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1.0.2 Uniform &%
FE X FREL, SRR — AN TR B
ModularExponent(a, j, pX{
/IR T5FAE s=al mod p, EFSER o ATRESRE
s€&1;
while j>0 do {
if (j is odd) s ¢ s-a mod p;
a ¢ a’mod p;
j€jdiv2;
}
return s;
}
Draw (a, p) {
/] X PREPI—TTR
j € uniform(1..p-1);
return ModularExponent(a, j, p); // 7E X FBEHLEL—T &

}
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1.1.2  Monte Carlo &%

Feml: MC BUEREGH —AER, HIZBFEARBIER, pRI)(EVE S B 1)) iR
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1.1.3 Las Vagas &
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R RIEME RV IEH, (AR EIIEASEAREE.
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1.1.4 Sherwood %%
Sherwood Sk 2245 H IERI I E 2% .
2 TR e SRR e — AR IR 0] 85 R[] B e S I TR R A 22 B, FRATT AT BAfEE A
Sherwood HFR kb, FL %2 i V8 B i X RHA 1 S5 2 T 1 22 531

1.2 HIERSEIT R
111 HFHE
1.1.1.1 HitorMiss EETHERS (HHRE)
HitorMiss (f, n) {
k < 0;
fori¢ 1tondo{
x & uniform(0, 1);
y & uniform(0, 1);
if f(x,y)FEI 2 AN then k++;
}
return k/n;
}
1.1.1.2 Crude BE¥ETHERS (FRLSKFIEE)
Crude (f, n, a, b) {
sum <& 0;
fori¢ 1tondo{
x & uniform(a, b);
sum & sum + f(x);
}
return (b-a)sum/n;

}

1.1.1.3 FIFITERIHR
T4 8 AR EL n, Crude HIERITT ZA 2 KT HitorMiss B17J7 2. {HANRE
i, Crude FyE BT HitorMiss. R85 #7545 %€ [P 8] P BEAE AR IR
Z A0, vH 5 rofEI, Crude T vHEAF TR, T HBERSHE darts B, B HitorMiss
T EAF IR

1.1.1.4 FEREE—BREE (LEINTERUERU 2)
Trapezoid (f, n, a, b) {
/] R n22
delta ¢ (b-a)/(n-1);
sum & (f(a) + f(b))/2;
for x & a+delta step delta to b — delta do
sum & sum + f(x)
return sum x delta;



1.1.2
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ESREEN BRI BUBREAK, RIS HHEKEME — K, SR L,
MC R FHES A T 4 RERERKI RS-

HERFNE, WTHRBEEAR: BORHARANTTE, B RKAMEBRIITIE

1.1.1.5 #l 1. RESHHE
BIERR: - ANEAS T ITRNNM
fRPBER: WX ZEE n NMCERNES, WATE BBGHEEHL, 5T
MM X TR, Wk RS 1 IREE BTG TR RH, Y
n BRI, k BIHASE M L NBVN, X

B:\Ez 1.253

HF B Z5 10 7T DAAS R A T | X | AR AR
By = % —k >n=2C
Bk
SetCount (X) {
k€ 0;S ¢ @;
a & uniform(X);
do{
k++;
S ¢ SU{a}; a ¢ uniform(X);
} while (a¢S)
return 2k*/rt

}
RARBE: R VKRR 5, R e RS R, HIBITEIR

JEARERE n=|X|, BVELZ IEAT 5 - IMEA REE n.
A I R R 2 (6] 3590 (W), Ak = 8(vn)

1.1.1.6 fl 2. BEEEGHPAFEHE T
MEFIFn(m + 1), m =5+1gM, #LLJTE e B hash(e)LA 00..01 FF3k (R
k-1~ 00, Nin(k) =1
iR EH S — N HIL 0 I Bz, WIS ARTGERR N HRA EAR 55002
[22—2’ 22]
BIE. WA O(N), Z¥[E: O(IgN)

Sherwood &%



1.1.2.1 Sherwood B yEfEA B4
WA R, BRI AR A S 1
T (e R FED = CRRIRPUTIIRELZAD /0 (AT ERED
AR SAFERXE— DAL RIS FERBAT BB [EEE K T3 AT
], PR gL
Sherwood Hi% 1 H IR A T fEUIXAN A8, FIRRTE (BE
VBN 75D 85 T BB SRR AR (X2 BT H A R s [E) AR AR CEb
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TR0 o PR B0 1~ 35 B [
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1.1.2.2 Sherwood Bk TiAb L ) E A AR AL
1. WEMEE: fiX->Y
2. WEVESIERISBIEES: X, size Jy n IFEAE Xn
3. Sherwood HEH TSNS S: A, size 4 n BT EAE An,
|An|=|Xn|
4. BEATUHIAE A FIUADBE 2 5 Ab 3 FH 2/ — XS B %, xJ B _E T O, (PPT
EXEAR)
uX X A->Y
V:A X Y->X
u,v R =AM |
® (vn € N)(Vx,y €Xn)(3!r € An), f#fF u(x,r) =y
XEMNNO, HfaforFH HE A
® (Vn € N)(Vx € Xn)(Vr € An), f#15 f(x) = v(r, f(u(x,1)))
RS IE)
® ¥ uv FEEINGIL TR XA

1.1.2.3 Sherwood B [T 2
Hff 5 B9 f(x) W] 250 A Sherwood v
RH(x) {
// H Sherwood HiZ1T5 f(x)
n & length[x]; // x B size N n
r & uniform(A,); // FENLEL—IG &K
y & ux, r); /KRS x A RBEALSE ) y
s & fly); // e EER y B s
return v(r, s); // ¥ s B HR x I fiE



1.1.2.4 ] 1. EHFENHFH Sherwood H ik
R BEAT ] S T AL B AT, u RIERAT BLIA B 4L shuffle
Shuffle (T) {

n & length[ T;

fori< 1ton-1do{
// FETli.n FRBENLIE 1 SCRE T[]k
j € uniform(i..n);
1> T ;

}

1.1.2.5 il 2: BECTEGHE
® |HEHIR: ¥ a=g"mod p, iC loggpa=x, FKx A a HI(LL g NIEMEER p)Xit
o Mop, g a tFE x RN E BN 2 i
W AET: 25t pgas EBAK X

o fRIEELE.
® vx, 115 g
W Z T 0sx< p-1 BY 1sx<p, [RASERR b SO0 $i<g> R HE;
@ IF a=g"mod p F&T5 AL .

dlog(g, a, p) { // AIXFEHDN BAAEAERS, BRIk p
X< 0y <1
do { X++;
y<yre /) i y=g"
}while (a #y mod p) and (x # p);
return x
}
B &I O(p), # PIRKREAT? Ul REIENT
T H x KB HREPUEEHET a FBUE, a FBUEBEMLEEVER B4R 2 IE
B x, MBERIRET T, BUIRE, B p.

® Sherwood B AL
R LA 24T, Sherwood BLikRZAEAFHX NI ZRYE a,0 HIIUE
SN SR DUg
e B
1. Loggp(st mod p) = (logg, s + logg,, t) mod (p - 1)
2. Lloggplg'modp)=r, O<=r<=p-2

dlogRH(g, a p) {// K log,,a, a=g"mod p, 3K x
// Sherwood &%
r € uniform(0..p-2);
b ¢ ModularExponent(g, r, p); //>K 745 b=g'mod p, EHE 1 EHI—H 4
¢ ¢ bamod p; //((g" modp)(g“modp))modp=g"*modp=c, B 2 ) EE
y € logg.c; // A5 IR SE PEBVESK log,ec, y=r+x, SEF 2



return (y-r) mod (p-1); // R x, EFFH 1

EIXE, ME—FFEE I/ b ¢ ModularExponent(g, r, p), ‘& FIFHATI A 5
a,p MIE TR, H5EVEER r F%

1.1.2.6 %3 REFR
FBERHR: EATFRPIEER x, WIRAEEIR B index
ERERRE:
Search(x,i){  //M index=i FFIHER x, XRE—NMRFERIE
while x > val[i] do
i & ptrli];
return i;
}
4 PRI
® A(x), FEEZE O(n)
A(x) {
return Search(x, head);
}
® D(x), FEEHE O(n/3)
D(x) {
i ¢ uniform(1..n);
y € valli];
case {
X < y: return Search(x, head); // casel
X > y: return Search(x, ptr[i]); // case2
otherwise: returni; // case3, x=y
}
}
® B(x), HHEEARE oWn)
B EA A
XF—MARFES, © EHKTTERD AR aya,,..,a,, BATZER]
PARELFI, AR x 2 —i,
EA ag,ay,..,a0 A AN agi<acs<...<agns X VIR H i — 5.
1 ag1<@0s<...<aon K73 LA DXTA], x 0 SR FEAN X ] i — 5
W LHRHE Search(x, )2 — M Pk, HFHZHH] x PrieX
[ AE x Z AT TG # I index, B x FiTLE X[ (1 i TR A 4] — > X 1]
HITCE ) index, fEH] Search(x, index), FLif 8] E AL 2n/L,

17 LI E] 2 n/Le
TARYE S TR A6 I SINE, ay,a,,...a0 HFFIBIHT L AN TCRAER

b, JEH ag1<ags<...<aon 11 L Rl Zr A1, BN X B S HL— AN 6 R AR,
JIT LA 2s B : ag1<@na<...<aon [ L X1 23 H x ITE X 18] #E x Z HTE)TTER
BFE S, x ATZE X ] B AT TR AT — AN X T BT ER, 3 21X AR AT
AT, BRI X

LB IR A48 %S 1 ag,ag,...,a0 FFIRIHET L AN JCE
BORHIEL, 33)E R index, 8J5H Search(x, index), £8id JHEE i [A]



n/L, FRZHLE] x, W EEAEEZ O(L+n/L), 24 L= VniHE] R/
{& 0(2vn)
B(x) { //#& x 7E val[1..n]#
i ¢ head;
max < val[i]; // max ¥MERFE val T 5/ ME
forj ¢ 1to v/n do
{// 7 val FIRT M nBHRA KT x
yé&valljl; /] FBREBE y N TR
if max <y <x then {
i€<j;
max € y;
} //endif
} // endfor
return Search(x, i); // M y FFaE4k &R
}
® C(x), BEEZE o(Wn), F¥ BXFEAFSEH L AT I [E]
C(x) { //# x 7 val[1..n]H
i ¢ head;
max < val[i]; // max #/ERFE val F 5/ ME
fork < 1to v/n do
{// T val FFATVNIRF KR, RBIFEKE— MBI TR
j € uniform(1...n);
y<valljl; /] KIBRBE y MK TR i
if max <y <x then {
i€¢j;
max € y;
}//endif
} // endfor
return Search(x, i); // My FFER4kEEHE R
}

1.1.3 Las Vegas Hi%x
1.1.3.1 5 Sherwood &k
Sherwood SFIEANTFARM, e R obodh i e AL R s s O, T A
SFEAT I ] S E PEEVEAE 200 ) L.
N T REFEPATI E, BikH Las Vegas 5iik.
Sherwood BVERENS 115 H — M40 5E SEB AT IS TE] B 5, DDA E A 2
REfE IERISAT, P LA IRERA — € AT I A], B R fE 2 5T
Las Vegas I [A]_E AT REAAELE, [ROR'E AT REHRAS 2R B N SEIE L

1.1.3.2 Las Vegas BiERIHF S
AT eI L B A AN B B R, VR IR BERAE, EA R
PLREZH—MES
HEEBNER, WS E—Sepliatr R — 8k, GHSIRIPLes skl
fi# .




JITI) (AR 24 B 2 PRAT IS T PR o o 20
1.1.3.3 FHEH—BIER

LV(x, y, success) —— x ;e FI N FISEH], y /2R [ Z 5L, success se AT /R1H,

true RN, false KKK

p(x) —— XTTSEH x, HIERI IR
s(x) —— SRR BTN IR BB I (]

e(x) —— SRV RGN 1 $9) B 1)

Obstinate(x) {
repeat
LV(x, y, success);
until success;

returny;

}

W t(x)+2 575 obstinate $R B — AN IE A fg I HHEE RS (8], DU
t(x) = p(x)s(x) + (1 — p(x))(e(x) + t(x))

T ZHrPl2e(x) + t(x), 2Ly HX) 7T KIL TR ], 2

KTI, 7 [H R D)L 77 BT 7ee (x) + t(x) HIHT 18]
Ry
() = s(x) 4+ PP

p(x)

e(x)

B R/ME t(x), MITEAE p(x), s(x) 1 e(x) Z A BEAT AP, Blan, 25 2

ARG ISTa], AT AR D R E . p(x) o

1.1.3.4 fl 1. 8 Bj5
R A s NS, 1T 4L 135° L 45° AR
e MEE: B
Las Vegas ﬁ&ﬂ‘]gﬁ?:
1. ATHR: B
2. LHNHR: RAFECEEPENS], AEeqIRay

3. TR R: fRAFCa S HRL, AEeIiin], g1 a;

i-j IMA O 135° 445, i+ IMACKIEE T 45° £4
LasVegas Bk

Queenslv (success){ //B0 0 WV Bk, A RE#REIRE

/1% Success=true, N try[1..8/ 2 8 J5 K — /M.
col,diaga5,diag135¢®; //F KPIXIALESVNENT
k€0; //4TS
repeat  //try[1..k]}2 k-promising, FEREHE k+1 MNEJF
nb ¢0; //it¥#E, nbfEN (k+l)th 2/5H open AL B E 5
fori ¢<1to8do{//i Z%|5
if i col)and (i-k-1 diaga5) and (i+k+1 diag135) then{
/13113 (k+1) th BFATH, EA—EDS LRI i 5]
nb é¢nb+1;



if uniform(1..nb)=1 then //SFHAES i 5
j €is /EERZE—IR uniform —EiRE 1, B j—EHEH 1
}//endif
}/endfor, 7E nb NZAERAME FRENERE 1 MIE j REZ
if(nb > 0) then{ //nb=0 R ER AL E, 5 k+1 25 HARBEF
[/EEFFA nb MZEME B, (k+1)th B/FEFRME j KEEA 1/nb
kék+1; //try[1..k+1]J&(k+1)-promising
try[k] €j; //THE (k+1)th M EJF
col &€colU{j};
diaga5 <diagd5 U{j-k };
diag135 ¢«diag135 U{j+k};
} //endif
until (nb=0) or (k=8); //HETEFHRAREERNMNER try 2
// 8-promising I 55 .

success & (nb>0);

4. RS
R SE R TE RN R R A M, BURATTRIE: Sk
F Las Vegas HESL JUAT, B BEE M, H K Queenslv HIH 5
ITHON:
until nb = 0 or k = stepVegas;
if (nb>0)then //EFEHLEIF stopVegas M 2)5
backtrace (k, col, diag45, diag135,success);

else
success ¢false;

Zw: —FmD K2 ERURERS .

1.1.3.5 ] 2: P FEHIR
B BHR: Wp A2 ANFEH, BEH e, p-1)HAE MBSy, #15

X = y?mod p,

JURR x AR p R, 5y €[L,p-11 Wy N x 4 p B FITHR -
FIRBRATR: M4 x AR p I, Ky.
WAL

25 PPT EAHIRZ, RHE B2, &y & x & p KF 7, W p-y
i,
Las Vegas fRE
rootLV(x, p, y, success)

{/[Ft&y
a €uniform(1..p-1);//BAVEARIE a NEXZ D

if a? = xmod p then{ //FJREMEIR/
success € true;
y € a;



Else

{
e, dffff0<cd<p- 1,(a+\/§)pz_1 = ¢ + dv/x (mod p)
if d=0 then
success < false; //FCiERH
else
{//c=0
success € true;
y € Euclid_Modify(d, p);// i+ #&y, f/3d +y = 1 mod p
}
}

Euclid_Modify(a, b)
{//] +8Ex,1<x<b-1ffHax=1modb, Blax+by =1modb
stack stackAB(int, int) 1/ X —A(int, int) 23R kR

While(b > 0)
{
stackAB.Push(a,b); /% (a, ) ANEx
t€a;
aéb;
bé&t-t%b;
}
x=1,y=0;

while(stackAB != empty)

{
(a,b) €stackAB.Pop(); //HER
t&x;
x<y;
yét—(a/by;
}
If(x>0)
While(x = b > 0)
xéx—b;
else if(x < 0)
while(x + b < 0)
XéX + b;
return x;



1.1.3.6 f 3: BEMHEES#
R FHERAE n MAEE RS CRE 1 AT
PR
® Stepl: fE 1~n-1 Z[AJFENLIETEE x
i x WG AS n Bz, WEHE n B9—AFEF LR (R x)
i)y = x2 modn, vy k-, WP x Fy B9RE 3 i IR A7 AE R
H,
W R E S H R 7 k1 DNEAH R R, IF HOX SR 117
B BRI E (2 k BUNES, H split(n) 73 f#)
® Step2: fE k+l PMER P —ANHET A, {EAH NP0 AR
W k ANERBUPIEEIS A IEE(EE 0), H 0-1 FERE LS
{4 1 Gause-Jordan 4 2515 15 B 2L P AH S AT
® Step3: ff step2 R BNLLMEAHRIIT G
1. %4 a AMR x M
2. &by KRBT
#ra # tbmodn, WHFTK atb Al n FIHEKAKFRITIHRAG n HI9E
S ANFSINEN

i TE] AT AT I k.

kK, x? mod nig k-"T-F I ] REVEBOK (x A2 BEH LK)

2)k ), P kT S ROy IR TR, 058y 2 75 A MBS I
I} 1) b, {Hx? mod n AR k-"T R Ll BTK .

WL = eVininlnn jy € p+
JEH Ek ~ VLI B, ILR Dixon SHVESY2 n (HIEERT [0 (L?) =
O (e2VImmintnmy, - r o [ iR 2 /0 Ay 1/2.

1.1.4 Monte Carlo B
1.1.4.1 EAHS
Monte Carlo FIEMEIR IR ET, (H'E TCIR X ] S5 35 B DA sk 22 40 21 IE A e o
YEEH R, RAEEER.
T EL AR A & R E Monte Carlo 557 L H B
B Defl: Wp &8, H 1/2<p<l, &H— MCHILUANT p MR
IR Bl —ANTERR IR, W% MC FERRA p-1EH, VAR (advantage) #& p-1/2.
B Def2: > MC HIEN Rl —SLERAGS AN R () IR, Bk
FREAIZB ) Cconsistent) BL—FH .
B OERRAR: N TIIN—AN B0 p- IERAEE DRI R, TR 2 A
[F—5k, AR Ed s IR 2 1
B Def: (fREFIE) ARSI, ¥ MC(X) MR HIE M, SR x, %
2 MC(x)IR [F] true B ff 2 IEARRT, 1H9EIRIA false B 7 A AT Be /= AR H R I
TR LS I B ) (true-biased) o
B Def: (fhi yo BHVE)H— R AVIHHA R E R FE W, —4> MC 21 yo 1
(Yo A2 HEANFREE M), W AAFAE 1) RESL ] 1) 148 X #1145



RS x @ X, TSI MC(x)IR o] FR 2 IR R (TE TR IR A1) yo 352 yo)
#Vx € X, IEWRARIE yvo » 1H MC IHFARXS BT A AR S x #R [0 A A o

1.1.4.2 HNEH
1. W2 PNIESEEZ A e+6<0.5, MC(x)ZE A1), (0.5+€)-correct [{15¢
W RIS S, WC, = =2/1g(1 — 4&%), x RH—lfd sz, 2518 F MC(x)

E[colg (5)[ . IR HIUTEIR AR, WA B AR R 9

5 ) —F5 ) (1—8)-correct [IHT MC H.v%:
2. B My, —FH. (0.5+€)-correct i) S48 U SRV Bk 21— BT

(1—8)-correct Iy MC 5%, W%/ T2 Mc() [—E—| %k

XA E B AN R 2 A0 AE T 55— AN el B, 3 AN I AR,

AR MR = O, AR RS — RIS AT E R

3. Ko 2 f—MRAB A HH— My, —EH. (0.5+¢)-correct [
SEFRISETE (RIHEMER 0.5 — ) 5ot 2 A R /N T 6 18T

MC Sk, TEAD F I Mc() [—E—] &

1g(0.5—¢)
1.1.43 #l1: FLERHEE
BRERER: K MHPREH R IR T2
PRPERES: WMEL, —IRIGH: 1/2correct, HEH —BTIAER Lo EM—
EHETLR

vk OO 172, iR E g (3) |
majM{ //RRMHTERREN T HETE

i€uniform(1..n);
x€T[il;
k<0;
forjé1tondo
if T[j]=xthen
k& k+1;
return (k>n/2);

}

majMC (T, €) {
k&
fori¢l to k do
if maj (T) then return true;  //R3h
return false;  //FJBERIK
}

R ZREE: O(nlg(1/e))

1.1.4.4 #l 2. EHNE
W RERR . HIr— AN KT 4 AR B R R



B S:
®  INEEFHIEHE: % 2<asn-2, — /N Ea™ ! = 1modn (B n A[#
Bra"-1) HIEEn BN a AN RS a B n R HEDNIES .
®  RPAERECHRONUESE: B n 2 — KT 4 ATEREL, s Mt 201
n—1=2% FIEEE, ot ad, % Bn)R W FE U EBERES:
a € B(n) 4 HAY Y 2<asn-2 Hifi & Fik 2 MEMFZ—:
@D at=1modn
() vie[0,s) H i NEH, f#i45a2"t = —1 mod n
0 N n NEEET, va € [2,n — 2], 115 n i S 1 BE A 2,
Frlla € B(n), iX— v LA Fermat ¥R 5431k
M n NEHES, #Fa e Bm), WA n A—LLa NEFERAERS, K a
7 n FZPER RN IESE .
S D UEE PR -
o safhEHEEH LI uEdEE H MR 2
® inaFRE, NERMIEHEABMm) ={2<a<n-2}
® Fn A%, NERNIEFERINMEUBM)| < (n—a)/4, X — AW n
REES, smOpIEEELH <1/4. Rk, 4BEPLIE a I, Btest ik ] false
PINEH>3/4, IEMAIHER>75%
PRPERE R : I, — IRASEE: 3/4correct, HEIRFFH n A2, IR A false,
) — € 1L
Bk
Btest(a, n){//n A& %X, a€[2,n-2], REtrue & a € B(n)
[/BREIE YL n IR RBERE
s€0; tén-1l; [/ tITUEAEE
repeat
st++; t & t32;
untiitmod2=1; //n-1=2°t , t A&
x ¢a‘'mod n;
if x=1 or x=n-1then return true; //##%EDor®),
for i €1 to s-1 do{ //%:IF
x € x> mod n;
if x=n-1 then return true; //%2E®,
}
return false;
}
— M
MillRab(n) { //3F n>4, REBIENRAZE, BRIEH
a<-uniform(2..n-2);
return Btest(a,n);  //UiKk n REARARE
}

UM k= [2g(2)]

RepeatMillRob(n,k){
fori ¢1tokdo



if MillRob(n) =false then
return false; //—ERHE
return true;

}
RS 0(lg°nlgs)

1.1.4.5 E[EFRIELHE
FIEH#R: ¥ A, B, CHnXnkEkE, HE AB=C?
MC ik % X 2NN n I AE R F(0/1 1T &), H4HIKr AB=C
HUOAFI T XAB=XC?
fRtE: Wi, — XK 1/2correct,

ﬁ&!
goodproduct( A, B, C, n){
fori¢1todo
x [ i] €uniform(0..1);
if (XA)B=XC then
return true;
else return false;
}

LUK, J R RS, WEDEK= [1g(5) |&
RepeatGoodProduct( A, B, C, n) {

foricito [ig(5)] do //EE|g(5) [,

if GoodProduct(A, B, C, n) = false then
return false;//fRIRHI, B — R ATE[H

return true;

}
BEEZRE: 0(3n?)

2. HEMEBRGTHESHL

2.1 EAME
211 AR

O RPEEFMER. TSRO, @EB NS OENNEBE 5 A
FERIET 15598

@ B msg BHMEEL: FH TSGR HLES 28

® R msgLiAEAL: X2 PHEER msg £ RS0

212 HRMFR

O VIgRFEHRE: JR1EREEE R EAEPITE—D

@ FAREER (PRSARAY): $8 A LB AT i e I A R

® FEHEER: MRS ERSE, AT T 5 REEZEA 50
ERb. FEb R TRE R AR BT RS ERNE



213 HELBRAME
RE: p EEAIREH 2r > msg MR, outbufi[l](1<I<r)F inbuf[l](1<lr), FHr
r o fEIEAN L
VIIERAS: Q A& —MERIOVIGEIRE FE: B4 inbuf I IR, H outbufi[l]
Kb Rz
HHRE: N p T RIAIRE, fd: EAMEIE L, 22774 msg Hi
o, R A NPT X (1<I<r)iE 2
BLE: AlE DA REERE S FEANEEARRE, ME=(q, gy.--0n), 92
pi I —AVRE&
B R TR A FIE IR A, 0T msg A& 38 R G0, H FF, compli)
F del(i,j,m)
PAT: RGAERE LT AR — AT, B —A e E A A HE 1
FP. TN RS TR, EE AR
o AWM FORFEAMERAERIRPAT AT RIA 1 B A 2L
A
® EERMERAM: FORFAMERAERHRPAT A I L AT A T B A UKL .
i ANPATRI L T E BRI RS, TR N SAT
WE: — MR EMPATEERE N, ER2PITTHFEETFI: O, Oy ..o
HAGEAN T F I HGE . G, del(1,2,m) AR, B2 6,
p1 A IR K 1% (send)m
BYRRARE: et NEFEIITIREE
BARPAT: 18 LIRPAT
Msg HZBE: SIEMEITE BT LR IE msg B 500 BOKE (RS 1720 R 410)
LA ETE=R/
O FPRG: KR, BEIEPATT AT B B R R KR 2
@ HBRG: B AT B msg iR E 202 1 ANRALIKEE], AR5
HLEI& R KB AT ]
HEERE: HEBEYEE T B EKE. HEEM Msg E2:FEAR .

2.2 AR BT BRICE

221 %
HARME. WA AKIE Msg BT WH Msg 5 SR Msg 8% T
Msg HZPE: O(n-1), AW EFKLA 1 Msg
BHEEZ4EE: O(D), D NEMMER

222 JLE/SE
EAEAE: ERMITE T ARG R AR
Msg HZPE: O(n-1), AW EFKLA 1 Msg
BRI ZREE: O(D), D N BE1%

2.3 e A DFS B BFS
231 W
BB & p ARRGIERE. M p T, KiEMBIILTEAE. 4 p
1 RULEITE B M ORI msg K T48E pp B, pi&i% M BBk p, M
A8



Msg B : O(2e-E(P,))
IEIEHE: O(D)
2.3.2 AR A

FEAEA. [A|R<parent>FHl<reject>, HAREENE

ERERES: FIEW i oFs o BFS I, B3 L NS IBHEY:
O SGiEE@EME. o RIESA SRR .
@ BUELHME. 77 HRIEZEE SRR pi,...pupi
® BJFEHARKRZ DFs BiE BFS. A FHgNEIE Y]

¥t BFS M PjULE Pi ) Msg ST Ly R AR BT I Pi LAAMIIAR &
Msg EZ4E: O(m), m NI
KHEE 4. o(D), D NHEFR

it DFS B R AW E]—2 Msg Bi<parent>Bli<reject>74 ¥4 &k Msg
Msg HZH:E: O(m)
BB O(m)

2.4 35 5E R F AR R
HARM: TGS AR, RERE— R A SRR DFS AR . &P
R DFS Bt Bl B 422 [R] — 15 s (R L [RI ISP ), 322715 R IR T id 35K 1) DFS #4 .
BanpE: NEA m FLA n AN AN, BRENNT EIAE p AN, HAF D
(B R R Bhis 1] A t
Msg B Z4BE: O(pn?)e HINIEIL T, FEANKEER BRI LL 1 SRR A3 — 1R DFS B
Kk, Alg2.4 i) msg E 2« E L Alg2.3 f) n f: O(m*n)
IR B IR 24N O(t+m)

3. I hagstE:
3.1 G
3.2 Leader JEZS [ fR
321 [
FE— AL R AR P — MRRIRSE S5 AE N leader
322 Hig
@ fai AL AL FE 38 2 18] M 5
A BTk B 745 R4 R
Billn, BT —A leader, #t5 T SCHl) # 4y
@® R T — SRR ) L
B0, 24BEHE T A E AR AN IR SR S, Al e 28 5, $R 3] — A leader
Fefli 2 MIR B Z, BRI R BES .

3.2.3  [HE#HR
) M B AT ] RS R A B TR, iR 3] —FhEC EIRAS . BN Mh T 28 5 24 T

E H OS2 leader, {H A —/NMEHEEE H 2 leader, AR AL 235 2 H
./ non-leader.
3.24  EEEHEE L
(1) BN AEFE R EAGH A ) JR 5
(2) BEiErmn ), I SRS RIS — KT,
(3) BXIHES, FiERBZIERE. £ A& ES, A Mt
TAFNRES, HRWAETRBCIRES



3.3 E4LH
331 JIAMEX
BAAE: AL BE 2R A ME— AR IR, PRI 2 L R 44 1)
—BUEREY: AR MIE LIRS, WEEFRZ A uniform, 753 35 kNiE
AEEEESECH n, MIFRZ NAE— BB,
IR IR E—AEA. SR EET, e E 4
RENL: fE—NEL. E—SHEMEEF, &N 0 E EBHE) #HG5
SRS, XA FRIFEA AR FRSHL, W2 Ut n o] DIEARIS H B URIA.
332 JIMeE#
5|3 3.1:  7EHM R EEIVE A KIBVFPATE, XT4a—% k Iraesis ks
TEE K B S R 2 AH A . CHH IR AR D
FH 1. FPHRGHPNAFAEELAR. SRS H &S (H51H 3.1
UERH, note:BEANALEE RS R E AT H &2 Leader)
SEH 2. T RG I ANAELEE 4 80 53 1% 28 B
UERA: BN ERES VTR IRASAH ], RESHIAHIR], Bl i)
BFFIHAHR CRAA RO SR R REANED,
AR IPRES —8. H T —-XHENEZHE
BRI RAL, RN RS b PR B AT H 2 Leader
IR m 2505020, JIZEA BRI TaI A Cm B[] B
HABALFE 2R 2 F A0 H O &2 Leaders
FrLL, A BRER PGS E AN H O & Leader. FJE, IEHE.

3.3 FHH
3.3.0 ¥AMIEHHZH
HTEAE LSS, XREBRAIrESIEIEE S, BRUIEIN N
—H, ARSI RAE B, (HEEPR REATIE R 25 1)
OFHESE: BAMRRT id, ¥WH—ADME—FPRENL, H5F KN n k.
MR 42 S5k, ¥R T E R8s A R —ANIRE . CNE IR s ],
BRI T N AR R MRS, Skt BRI
QIAEHHED:: T n FEA id BXT—AREHL, R 4IRSk
B, RS n B R —ANRENL . CFRE—> n FIE @MU n IR —/N3F, 45
PR AR AR ELA X AR IR PSR (R AL, B2 IR )
33.1  LCR: —/MEEK O(n?) &k
EAEAE: EPHRAMId
O /A EHLEE P RIE—A msg(H CHIFRIRTR) B ABE, SR IG5 AR E )
msg
@ B eI msg B, RIRULEIN id, # id>idi, T PSR id 45 /4K,
75 BT i (AN 7)o
@ #H HALHZRK B —NEE H AR msg, NW'EEAH 2 leader, Jf
KIE—AN2IE msg 25 /248, G4k
@ Y — A HE IR B — N2 1E msg B, [7) 72 485 A 63 S, 2R )5 4E 4 non-leader
&k,
UASEAMEIT n, USR5,
R RSB RE —A Leader #E AT T
Msg HZttk: 5 AbFRSRLI n-1,n-2,...,0, IR E1HESY, RS &1 56 % msg, TARS A i



HIALERZS 1) msg WG K i+1 IR, &N Leader XM REAMGHEZR L K@ A (Hn
LR, N

Msg 2% E=n + Y15/ + 1) = 6(n?)
IR R AR o(nEH

3.3.2 K4BEVE: —/NO(nlgn)HE ik
EZK;E‘EZEE:
BT Leader 1818 K A QAR ETEH, ML — M B K — B HI40fE .
BRI BT, AR5 I B M BE R o HE 2 AR I I leader. W
HIRLELE [-th By BUSNIE I 454 1 AL BEES A BEAk 2L 3T B (+1)th BrBe. Pk, 1k
K BT A B SR D B2 B E— A B A B — MBS leader.
RS P B — 146, J556 Leader MBI 14 & 1% —N<prob, id, i, hop>] msg,
id J& A Leader H id, i1 FREE i T EL, hop FARLILMIARES, Wl 2BkE. 48
JE 5 BT AR R msg, BERIE— B, hop++. 4 EIE hop=2'It}, MEAN K,
A& B reply, ¥k IAJRES Leader, XAFE—NRIFS Leader 1225 i frBvi 2 & 774
4*2' A msg, ZFTUAIIRE , RIRNH LR Leader 245 JAH Leader %3,
ZFEE ) msg A2 B 20 5 2 K B reply
IEftE: RN EAHOK id FIALFES ) probe Y S RN ST 45 S B Ui, AT
ZACBERIEAE N leader 215V, S35, WA HAth probe ¥ B REE A i EE A
NI E . R, 5K id FIABEAR 2 5 vkiE FH I ME— 1 leader.
Msg BB (BIFFHRT):
1t phasei H:
& NFRRIEENN msg HE L Ny: 42
& HGZ/DANMHEBREBEEWE?
i=0, AnMEIE (&E), W4 4n 4> msg
i 21, fF -1 BB R BN IR leader BT 32 B #E . AT 21,
7E phase i 58, G leader BUEZ N n/(2'+1).
SR B, PR Leader 28 K850, 774 n > msg
N msg B4 N:
an + YV 4. 00

n
20141

BRI R T : HATE X Leader &, FUNE A RN Leader | HVEA RBZE TR .
B MR Leader 7E M fx %% Leader, &L Idlg(n — DAMITEL, 125 | ML,
CEDTEL 2% M %A RERN H QIR FFE R TR Leader (I8, B
PRI E O Leader [IEED, FT LA 8] &2 4% 5 72

+n <8nlg(n—1) + 5n = 0(nlgn)

eV 2.2 4 1 = 3n — 4 = O(n)

3.3.3 TF5Q(nlogn)
HABAR: T RN n BIFRRAMEIES, BN RANA n/2 BIA R E &
TR — RN n B3R, AN BUNE ERRESRBUTHETE R, FHafE o)kt
I msg BEAENG, XA BIFETBLZ M(n) = 2M(n/2) +6(n), IXFERIE I T7FE I
M(n) =B(nlgn);
TRRIEE S B o R MEEH EREE A —NMAE, FZHRRFE %l e ff
RHE o th, 1 e MAERETT I EIT msg ££38, W) o FRONZTTRE, e & o H—5TT



.
BARTTE, PPT, T3, w2 AR RS H 8(n)=(n/2-1)/2.
ps¥ES U
1) 7& R1FIR2 LA 2 MRSLIAEE, ®AMEIR 2M(n/2) % msg: 01 0,
2) SRIAAFHEN—NEIEEE: oi0,05 (EEBERAERW o )
3) 9RiE(n/2-1)/2 N0 msg #EFEU, FEOREF ep 5L eq 2 HF: 01 0, 03 040
R IRATT E R T — AR, Hdh 2045 2M(n/2)+ (n/2-1)/2 /> msg 1
Msg EZ4EE: Q(nlogn)
BRI ZRRE: AT e

3.4 [P
FERX 5 1 [ ) EFE o(n) IR 5t O(nlgn)
341 E5 o(n)
3.4.1.1 FERHHE
AR EEN RN d (% id AMED 145 REA leader, 1% Phase
BAT, BAMEBH n NMEA K. 1E Phase i (i 2 0), FHAE—ANid N i 5k
R WNZZE ROR leader, FRZ 1ML, R, /)N id 45 RPN leader.
SRV SRR FL S AR 1
© FRM =0 U6, Fra B 2K IR K i
@ FHAE IR id =i, WE s R E C2 Leader, A%,
GRS Y A e AT~ S T
@ HOHIHH A I, B i %k — B 5 A A3 H O /2 Leader,
W i+, FEROMEET — .
AL FNE— B D5 TWe? X ENE | e R T nit,
Jr DA 75 22 0 T8 Ah B2 RN B X e XN R AR S BRI
JR A
Msg B4 n-(i+1), i A& Leader ] id
IEIEZREE: n(i+1)
BRAE: AUEM RN n FFERE IR
O Ft4id A i 04 S EAE phase | K msg?
2 RS TT SAREN I id, FTLRATES | BB, id=i 1
TS A HIIE B E 2 Leader, 5 KI% msg
@ Nt 454 phase % n $8?
% BUNDT n BE W] Re R E B0 LA BRESAAAE S/ id, TR A
‘BRLE phase i 7% H T2 leader ) msg

3.4.1.2 YEHEE
Real: OTLAUEEIR K/, @55 R DAY
— AN EREE T AT R A L R R 1 O, AT DL R S — ANk
FHESH msg Jim 4 M i
BB
© WEFAFFSH msg LAAS[F] 138 B 4
JETid N i BT A msg, FERE—AMEWUZ msg BT RIS £
FERBI T —/NACFERR W, HAER 241 5
@ NIRRT EE), AUN—ANFERRI MR B, KA E kM



PR (1) &5 p G R — N E msg, 1% msg F R TCAEIR
® NG REREBAIRE R msg, M4 SAZEE
2 WRIHE A relay(BR) Mt BRI R BRI msg
BA: ERAMB G, #2 leader 255 555 04T, BIRAA
MR 1) 45 A AT RE 240 N leader
BRI
O Mg HAEE SRR msg A4S SN id, % msg LA
¥o—TA B IR T A U, S BN R msg BT AR JE B 45
PR (A2 Hig2g)
@ FEIR: MR E—ANid i BT ) msg Bk — AN R SR, 1%
msg DL 2 SR AN, BIAEMENZ msg (075 AUK L AEIR 21 # )5 1H
LY 8
Note: —> msg RIA—NMEEERT R G, BEIXFTAET A
BIEMEE R . —A msg FER— MRS 1)1 AR AT AL TE 1st By
Bt (MefE msg, JEIEIR) , FERIA—ANEENTAZE, BT
2nd BB, FFLL 2R K (IEMRBE msg, ER)
@
a) — /NS5 AR msg B, 1% msg B id KT 40T
CF B s/NMEFEE ) id, WIEIZ msg;
b) — AN R SR —A msg I, #51% msg LI id KT 2470
A B s/ MAEFREE ) id, WBYZ msg.
Msg & Jkttk:
B BB msg(MeliE msg), &AL LE—A, MZELZHNn
ok, Ejé@‘ leader [ msg HEA H EE’J% i B2 1 R 58 B B

msg(FL e 45 R ). BUONBER 241 46, W2 ek 1 K

IR 2K leader 1) msg FEN H ORISR M B G RIEIEE B
msg(f035 leader K H ). Leader [1) id B45d n- 2V 4 A4 RgiR [E],

LIS id BN IR R YRS LTI M < ST 2 <

2n
SAEIE SR 4n
RFRIEZ4RE: 24 leader HEUREIH O id I, THEZIL. XREES
JEEN ST S 2 R O(n- 2048, b i J2 leader MIBRIRTF
NTIEEE msg BAER 2' -1 387
Z: PR Msg HARFE . I1d S/ s #2504 Leader, Leader 19 AT
TH R AR P e R, IXFE L 2 (A LE TR Leader [ msg 7EZEIR 1)
IR N id 3% A Leader [ id /NTIREALUR T, BRI T Msg 2%
i
WAMB TR 3.2 SR AT B A4t 2
% R 1 IS0 Relay AR, RUEH BERE R SAEIR, W EE
4 1 O(n*27i)BE N O(N*27i+n-N), N A E & MR (115 8



05 % 2. JRBEVRIEIR EON f(id)=27id, IR/ B 44 A 0 (n*211),
T Ik R SR R B BRI R R 4%, U f(id)=c*id . [H212
R IEECE S

J7 % 2 T Msg B A% FE 5N R 52 2% B 196 &R A2«

JuRF_ n-1_Mm_ n-1_ M
Msg E*}g_n + Zi:l IR0 + Zl:O I10)

I 1] 52 2% =0 (n*f(id))

3.4.2 HMRHEERTRQ(nlogn)
ATCAEH, B B AR S A FEAR S, AEAE DL T PSR
@© eMH—FEER S F LA id, B id g msg IR 2K
@ EBABETFHPATH, PATREIB T id, 1M id #X5T n 1 5 i Re2
E K. (M)
X MB a7 — ML T id (RIEZRELS id oK), H msg AR
Q(nlogn) &%
F—0 TN IRV Msg K %% ZQ(nlogn)
F = H Ramsey & HIE AR E —ANIE AT IR B — N5 2PN IRV,
MIMIER TR —DIAN Msg B 24T 72 Q(nlogn)
3.4.2.1 ETHWEREE
EAME:
)?%ﬁ AR Xoy X1yee0s Xn-1 il Yo Y1,/ ¥n-1 %({jﬂ\)}?%m\ 1, A | A IE
xi<x;, 2 HAE yiyjo
AT AR FBEHDIPAT o, o MIHALE R pis pyy BATUL pi 7E o FIZE k
B HEEAT LT p 7E o UEE K BTN, & Nl SR AR
@ pifE oy B Kk 58 B —> msg 2 H A () 48 FE 24 HA Y py 7E o, 2R
k % BRIE— msg B H 7 (4)41E
@ pifE ay 5 k e BAE N —A leader Z 1B HALY py 7E o, KR k 50 H
{ERN— leader 1k,
EFE: B R R RT SN IR E3TE msg ki%, WFe 2 TCH I,
1A F AR A A2 B 1 (active) o DTS5 BIPRANER Pi Al Pj, £
MER K NESFe 25, PiAl Pj PRSI AAHE
JUIAS B
I 1. RIEVRI NKEEN j(j /2 2 BIT7 ) EESE i, WU i I 2 fy iy 2
FF 2T o
E B AR
EH 2. XA k<n/8 LLEAEAS S, 19 k-2BJEEE N, £E S, 15 N FEE 1

k40 FEHE AN B (B N A ) K F—

2(2k+1)

UERH: N HH 2k+1 A id MR, B j 2R T 2k+1 (1) 2 Wi/ TR S, ko
N /i AESE I, AR B N

H S, BIEr %0, Bk Rl o R A v B2 R . BRI,
Z/0H nfj NEREEFN N AZTEM 1.

Wj=2", U2M<ak+1<2', SLj<2(2k+1)

W5 N P @BE%%@IE% >

2(2k+1)




SEH 3. 1F exec(So)H, T IEHZD N n/8 (IEHEE, T=k)
EH 4: X TVKE[L, n/8], TF exec(S)[E k M EFNEE, ELH—A

2(2k+1)

msg A%
PG EH 4. 1F exec(S,) B KI%E msg M EEE DN

n/8 n/8

2 n - nz 1 S n1 n

20k+ 1) =64,k 68
k=1 k=1

Bl Q(nlogn)

ER: N T EREERT, ERERIRAT I E 4A10,1,..,n%+2n-1). //i%
HEAKIBN n*+2n,

JE PRS2 S, 35/ R IRAT A N, B KARIRAF A n24n-1 =(n+1)*rev(n-1)+n.
EHS: B A NBITIEA r(n) IR 8] 52 BR 1 [R5 S0, XT84 n,
FAE—ANEA n*2n A id S C,, 75 A 2 ¢, EI— AT r(n)-Lhi
5, XH n 23K/, (Ramsey & HHIER)

EH 6: XEANFEE RN EH ) leader 285075 A, DL n>8, n A
2 7% AFE— KA n AR, 15 AE R _ERIAVFHAT BLKIE Q(nlgn)

/N msgs.

4. ARG HHTHERE

4.1 EARHR

TCP 5 UDP X 5l

@O0

42 HEXFR

TS TR

B RGRIRESR (TCP %%, uDP /)
UDP 27 &5 M 7]

S H s Rt

TCP fRUFELYE IEMf%, UDP RIREEH
TCP fRIUEEHE T, UDP ANRIIE

4.2.1 HHAARRAMTRZ ERIRARE?
% 1 JEEIRBE. RENERIRSHKET WL S, TN BIBER . W2 TR 5
. BR msg HK

FAXHEREMT . KA K Z O SR SEBR i e (R AR RS, ORI AN, I

BRI AR AR BT DA IR RD R [R5 AN — A AT SE ML

3. . BIAE AT 2 HARRLI, AT RESR A A AL 8% 2 R I 22 s
FTBL, ANATRELE Rl — I 2 — A A ARG 2 RS, Ak B AT AR5

195 i 9o R 1 1 7 PR PP N S
4.2.2 Happens-before & (<)

7

7
*

TR R AT RV A S A 88 TR B4 328 P«
I 1: 45 er<pers N es<ye;
KR 2: 2 er<mers N er<pe,

S N 3: 45 er<uey, H oer<uyes, M ej<ye;

FEREM: AWFIEARE < E P

4.2.3 Lamport inp Ik



AR
o NGt e H MM E: eTS
® FAT A AR E: my_TS
® B msg H— I EEL: mTS
® T piPIT AR, K H RIS 2 S
® UKL msg I, R ORI BB EE BT A A I msg.
S SEI
Initially: my_TS=0;
On event e:
if (e REWIHE m)then
my_TS = max ( m.TS, my_TS );
/X msg BRPBRATTS U BRATBURE AR R R
my_TS++;
eTS=my_TS; /455 e FTHHEL
if (e KIZEHE m)then
mIS=my_TS; //4A{H 5 m FTHER
4.2.2 [MENEL
[e) BRI R X
FERREFRE, el VT <,e2VT £ir e2 KL el K el BT 1
FfZ )G FEAREHEIUL, AR N
el VT<5, e2 VT iff el VT[i]< e2.VT[il,i=1,2,***,M
elVT<y e2VTiff elVT<< ;e2 VT H. elVT#e2 VT
FESEI
Initially: my_VT=[0,...,0];
On event e:
if (e RHEE m KW ) then
for i=1 to M do // R BB B KA 738 R AR
my_VT[ i ] = max( m.VT[i], my_VT[i] );
my_VT[ self [++; // & self AT L F
eVT=my_VT; //55H e ITHER
if (e BIHE m FKIiZE )then
mVT=my_VT; //4HE m FTHEL
FEMR -
1) #e<ye', M eVTi<yr e'VT
SRR T A S
Fre<pe'ile< e, M eVT<ye'VT
2) FHexye', N eVviKy e'VT
pf: & e fle' KEIK, NE e<ye, Ble' Vi< eVT
e fle RIFRM, WIEHDAG I, MeF| e RMe
3 e ¥ILAMERAT, BI1F:
eVT<yr e'VT H e'VT Ky eVT
M HAY e VT Ml VT AT LR, BRI S B2 3R I A 1!
4.2.3 FRERF
HA B



< WHIA P AR S m, BEFWHERARE TH B ERHE m’, i m’ <y
m.
o ERADTIEP L
earliest[1..M]: FAEAN T A 29 AT RE 05 A% 35 (1) 7 SR T~ 7
earliest[k] R/~ 1E P L, X9 /5 k BEWEALIE ) msg IR ERI T 5t
blocked[1..M]: FHEERAZIKA, A8 R—DBASI
S SEI
TEXFE 1. HFH Lamport BHEE, T 1,=1;
£ RN, W 1,=(0,..,1,0,..,0), k"frA 1
a1k
1: earliest[k] =1,, k=1,...M
2: blocked[k] ={} , k=1,..,M//G N HENFEZ
On the receipt of msg m from node p:
delivery_list={};
if (blocked[p]hZ%) then
earliest[p]=m.timestamp;
# m InZE blocked[p]BAE; //ALEWEIHITE B
while (3k f# blocked[k]FEZ and XA i=1,..,M(% k 1 self 41),
not_earliest( earliest[i], earliest[k], i)) {//ALFEBHZERAF)
[IXHHEZEAS ks, B HARTT R i BB R k ERR msg AR A
/13, TIBAF k FBAE T ARk BEL2E
¢ blocked[k]BALTTE m’HBA, HINAZ] delivery_list;
if (blocked[k]JEZ*) then
*: earliest[k] BN m’.timestamp;
else increment earliest[k] by 1, }//end while
deliver the msgs in delivery_list; //3% R 7

not_earliest( proc_i_vts, msg_vts, i ) {//RI&H KT EHEF ANE
if (proc_i_vts[i] > msg_vts]i] )
return true;
else return false;

e B«
ERBEE AT RE S R A AL T K IN RIAN AE AR EE ) msg, 25 R A4S0 BRI,
IR PR R GE A Sl U TR



