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一、(本题 10 分) 设
e

( )
1

x

f x
x




. 求 ( )(0)nf .  

二、(本题 20 分, 每小题 5 分) 求积分和不定积分:  

(1) 
2

1
d

1 e x
x

 ;   (2) 
3 2

1
d

1
x

x x x   ;   (3) 
1

0
arctan dx x x ;   (4) 

1

1
d

1
x

x x



 .  

三、(本题 20 分, 每小题 10 分) 求解下面的微分方程:  

(1) 求 2(1 ) 2x y xy x    的通解.  

(2) 求 3 2 2 3y y y x     的通解.  

四、(本题 10 分) 设 ( )f x 是[0,1]上连续函数. 求证:  

    2
0 0

cos d cos d .xf x x f x x



   

五、(本题 10 分) 研究函数项级数
2

1

( 1)
x

n

x

n





 在区间(1, ) 上是否一致收敛.  

六、(本题 10 分) 求幂级数
1 ( 1)

n

n

x
n n



  的收敛区域以及和函数.  

七、(本题 10 分) 设{ }na 是正数列, 满足 

 
2

1

1 1 1
1 , ( 2).

ln
n

n

a
n

a n n n n
      

试证明: (1) 
2

1

ln 1
1

( 1)ln( 1)
n

n

a n n
a n n n

 
 

; (2) 级数
2

n
n

a



 发散.  

八、(本题 10 分) 设 f 是上取值为正的可微函数, 且对所有 ,x y   , 有 

 
2

( ) ( ) .f x f y x y     

求证: 对所有x   , 有
3

( ) 3 ( )f x f x  .  
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�!(�K 10 ©) � f(x) = ex

1−x . ¦ f (n)(0).

) ex ��?êÐm� ex =
∑∞

n=0
1
n!
xn, 1

1−x ��?êÐm�
1

1−x =
∑∞

n=0 x
n.

�â?ê� Cauchy ¦È, k

f(x) =
ex

1− x
=
∞∑
n=0

cnx
n,

Ù¥

cn =
n∑
k=0

1

k!
.

(........... 6 ©)

�â�?ê��£, Ak cn = f (n)(0)
n!

. �,

f (n)(0) = n!
n∑
k=0

1

k!
.

(........... 10 ©)

){2 w,3 0 ������S, f(x) k?¿��ê. é (1− x)f(x) = ex ü>

¦ n ��ê, �

(1− x)f (n)(x)− nf (n−1)(x) = ex.

AOk

f (n)(0) = 1 + nf (n−1)(0). (........... 6 ©)

5¿� f(0) = 1, |^þª�8B�y²

f (n)(0) = n!
n∑
k=0

1

k!
.

(........... 10 ©)
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�! (�K 20 ©, z�K 5 ©) ¦È©ÚØ½È©

(1)

∫
1

1 + e2x
dx; (2)

∫
1

x3 + x2 − x− 1
dx;

(3)

∫ 1

0

x arctanx dx; (4)

∫ +∞

1

1

x
√
x− 1

dx.

) (1) ∫
1

1 + e2x
dx =

∫ (
1− e2x

1 + e2x

)
dx = x−

∫
e2x

1 + e2x
dx

= x− 1

2

∫ (
ln(1 + e2x)

)′
dx

= x− 1

2
ln(1 + e2x) + C.

(2) ∫
1

x3 + x2 − x− 1
dx =

∫
1

(x+ 1)2(x− 1)
dx

=

∫ [
1

4

(
1

x− 1
− 1

x+ 1

)
− 1

2(x+ 1)2

]
dx

=
1

4
ln
x− 1

x+ 1
+

1

2

1

x+ 1
+ C

5¿, Ø�~ê C � 1 ©.

(3) ∫ 1

0

x arctanx dx =
1

2
x2 arctanx

∣∣∣1
0
−
∫ 1

0

1

2
x2 · 1

1 + x2
dx

=
π

8
− 1

2

∫ 1

0

(
1− 1

1 + x2

)
dx

=
π

8
− 1

2

(
1− π

4

)
=
π − 2

4
.

(4) �C� t =
√
x− 1, k∫ +∞

1

1

x
√
x− 1

dx =

∫ +∞

0

1

(1 + t2)t
· 2t dt = 2arctan t

∣∣∣+∞
0

= π.
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(1) ¦ (1 + x2)y′′ + 2xy′ = x �Ï).

) ��§��� ((1 + x2)y′)
′
= x. �,

(1 + x2)y′ =
1

2
x2 + C1.

Ïd

y′ =
1

2
· x2

1 + x2
+

C0

1 + x2
=

1

2
− 1

2

1

1 + x2
+

C0

1 + x2
.

�,

y =
1

2
x+ C1 + C2 arctanx.

(2) ¦ y′′ − 3y′ + 2y = 2x− 3 �Ï).

) �A�àg�§ y′′ − 3y′ + 2y = 0 �A��§� λ2 − 3λ+ 2 = 0, kü�¢

� λ1 = 1 Ú λ2 = 2. �, àg�§�Ï)� y = C1e
x + C2e

2x. w, y = x ´��§

���A). �, ��§�Ï)�

y = C1e
x + C2e

2x + x.

o! (�K 10 ©) � f(x) ´ [0, 1] þëY¼ê. ¦y:∫ π

0

xf(| cosx|) dx = π

∫ π
2

0

f(| cosx|) dx.

y² ∫ π

0

xf(| cosx|) dx =

∫ π
2

0

xf(| cosx|) dx+
∫ π

π
2

xf(| cosx|) dx.

éþªm>1��È©�C� t = π − x, �∫ π

π
2

xf(| cosx|) dx = −
∫ 0

π
2

(π − t)f(| cos t|)dt =
∫ π

2

0

(π − t)f(| cos t|)dt

=

∫ π
2

0

(π − x)f(| cosx|)dt.

u´ ∫ π

0

xf(| cosx|) dx = π

∫ π
2

0

f(| cosx|) dx.
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Ê! (�K 10 ©) ïÄ¼ê�?ê
∞∑
n=1

(x−1)2
nx
3«m (1,+∞) þ´Ä��Âñ.

) ¼ê un(x) = (x−1)2
nx
��ê� u′n(x) = (x−1)(2−(x−1) lnn)

nx
, � n > 2 �, §3

(1, 1 + 2
lnn

) ��, 3 (1 + 2
lnn
,+∞) �K. Ïd un(x) 3 x = 1 + 2

lnn
����

4

n1+ 2
lnn · ln2 n

<
4

n ln2 n
.

Ï�?ê
∞∑
n=2

1
n ln2 n

Âñ,¤±�âWeierestrass�O{��
∞∑
n=1

(x−1)2
nx
3«m (1,+∞)

þ��Âñ.

5¿, ��Ñ��Âñ�(Ø
Øy², ½y²���ØÑ� 2 ©.

8! (�K 10 ©) ¦�?ê
∞∑
n=1

xn

n(n+1)
�Âñ«�±9Ú¼ê.

) � an = 1
n(n+1)

. K

an+1

an
=

n

n+ 2
→ 1 (n→∞).

�, �?ê
∞∑
n=1

xn

n(n+1)
�Âñ�»� 1.� x = 1Ú x = −1�, T�?êw,Âñ. �,

Âñ«�� [−1, 1]. (........... 4 ©)

- f(x) =
∞∑
n=1

xn

n
. K f ′(x) =

∞∑
n=1

xn−1 = 1
1−x . �, f(x) = − ln(1− x). u´

∞∑
n=1

xn

n(n+ 1)
=
∞∑
n=1

(
1

n
− 1

n+ 1

)
xn = f(x)−

∞∑
n=1

1

n+ 1
xn

= f(x)− 1

x

∞∑
n=2

xn

n
= f(x)− 1

x
(f(x)− x)

= (1− 1

x
)f(x) + 1

=
1− x
x

ln(1− x) + 1.

(........... 10 ©)
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Ô! (�K 10 ©) � {an} ´�ê�, ÷v

an
an+1

6 1 +
1

n
+

1

n lnn
+

1

n2
, (n > 2).

Áy² (1) ann lnn
an+1(n+1) ln(n+1)

< 1 + 1
n2 ; (2) ?ê

∞∑
n=2

an uÑ.

y² Ï� ln
(
1 + 1

n

)
> 1

n+1
(n > 2), ¤±�â^�, k

an
an+1

6 1 +
1

n
+
n+ 1

n lnn
· 1

n+ 1
+

1

n2

< 1 +
1

n
+
n+ 1

n lnn
· ln
(
1 +

1

n

)
+

1

n2

=
n+ 1

n
· ln(n+ 1)

lnn
+

1

n2
.

- cn = (n lnn)an, Klþª��

cn
cn+1

< 1 +
1

n2
.

............ (5 ©)

�éê, �

ln cn − ln cn+1 < ln

(
1 +

1

n2

)
6

1

n2
.

u´

ln c2 − ln cn <
n−1∑
k=2

1

k2
, , (n > 3).

du
∞∑
n=2

1
n2 Âñ. �, dþª���3~ê c ¦�

c 6 ln cn, (n > 3).

=,

an >
ec

n lnn
, (n > 3).

Ï�?ê
∞∑
n=1

1
n lnn

, ¤±dþª��
∞∑
n=1

an uÑ. ............ (10 ©)
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l!£�K 10 ©¤� f ´ R þ�������¼ê, �é¤k x, y ∈ R, k

|f ′(x)− f ′(y)|2 6 |x− y|.

¦y: é¤k x ∈ R, k
∣∣f ′(x)∣∣3 < 3f(x).

y² é�½� x ∈ R, e f ′(x) = 0, K
∣∣f ′(x)∣∣3 < 3f(x) ¤á. P h = (f ′(x))2.

¿� h 6= 0.

e f ′(x) < 0, K�â Newton-Leibniz úªÚ^�, �

0 < f(x+ h) = f(x) +

∫ x+h

x

f ′(t) dt

= f(x) +

∫ x+h

x

(
f ′(t)− f ′(x)

)
dt+ f ′(x)h

6 f(x) +

∫ x+h

x

(t− x)
1
2 dt+ f ′(x)h

= f(x) +
2

3
h

3
2 + f ′(x)h.

�

2

3
h

3
2 + f ′(x)h+ f(x) > 0. (...... 5 ©)

ò h = (f ′(x))2 �\þª, =� ∣∣f ′(x)∣∣3 < 3f(x).

e f ′(x) > 0, K�â Newton-Leibniz úªÚ^�, �

0 < f(x− h) = −
∫ x

x−h
f ′(t) dt+ f(x)

=

∫ x

x−h

(
f ′(x)− f ′(t)

)
dt− f ′(x)h+ f(x)

6
∫ x

x−h
(x− t)

1
2 dt− f ′(x)h+ f(x)

=
2

3
h

3
2 − f ′(x)h+ f(x).

ò h = (f ′(x))2 �\þª, E� ∣∣f ′(x)∣∣3 < 3f(x).

o�, ©ªk
(
f ′(x)

)3
< 3f(x). y.. ............ (10 ©)
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