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Gaussian Channel

Continuous alphabet channel
B The channel could be use at each time i
B The input Xj, noise Z;, output Y; are

Y, continuous

(1)
\_/

Gaussian channel

B The most important continuous alphabet channel is the Gaussian channel. For example, wireless
telephone channels and satellite links
B The noise Z; is drawn i.i.d. from a Gaussian distribution with variance N
B The noise Z; is assumed to be independent of the signal X;
B This is a time-discrete channel with output Y; at time [, where Y; is the sum of the input X; and
the noise Z;
Yi:Xi+Zii ZL’VN(O,N)
B Without further conditions, the capacity of this channel may be co.
B The values of X may be very sparse
B Assume the variance of noise N is neglected compared to the distances of the values of X.

ThenY =X +Z = X.Thus [(X;Y) = H(X), which may be .



Energy Constraint

B The most common limitation on the input is an energy or power constraint
B We assume an average power constraint. For any codeword (x4, X5, ..., X,;) transmitted over

the channel, we require that
n
1 B within the sphere VvnP

2
— xi < P. B P per channel use
i=1
B This communication channel models many practical channels, including radio and satellite links.

The information capacity of the Gaussian channel with power constraint P is

C= max I(X;Y)
f(x):EX?2<P

EY2=E(X+2)>=EX?+2EXEZ+EZ>=P+N

1(X;Y) = h(Y) — h(Y|X)

= h(Y)— h(X + Z|X) 1
= h(Y) — h(ZIX) h(Y) < ilog 2me(P + N) 1 1
= h(Y) — h(2) [(X;Y)=h(Y)—h(2Z) < Elog 2me(P + N) — Elog 2meN

1
h(Z) = zlog 2meN 1 P
2 = Elog(l + N)

1 P
C= —log(l +—)

2 N
The maximum is attained when X ~ NV (0, P)




Gaussian Channel: Intuition

LT = 1 p-(x-wii2o?
1@ o2n

Yt =x"+27"

B Consider any codeword x™ of length n.
yn =x"+27"
B The received vector is normally distributed with mean equal to the true codeword and
variance equal to the noise variance.

B With high probability, the received vector is contained in a sphere of radius \/n(N + €)
around the true codeword.

B If we assign everything within this sphere to the given codeword, when this codeword is sent
there will be an error only if the received vector falls outside the sphere, which has low
probability.

B Each codeword is represented by a sphere

B Low decoding error requires no intersection between any spheres




Gaussian Channel: Intuition (cont’d)

The maximum number of nonintersecting
decoding spheres is no more than

C.(n(P + 11\5))2 _ (1 . B)E
Ca(nN)2 -

R<tiog(1+F
=208 N

C = R—ll 1+P
=sup R = - log N

Sphere packing for the Gaussian channel

B The received vectors (¥ = X + Z) have energy no greater than n(P + N), so they lie in a

sphere of radius \/n(P + N)
B The volume of an n-dimensional sphere is of the form C,,7"*, where 1 is the radius of the

sphere.

2 3

4
2nr, mr° and 37T

B The volumes are approximated by

G (nN)? and Co(n(P + N))?




Gaussian Channel: Definition

B Definition. An (M, n) code for the Gaussian channel with power constraint P consists of the
following:
1. Anindex set {1,2,...,M}.
2. An encoding function x:{1,2,...,M} - X", yielding codewords x™(1), x™(2), ...,

x™(M), satisfying the power constraint P; that is, for every codeword
n

inz(w) < nP, w=12.. M.
=1
3. A decoding function
g: Yyt —-1{1,2,..,M}
B The arithmetic average of the probability of error is defined by

1
P(n) = ZWZA"

e

A rate R is said to be achievable for a Gaussian channel with a power constraint P if there
exists a sequence of (2™, n) codes with codewords satisfying the power constraint such that the
maximal probability of error A tends to zero. The capacity of the channel is the supremum of
the achievable rates.




Gaussian Channel: Code Construction

Random codes and joint typicality: Power constraints and the random variables are continuous

B Generation of the codebook
We generate the codewords (X1, X5, ..., X,) with each element i.i.d. according to a
normal distribution with variance P — €. Since for large n,

1
2D P

The probability that a codeword does not satisfy the power constraint will be small.
Let X;(w), i=12,..,n,w=1.2,..,2" beiid. ~ N(0,P — €), forming codewords
X"(1),X™(2), ..., X*(2"R) € R™
B Encoding:
B The codebook is revealed to both the sender and the receiver.
B To send the message index w, sends the wth codeword X™(w) in the codebook.
B Decoding: The receiver looks down the list of codewords {X™ (W)} and searches for one
that is jointly typical with the received vector.
B |f there is one and only one such codeword X™(w), the receiver declares W=wto

be the transmitted codeword.
B Otherwise, the receiver declares an error. The receiver also declares an error if the

chosen codeword does not satisfy the power constraint.




Gaussian Channel: Probability of Error

Without loss of generality, assume that codeword 1 was sent. Thus,
Yr =Xx"(1)+z"
Define the following events:

1% 5
Eg=<— E Xj(1)>P

7’1_1

]:

and
E; = {(x™(0), Y is in A7}
27’lR
Pr(E|IW =1) = P(EO UEfUE, UE; ..U Ean) < P(E,) + P(EY) + z P(E;)
=2
P(E;) —» 0
P(E{) <€
an
z P(El) — (an _ 1)2—n(I(X;Y)—3€) < 2—n(I(X;Y)—R—36)
=2 ) Now choosing a good codebook and deleting
P, < 3¢ the worst half of the codewords, we obtain a

code with low maximal probability of error
A0 = 0. (DMQ)




Gaussian Channel: Converse

Let W be distributed uniformly over
{1,2,..., 2",
W= X"(W)->Y"->W

By Fano’s inequality

H(W|W) < 1+ nRP™ = ne,
where €,, = 0 as Pe(n) - 0.

nR=HW) =1(W; W)+ H(W|W)

< I(W; VT/') + ne,

<IX™Y™) + ne,

= h(Y™) — h(Y"™|X™) + ne,

= h(Y”) h(Z") + ne,

Zh(Y) z h(Z) + ne,,

Let P; be ’rhe average power of the ith column of
the codebook

1 5 1
P; =2W2xi (w) and EZPL- <P
l

w
Since X; and Z; are independent, then

1
EY? =P, + N,h(V;) < Elog 2me(P; + N)

< Z R(Y;) — Z R(Z;) + ney,

1
Z( log 2me(P; + N) ——log 27T€N> + ne,

P
= Zzlog 21e <1 + ﬁ) + ne,

flx) = %log(l + x) is concave

1i11 1420
n_lzog N
1=

)  xwnd) e x()
c=| A
@R @R @R




Parallel Gaussian Channel

C = max I(Xl,Xz, ...,Xk; Y1,Y2, ...,yk)
f(x1,%2,...Xk):E Y. X?SP

B Assume that we have a set of Gaussian channels in parallel. The output of each channel is the
sum of the input and Gaussian noise. For channel J,
Y, =X; + Zj, j=12,..,k
B The noise is assumed to be independent from channel to channel. We assume that there is a
common power constraint on the total power used, that is

k
EZX]-2 <P
j=1

B We wish to distribute the power among the various channels so as to maximize the total
capacity.

WP =EX/,andYP, < P



Parallel Gaussian Channel (cont’d)

= 1(Xy, Xz, o X3 Yo, Yo, ooe)
h(Yy, Yy, o, Vi) — h(Yy, Yo, oo, Vil X1, Xos oo, Xit)
h(Yy, Y, o, Vi) — R(Z1, 25, o Zicl X X gy s X
h(Yy, Yy, o, V) — R(Z1, 25, ) Z2)

i)

= WYy Yy V) = . h(Z)

< Yh(Y) — h(Z})

<zll L
= | 20g Nl-
l

where P; = EX,:2 ,ond > P; = P. Equality is achieved by

(Xl;Xz; "'er) ~ N(O'

B We need to optimize

P, 0
0 P,
0 0

21 L
i ) o N,
l
YP,=P

Py

Lagrange and KKT = Water-filling




Worst Additive Noise

Y=X+Z
C=maxypy2_p I(X; X+ Z)

(D
N

B Under the energy constraint P, the channel capacity of additive channel ¥ =X + 7 is
C(Z) = L max 1(X;Y)

= max h(X+Z)—h(2)
X:EX2<P

B What is the minimum of C(Z), if we could choose Z: EZ? < N.
B That is, to play a max-min game between X and Z
max C(Z):= min max I(X;X+Z)= _min ( max I(X; X+Z))
Z:EZ2<N Z:EZ?<N X:EX?<P Z:EZ2<N \ X:EX?<P
B We need to find a Z*. When C(Z%) is attained by X,

(XX +7Z%) < L max [(X; X+ 2)

B The Zg}lnN C(Z) is attained iff Z = Z; ~ N'(0,6%) (Shannon, 1948)



Worst Additive Noise

Entropy power inequality (EPI, Shannon 1948): If X and Y are independent random n-

vectors with densities, then

2 2 2
ealXHY) 5 Goh@®) | 2h(®)

IX:X+2)=h(X+2)—h(2)
By EPI,

1
h(X+27) = E10g(32h(X) + eZh(Z))
1(X; X +Z) = Slog(eh®) + e2h@) — p(2)
f(t,s) = %log(ez’f +e2%) — s, where

1
t=hX) < Elog 2meP
s=h(Z) < %log 2meN

f(t,s) is increasing and convex in t, and is
decreasing and convex in s

Fix s, f(t,s) is maximized if t = %log 2meP
Fix t, f (t,5) is minimized if s = ~log 2meN
X* ~ N(0,P), Z ~ N'(0,N*)

In Gaussian channel
IX;X+Z")<IX5X"+Z")=C(Z")
(X X"+ 2)
=h(X*+2Z)—h(Z)
1 .
> =log(e?"X") 4 ¢20(2D) — h(Z)
> min f(t,s)
S

=I(X*: X"+ Z%)

IX;X+Z)<IXX'+Z°) <IX"; X"+ 2)

minmaxI/(X; X +Z) = maxminI(X; X + Z)
Z X X Z

~Lioa(14F
— 298 N




Summary
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