · · .

(2). {
[r2R′]′ + λr2R = 0, 0 < r < a,

|R(0)| <∞, R(a) = 0; [ J«µy = rR]
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). dJ«�ÏCþO�y = rR§KR = y/r"

[r2R′]′ + λr2R = [r2(y/r)′]′ + λyr = ry′′ + λry = 0.

= {
y′′ + λy = 0, 0 < r < a,

|y(0)| = 0, y(a) = 0.

�k�ÚéA�k¼ê�λn = (nπ
a

)2§Rn = yn/r = 1
r

sin(nπr
a

), n = 1, 2, · · · .

(3). {
y(4) + λy = 0, 0 < x < l,

y(0) = y(l) = y′′(0) = y′′(l) = 0.

). )A��§µµ4 + λ = 0"©�¹?Øµ

XJλ = 0§ko­�0§)�y = C0 + C1x + C2x
2 + C3x

3§�\>.^��C0 = C1 =

C2 = C3 = 0§��"

XJλ < 0§k�µ1 = |λ|1/4§µ2 = −|λ|1/4§µ3 = |λ|1/4i§µ4 = −|λ|1/4i"�©�§�)
�

y = C0exp(|λ|1/4x) + C1exp(−|λ|1/4x) + C2 cos(|λ|1/4x) + C3 sin(|λ|1/4x).

�\>.^�
C0 + C1 + C2 = 0

C0exp(|λ|1/4l) + C1exp(−|λ|1/4l) + C2 cos(|λ|1/4l) + C3 sin(|λ|1/4l) = 0

C0|λ|1/2 + C1|λ|1/2 − C2|λ|1/2 = 0

C0|λ|1/2exp(|λ|1/4l) + C1|λ|1/2exp(−|λ|1/4l)− C2|λ|1/2 cos(|λ|1/4l)− C3|λ|1/2 sin(|λ|1/4l) = 0

)�§C0 = C1 = C2 = 0§C2 sin(|λ|1/4l) = 0"�

|λ|1/4l = nπ, n = 1, 2, 3, · · ·

k�")"�k�λn = −(nπ
l

)4§�k¼êyn = sin(nπx
l

), n ≥ 1.

XJλ > 0§k�µ1 = |λ|1/4exp(πi
4

)§µ2 = |λ|1/4exp( 3πi
4

)§µ3 = |λ|1/4exp( 5πi
4

)§µ4 =

|λ|1/4exp( 7πi
4

)"�©�§�)�

y = exp(

√
2|λ|1/4

2
x)(C0 cos(

√
2|λ|1/4

2
x)+C1(

√
2|λ|1/4

2
x))+exp(−

√
2|λ|1/4

2
x)(C2 cos(

√
2|λ|1/4

2
x)+C3(

√
2|λ|1/4

2
x)).

)�C0 = C1 = C2 = C3 = 0§Ñ�"

10. )e��àg�k�¯Kµ

(2) 
ut = a2uxx, 0 < x < l, a = constant > 0,

u(t, 0) = 0, ux(t, l) = − q
k

u(0, x) = u0.

¿¦limt→+∞ u(t, x)"
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). ½)¯K�àg§Äkàgzµ�v(t, x) = − q
k
x§�w = u− v ��


wt = a2wxx, 0 < x < l, a = constant > 0,

w(t, 0) = 0, wx(t, l) = 0

w(0, x) = u0 + q
k
x.

©lCþ§�w = T (t)X(x)§�
T ′

T
=
X ′′

X
.

�þª�−λ ��k�¯K {
X ′′ + λX = 0

X(0) = 0, X ′(0) = 0.

)�§�k��λn = ( (2n−1)π
2l

)2§�k¼ê�Xn = sin( (2n−1)πx
2l

), n ≥ 1")~�©�§

T ′n + λna
2Tn = 0

�Tn = exp(−( (2n−1)πa
2l

)2t)"¤±

w(t, x) =

∞∑
n=1

Anexp(−(
(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

òw(0, x) = u0 + q
k
x ©)�µ

u0 +
q

k
x =

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
sin(

(2n− 1)πx

2l
).

éì�

w(t, x) =

∞∑
n=1

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
exp(−(

(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

�ª

u = v+w = − q
k
x+

∞∑
n=1

(
4u0

(2n− 1)π
− (−1)n8ql

k[(2n− 1)π]2

)
exp(−(

(2n− 1)πa

2l
)2t) sin(

(2n− 1)πx

2l
).

lim
t→+∞

u(t, x) = − q
k
x.

(5) 
utt = uxx + g, g �~ê,

u(t, 0) = 0, ux(t, l) = E

u(0, x) = Ex, ut(0, x) = 0.

). �ũ(t, x) = xE 9w = u− ũ"��½)¯K
wtt = wxx + g,

w(t, 0) = 0, wx(t, l) = 0

w(0, x) = 0, wt(0, x) = 0.
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-w̃ = g
2
x(2l − x) 9v = w − w̃ �µ

vtt = vxx,

v(t, 0) = 0, vx(t, l) = 0

v(0, x) = − g
2
x(2l − x), vt(0, x) = 0.

©lCþ§·�b�

v(t, x) = T (t)X(x).

�\�½�§��
T ′′

T
=
X ′′

X
.

þª�>�t�¼ê§m>�x�¼ê§Ï
�½�~�§��−λ"l
·���±e�
k�¯Kµ {

X ′′ + λX = 0, 0 ≤ x ≤ l
X(0) = 0, X ′(l) = 0.

±9

T ′′(t) + λa2T = 0.

)��k�Ú�k¼ê�µ

�k�:λn =

(
(2n− 1)π

2l

)2

éA�k¼ê:Xn = sin(
(2n− 1)πx

2l
), n ≥ 1.

�½λn§K�±��éATn�~�©�§µ

T ′′n = −λnTn = −
(

(2n− 1)π

2l

)2

Tn.

)�

Tn(t) = An cos(
(2n− 1)πt

2l
) +Bn sin(

(2n− 1)πt

2l
), n = 0, 1, 2 · · · .

�n�

v(t, x) =

∞∑
n=1

(
An cos(

(2n− 1)πt

2l
) +Bn sin(

(2n− 1)πt

2l
)

)
sin(

(2n− 1)πx

2l
).

���Ú§(½AnÚBn���"éϕ(x)�Ðm

−g
2
x(2l − x) =

∞∑
n=1

cnXn =

∞∑
n=1

cn sin(
(2n− 1)πx

2l
).

Ù¥

cn =
〈− g

2
x(2l − x), Xn〉
〈Xn, Xn〉

= −g
l

∫ l

0

x(2l − x) sin(
(2n− 1)πs

2l
)ds = − 16gl2

(2n− 1)3π3
.

-t = 0¿éì§·��±��µ {
An = − 16gl2

(2n−1)3π3

Bn = 0.
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¤±

v(t, x) = −16gl2

π3

∞∑
n=1

1

(2n− 1)3
cos(

(2n− 1)πt

2l
) sin(

(2n− 1)πx

2l
).

½)¯K�)�

u = ũ+ w̃+ v = Ex+
g

2
x(2l− x)− 16gl2

π3

∞∑
n=1

1

(2n− 1)3
cos(

(2n− 1)πt

2l
) sin(

(2n− 1)πx

2l
).

¯K. ¦)��k.u�Ä¯K
utt = uxx, t > 0, 0 < x < 1,

u(t, 0) = ux(t, 1) = 1, t > 0,

u(0, x) = 0, ut(0, x) = 0, 0 < x < 1.

). Äkò>.^�àgz§�v = 1 + x§9w = u− v K
wtt = wxx, t > 0, 0 < x < 1,

w(t, 0) = wx(t, 1) = 0, t > 0,

w(0, x) = −1− x,wt(0, x) = 0, 0 < x < 1.

©lCþ§�w = T (t)X(x)§�
T ′′

T
=
X ′′

X
.

�þª�−λ ��k�¯K {
X ′′ + λX = 0

X(0) = 0, X ′(0) = 0.

)�§�k��λn = ( (2n−1)π
2

)2§�k¼ê�Xn = sin( (2n−1)πx
2

), n ≥ 1")~�©�§

T ′′n + λnTn = 0

�Tn = An cos( (2n−1)π
2

)2t) +Bn sin( (2n−1)π
2

)2t)"¤±

w(t, x) =

∞∑
n=1

(
An cos(

(2n− 1)π

2
t) +Bn sin(

(2n− 1)π

2
t)

)
sin(

(2n− 1)πx

2
).

òw(0, x) = −1− x ©)�µ

−1− x =

∞∑
n=1

(
− 4

(2n− 1)π
+

(−1)n8

[(2n− 1)π]2

)
sin(

(2n− 1)πx

2
).

-t = 0 éì�

An = − 4

(2n− 1)π
+

(−1)n8

[(2n− 1)π]2
, Bn = 0.

¤±

w(t, x) =

∞∑
n=1

(
− 4

(2n− 1)π
+

(−1)n8

[(2n− 1)π]2

)
cos(

(2n− 1)π

2
t) sin(

(2n− 1)πx

2
).

�ª

u = v +w = 1 + x+

∞∑
n=1

(
− 4

(2n− 1)π
+

(−1)n8

[(2n− 1)π]2

)
cos(

(2n− 1)π

2
t) sin(

(2n− 1)πx

2
).


