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1



2 ��� �~� 1.1.2 �5:vwaN���l�5: (xk, yk), k = 1, . . . , 5, �C�y 1.1 a��W 1.1 hv�,
k 1 2 3 4 5

xk 2 4 5 8 9

yk 2.01 2.98 3.50 5.02 5.47.��`�'/s5kfvw9s5:�` hgu�+_AsqDT�:T�RI 1.1.

x

y

q

q

q

q

q

-

6

���������

I 1.1 �AR�o/.�I 1.1 
L
Æ� (xk, yk) >�h�Dj9s�T3���.� x � y pY�
��Ae��;��s�
y = ax+ b (1.3)�\-_�?R����j a, b Tv�YR_ (xk, yk), k = 1, 2, . . . , 5, <t/=�:8Ts��
L
Æ���:}�+_�
8A a, b, YR�� (1.3) ���T (xk, yk), k = 1, . . . , 5 r&7��.�q3
 a, b, YRy�

f(a, b) =

5
∑

i=1

|yi − (axi + b)|/
f(a, b) =

5
∑

i=1

[yi − (axi + b)]2;O>&v��:8T�+R�o/B<t)�T9&vo/T:}�
min f(a, b), (a, b)T ∈ R2.Ao/ (1.1) ��- D = Rn, Io/�_s4�>��o/ (\�s4�o/), &I�_4�>��o/ (\�4�o/). :8Tf 1.1.1 e4�o/�f 1.1.2 es4�o/�



§1.1 ���md�Z 3s4�o/<�I_�
min f(x), x ∈ Rn. (1.4)4�o/Tj-=℄_�















min f(x)

s.t. gi(x) ≥ 0, i ∈ I = {1, . . . ,m1},
hj(x) = 0, j ∈ E = {m1 + 1, . . . ,m},

(1.5)q� gi, hj : Rn → R, i ∈ I, j ∈ E . 4�o/ (1.5) ��y� gi, i ∈ I, hj , j ∈ E �_4�y��
V℄< gi(x) ≥ 0, i ∈ I �V℄< hj(x) = 0, j ∈ E  X�_
V℄4�9
�V℄4�9
�B�_4�9
�&7o/ (1.5) T4�9
T_�X
T<��_o/TB?"�I_ D. �
D = {x | gi(x) ≥ 0, i ∈ I, hj(x) = 0, j ∈ E}.>��TjG�e[ M("e
o/ (1.1)T��>��o/T� _#h>����# (e1)>���qj{)���# 1.1.1 �6 x∗ ∈ D. � - x∗ /�`[% U(x∗), $-�h|1'
R

f(x∗) ≤ f(x), ∀x ∈ D ∩ U(x∗), (1.6)1� x∗ *aN (1.1) /�`6�_�(����^aN (1.1) /�`_�(��|1' (1.6) AF�
x ∈ D ∩ U(x∗)\{x∗} 
R�_|1'�1� x∗ *aN (1.1) /�`�_6�_�(��|1'

f(x∗) ≤ f(x), ∀x ∈ D (1.7)
R�1� x∗ *aN (1.1) /�`�6�<O�_�(��|1' (1.7) AF� x ∈ D\{x∗} 
R�_|1'�1� x∗ *aN (1.1) /�`�_�6�<O�_�(�4�>��o/��sZ�eTo/�JGTy� f �4�y� gi, i ∈ I, hj , j ∈ E re�Ay�R�4�o/ (1.5) �_�Am��JGTy� f e�0y��4�y� gi, i ∈ I, hj, j ∈ E re�Ay�R�4�o/ (1.5) �_�0m��.O�-y� f e Rn �TFy�� D eF<R�o/
(1.1) �_Fm��F<�Fy�T8Yq3hA�j~��?�A��?~p|�q3'
j��(y�T Taylor N8℄u>!v�%`���F f : Rn → R �0mNBY�q3� ∇f(x) � ∇2f(x)  XV_ f A x #T+x!v� Hessian%`��

∇f(x) =













∂f(x)

∂x1
...

∂f(x)

∂xn













, ∇2f(x) =















∂2f(x)
∂x2

1

· · · ∂2f(x)
∂x1∂xn

...
...

∂2f(x)
∂xn∂x1

· · · ∂2f(x)
∂x2

n















.� x, y ∈ Rn, j{j(y� φ : R→ R )��
φ(t) = f(y + t(x− y)).



4 ��� �~�sxG�BR φ Tjz��zM�� f T+x� Hessian %`pYT)�e��
φ′(t) = ∇f(y + t(x− y))T (x− y), φ′′(t) = (x− y)T∇2f(y + t(x− y))(x − y).d�j(y��vj^�(wM��(y�Tjz��z�vj^��(y�Tjz Taylor N8℄ (jz�vj^) )��

f(x) = f(y) +

∫ 1

0

∇f(y + τ(x − y))T (x− y)dτ

= f(y) +∇f(y + θ(x− y))T (x− y)
= f(y) +∇f(y)T (x− y) + o(‖x− y‖),q� θ ∈ (0, 1).�(y�T�z Taylor N8℄ (�z�vj^) )��

f(x) = f(y) +∇f(y)T (x− y) +
1

2
(x− y)T

∫ 1

0

∇2f(y + τ(x − y))dτ (x− y)

= f(y) +∇f(y)T (x− y) +
1

2
(x− y)T∇2f(y + θ(x− y))(x − y)

= f(y) +∇f(y)T (x− y) +
1

2
(x− y)T∇2f(y)(x− y) + o(‖x− y‖2),q� θ ∈ (0, 1).!vvy��Z
T�vj^�F F = (F1, F2, . . . , Fm)T : Rn → Rm mNBY� F ′(x) V_ F A

x #T Jacobi %`��
F ′(x) = (∇F1(x),∇F2(x), · · · ,∇Fm(x))T

=



























∂F1(x)

∂x1

∂F1(x)

∂x2
· · · ∂F1(x)

∂xn

∂F2(x)

∂x1

∂F2(x)

∂x2
· · · ∂F2(x)

∂xn

...
... · · ·

...

∂Fm(x)

∂x1

∂Fm(x)

∂x2
· · · ∂Fm(x)

∂xn



























.

I�
F (x) = F (y) +

∫ 1

0

F ′(y + τ(x − y))dτ(x − y) = F (y) + F ′(y)(x− y) + o(‖x− y‖). (1.8))s)X	=�?w��OT!v��5_ Euclid ����� x ∈ Rn, ‖x‖ = (xTx)1/2. �%`
A ∈ Rn×n, ‖A‖ V_�!v�� ‖ · ‖ M�T����

‖A‖ = max
‖x‖=1

‖Ax‖ = max{‖Ax‖‖x‖
∣

∣

∣ x ∈ Rn, x 6= 0}.q3u ‖ · ‖F V_%`T Frobenius ����
‖A‖F = [tr(AAT )]1/2 = [tr(ATA)]1/2 = (

n
∑

i,j=1

a2
ij)

1/2, ∀A = (aij) ∈ Rn×n,



§1.2 h!�h�\ 5q�� tr(A) V_%` A T7�
§1.2 aI8a7D?~�?F<�Fy�Tj{>q2?A��

§1.2.1 `H�# 1.2.1 �
w S ⊆ Rn fZ
αx + (1− α)y ∈ S, ∀x, y ∈ S, ∀α ∈ [0, 1], (1.9)1� S * Rn N/Y
�3C�Tqx�F< S B�h_�- S 6w_ x, y, I!6wz x � y Tm��)I 1.2 �_�

r

r

���x
y

r

r

�
�

��

x

y

I 1.2 F<��F<.� 1.2.1 � r > 0, 1 Rn N/t� S
△
= {x ∈ Rn | ‖x‖ ≤ r} *Y
�� a ∈ Rn *a:/nW�

b ∈ R *�`�5�1 Rn N�|l π
△
= {x ∈ Rn | aTx = b} *�`Y
�� b = (b1, b2, . . . , bm)T ∈ Rm,

ai ∈ Rn, i = 1, . . . ,m *a:/nW�1ClO π1
△
= {x ∈ Rn | aT

i x ≤ bi, i = 1, . . . ,m} u π2
△
= {x ∈

Rn | aT
i x = bi, xi ≥ 0, i = 1, . . . ,m} ;*Y
�(wi=� Rn �TF<�)�A��

1. - S ⊆ Rn eF<�I�#y α ∈ R, <�
αS

△
= {αx | x ∈ S}e Rn �TF<�

2. - S1, S2 ⊆ Rn eF<�I<� S1 ∩ S2 �
S1 + S2

△
= {x = x(1) + x(2) | x(1) ∈ S1, x

(2) ∈ S2}�
S1 − S2

△
= {x = x(1) − x(2) | x(1) ∈ S1, x

(2) ∈ S2}re Rn �TF<�



6 ��� �~�# 1.2.2 � C ⊆ Rn. �
λx ∈ C, ∀ λ ∈ R, λ ≥ 0, ∀x ∈ C,1� C * Rn N/�`W�� C *W�^Y
�1�H*�`YW�

Rn �TF(ej��eTF<�
Li=�)rAf 1.2.1 �� b = 0, If�T π1 � π2 reF(��# 1.2.3 � S ⊆ Rn *tY
� x ∈ S. �| -V`|V/6 x(1), x(2) ∈ S ��5 α ∈ (0, 1),$- x = αx(1) + (1−α)x(2), 1� x *Y
 S /�`96�	6�� x ∈ S *96/�	R�* x |ty)^ S NV`|V6/Y^w�� 1.2.2 Y

S = {(x1, x2)

T | x1 + 2x2 ≤ 8, 0 ≤ x1 ≤ 4, 0 ≤ x2 ≤ 3}N�96� x(0) = (0, 0)T , x(1) = (0, 3)T , x(2) = (4, 0)T , x(3) = (2, 3)T , x(4) = (4, 2)T . �Z 1.3 F)�

x1

x2

q

x(2)

q

x(4)
HHHHq

x(3)
q

x(1)

q

x(0)
-

6

I 1.3 F<Th_.F<Bu�s�Gh_�)Eh/
S = {x ∈ R2 | ‖x‖ ≤ 1}TK�:T#y_reh_��# 1.2.4 � S ⊆ Rn *tY
� d ∈ Rn ^Q\nW��A�� x ∈ S, ?�
{x+ αd | α ≥ 0} ⊆ S,1� d * S /�`Nn�� S /Nn d |ty)^ S /�HV`|VNn/=ky^w�1�H^

S /�`	Nn��:8Tj{wn���<�.��!��.�f 1.2.2 �T S .��!�



§1.2 h!�h�\ 7� 1.2.3 Y

S = {x ∈ R2 | x1 − 4x2 ≤ 0, 3x1 − x2 ≥ 0}�V`	Nn

d(1) = (4, 1)T u d(2) = (1, 3)T .

d(1) u d(2) /�vQZky^w;* S /Nn��Z 1.4 F)�

x1

x2

-��������:

���������� x1 − 4x2 = 0

d(1)

6

�
�
�
�
�
���

�
�
�
�
�
�
��

3x1 − x2 = 0

d(2)

d

�
�

�
�

�>

I 1.4 F<T�!�9�!�
§1.2.2 `5BFy�Tj{)���# 1.2.5 � S ⊆ Rn *Y
��s5 f : Rn → R fZ

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y), ∀x, y ∈ S, ∀α ∈ [0, 1], (1.10)1� f * S �/Ys5��|1' (1.10) AF� x 6= y u α ∈ (0, 1) 
R�_|1'�1� f * S �/�_Ys5�� -�5 m > 0, $-|1'
f(αx+ (1 − α)y) ≤ αf(x) + (1 − α)f(y)−mα(1− α)‖x− y‖2 (1.11)AF� x, y ∈ S ��F� α ∈ [0, 1] 
R�1� f * S �/�IYs5 (��Ys5) .�j{ 1.2.5 
L:�j�Fy�eYDFy��YDFy�eFy��Fy�TC��h_�y�TI :T#ys_�jT�AqI T:��)I 1.5 �_�
Li=� Rn �TFy��)�A��

1. F f1, f2 : Rn → R eFy��I�#y α1 ≥ 0, α2 ≥ 0, y� α1f1 + α2f2 eFy��
2. F fi : Rn → R, i = 1, . . . ,m eFy��I�#y αi ≥ 0, i = 1, . . . ,m, y� m

∑

i=1

αifi eFy���8Tj^K�zFy�TCGVWA9
�



8 ��� �~
x

y

-

6

q

A�
�

�
�

�
�

��
qB

I 1.5 Fy���} 1.2.1 �s5 f : Rn → R F�T~D\�1hl/mN1��
(1) s5 f *Ys5�
(2) A�� x, y ∈ Rn, �&s5 φ(t)

△
= f(tx+ (1− t)y) * [0, 1] �/Ys5�

(3) A��/ x, y ∈ Rn, hl/|1'
R�
f(x)− f(y) ≥ ∇f(y)T (x− y). (1.12)

(4) K=s5 ∇f '7���
(∇f(x) −∇f(y))T (x − y) ≥ 0, ∀x, y ∈ Rn. (1.13)

(5) AF� x ∈ Rn, ∇2f(x) o=:�I� 
i=�/ (1)��/ (2)VW�F�/ (1)
h��KjT x, y ∈ Rn, t1, t2 ∈ [0, 1], α ∈ [0, 1],�
φ(αt1 + (1− α)t2) = f((αt1 + (1− α)t2)x + (1− (αt1 + (1 − α)t2))y)

= f(α(t1x+ (1− t1)y) + (1− α)(t2x+ (1 − t2)y))
≤ αφ(t1) + (1− α)φ(t2),��/ (2) 
h��p�F�/ (2) 
h��#y x, y ∈ Rn > α ∈ [0, 1], �

f(αx+ (1− α)y) = φ(α) = φ(α · 1 + (1− α) · 0)

≤ αφ(1) + (1− α)φ(0) = αf(x) + (1− α)f(y),��/ (1) 
h�



§1.2 h!�h�\ 9�8%)��Li=�/ (1),(3),(4),(5) VW��/ (1)⇒ �/ (3)⇒ �/ (4) ⇒ �/ (5)⇒ �/
(1). �/ (1)⇒ �/ (3). �#y x, y ∈ Rn > α ∈ (0, 1], � f TFA��

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y).�.BR
f(x)− f(y) ≥ f(y + α(x − y))− f(y)

α
.:℄� α→ 0+ �9��R (1.12).�/ (3)⇒ �/ (4). �#y x, y ∈ Rn, ��/ (3) �

f(x)− f(y) ≥ ∇f(y)T (x − y), f(y)− f(x) ≥ ∇f(x)T (y − x).:8Ts℄�S�R (1.13).�/ (4)⇒ �/ (5). �#y x, p ∈ Rn > t ∈ (0, 1), 
 y = x+ tp. � (1.13) R
t(∇f(x + tp)−∇f(x))T p ≥ 0.:℄sz>�u t2 	?� t→ 0+ �9�R pT∇2f(x)p ≥ 0, ��/ (5) 
h��/ (5)⇒ �/ (1). �#y x, y ∈ Rn > α ∈ [0, 1], 
 z = αx+ (1− α)y. ��z Taylor N8℄d��/ (5) BR
f(x) ≥ f(z) +∇f(z)T (x− z),

f(y) ≥ f(z) +∇f(z)T (y − z).:8s℄ X�u α � 1− α 	�S� yO z Tj{�R�/ (1). IV�8Tj^K�zFy�T	jGVWA�/��} 1.2.2 � S ⊆ Rn *Y
�1 f : S → R *Ys5/�	R�* f /�Zo
P (f)

△
= {(x, α) | x ∈ S, α ∈ R, f(x) ≤ α}* Rn+1 N/Y
�I� HeA�F f : S → R eFy���#y (x(1), α1), (x

(2), α2) ∈ P (f), �j{R
f(x(1)) ≤ α1, f(x(2)) ≤ α2. (1.14)F t ∈ [0, 1] #y�� f TFAR

f(tx(1) + (1− t)x(2)) ≤ tf(x(1)) + (1− t)f(x(2)) ≤ tα1 + (1− t)α2,� t(x(1), α1) + (1− t)(x(2), α2) ∈ P (f). �.� P (f) e Rn+1 �TF<�� A�F P (f)eF<��#y x(1) , x(2) ∈ S> t ∈ [0, 1],�� (x(1), f(x(1))) ∈ P (f), (x(2), f(x(2))) ∈
P (f), b�

(tx(1) + (1 − t)x(2), tf(x(1)) + (1− t)f(x(2))) = t(x(1), f(x(1))) + (1− t)(x(2), f(x(2))) ∈ P (f).



10 ��� �~3��
f(tx(1) + (1− t)x(2)) ≤ tf(x(1)) + (1 − t)f(x(2)),� f e S :TFy�� IV�# 1.2.6 �s5 −f *Ys5�1�s5 f *ls5�d�j^ 1.2.1 � 1.2.2, 
Lfh'y���TVWAj^��} 1.2.3 �s5 f : Rn → R F�T~D\�1hl/mN1��

(1) s5 f *ls5�
(2) A�� x, y ∈ Rn, �&s5 φ(t)

△
= f(tx+ (1− t)y) * [0, 1] �/ls5�

(3) hl/|1'
R�
f(x)− f(y) ≤ ∇f(y)T (x− y), ∀x, y ∈ Rn.

(4) hl/|1'
R�
(∇f(x) −∇f(y))T (x − y) ≤ 0, ∀x, y ∈ Rn.

(5) AF� x ∈ Rn, ∇2f(x) oZ:�
(6) 
w

{(x, α) | x ∈ S, α ∈ R, f(x) ≥ α}* Rn+1 N/Y
��} 1.2.4 � S ⊆ Rn *Y
�s5 f : S → R *Ys5�1A�v α ∈ R, 8|

Sα

△
= {x ∈ S | f(x) ≤ α}* Rn N/Y
�I� �#y x(1), x(2) ∈ Sα > λ ∈ [0, 1], �Fy�Tj{BR

f(λx(1) + (1− λ)x(2)) ≤ λf(x(1)) + (1− λ)f(x(2)) ≤ α,� λx(1) + (1 − λ)x(2) ∈ Sα. �.� Sα eF<� IV�8Tj^K�zajy�_YDFy�TjG� 9
��} 1.2.5 �s5 f : Rn → R F�T~D\��hl/R���
R�1 f *�_Ys5�
(1) hl/|1'
R�

f(x)− f(y) > ∇f(y)T (x− y), ∀x 6= y ∈ Rn.

(2) A�v x, 7: ∇2f(x) =:�



§1.2 h!�h�\ 11I� 9
 (2) e9
 (1) T)t�=�
V:�- ∇2f(x) gj�I�#yT x, y ∈ Rn, x 6= y, ��z Taylor N8R
f(x)− f(y) = ∇f(y)T (x − y) +

1

2
(x − y)T∇2f(y + θ(x − y))(x− y) > ∇f(y)T (x − y),q�� θ ∈ (0, 1). �.�9
 (1) 
h��8i=-9
 (1) 
h�Iy� f eYDFy���#y x, y ∈ Rn, x 6= y > α ∈ (0, 1), 
 z = αx+ (1− α)y. �9
 (1) R

f(x) > f(z) +∇f(z)T (x− z),

f(y) > f(z) +∇f(z)T (y − z).:8T[j℄�u α, [�℄�u 1− α 	�SR
αf(x) + (1 − α)f(y) > f(z) + α∇f(z)T (x− z) + (1− α)∇f(z)T (y − z)

= f(z) +∇f(z)T [α(x− z) + (1 − α)(y − z)]
= f(z) = f(αx+ (1− α)y),� f eYDFy�� IV�8Tj^K�zj�Fy�TjGVWA9
��} 1.2.6 �s5 f : Rn → R F�T~D\�1H*�IYs5/�	R�*� Hessian :

∇2f(x) �I=:�� -�5 m > 0 $-
pT∇2f(x)p ≥ m‖p‖2, ∀p ∈ Rn.I� �#y x, y ∈ Rn > α ∈ [0, 1], 
 zα = αx + (1 − α)y. � Taylor N8n�8A θ1, θ2 ∈ (0, 1),YR

f(x) = f(zα) +∇f(zα)T (x− zα) +
1

2
(x − zα)T∇2f(ξ(1)α )(x− zα),

f(y) = f(zα) +∇f(zα)T (y − zα) +
1

2
(y − zα)T∇2f(ξ(2)α )(y − zα),q�� ξ

(1)
α = zα + θ1(x− zα), ξ

(2)
α = zα + θ2(y− zα). :8T[j℄�u α, [�℄�u 1− α 	�S�℄d� zα Tj{R

αf(x) + (1− α)f(y) = f(zα) +
1

2
α(1 − α)(x − y)T [(1− α)∇2f(ξ(1)α ) + α∇2f(ξ(2)α )](x − y). (1.15)HeA�F f ej�Fy���#K p ∈ Rn, t > 0, � y = x+ tp, � (1.11) n��8T
V℄���T p ∈ Rn u>��T α ∈ [0, 1], t > 0 5
h�

1

2
pT [(1− α)∇2f(ξ(1)α ) + α∇2f(ξ(2)α )]p ≥ m‖p‖2.
 t→ 0+ �9�� yO�

ξ(1)α = zα + θ1(x − zα) = y + α(x− y) + (1− α)θ1(x− y) = x+ tp− tαp− t(1− α)θ1p→ x,
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ξ(2)α = zα + θ2(y − zα) = y + α(x − y)− αθ2(x− y) = x+ tp− tαp+ tαθ2p→ x,�R ∇2f(x) Tj�gjA�� A�F ∇2f(x) j�gj��8A�� m > 0 YR pT∇2f(x)p ≥ m‖p‖2, ∀x, p ∈ Rn. � (1.15)BR

αf(x) + (1− α)f(y) ≥ f(zα) +
1

2
mα(1 − α)‖x− y‖2,� f ej�Fy�� IVZ
�j^ 1.2.1, j�Fy���)�VWA9
 (i=�Bq�).�} 1.2.7 � f : Rn → R T~D\�1hZmN1��

(1) s5 f *�IYs5�
(2)  -�5 m > 0 $-

f(x)− f(y) ≥ ∇f(y)T (x − y) +m‖x− y‖2.

(3)  -�5 m̄ > 0 $-
[∇f(x) −∇f(y)]T (x− y) ≥ m̄‖x− y‖2.� 1.2.4 �7: Q ∈ Rn×n, nW q ∈ Rn, #5 c ∈ R. 1F�s5

f(x) =
1

2
xTQx+ qTx+ c*Ys5/�	R�*7: Q o=:� f *�IYs5��_Ys5/�	R�*7: Q =:�I� �G�sxR ∇f(x) = 1

2 (Q+QT )x + q, ∇2f(x) = 1
2 (Q+QT ).  yO%` Q T0gjA�gjAVW�%` Q+QT T0gjA�gjA��j^ 1.2.1 � 1.2.6 n f eFy�T�e9
e Q0gj� f ej�Fy�T�e9
e Q gj��j^ 1.2.5 nJ Q gjR� f YDF��� “J feYDFy�R� Q Hgj” Ti=�Bq�� IV� 1.2.5 � f : Rn → R *Ys5� gi : Rn → R, i ∈ I = {1, . . . ,m1} ;*ls5� hj : Rn → R,

j ∈ E = {m1 + 1, . . . ,m} ;*kys5�1hl/)4aN
min f(x)

s.t. gi(x) ≥ 0, i ∈ I,
hj(x) = 0, j ∈ E*Yn{aN�I� Io/TB?"_

D = {x | gi(x) ≥ 0, i ∈ I, hj(x) = 0, j ∈ E}.|Ei= D eF<�
V:��#yT x(1), x(2) ∈ D > t ∈ [0, 1], �'y�Tj{�q3�
gi(tx

(1) + (1− t)x(2)) ≥ tgi(x
(1)) + (1 − t)gi(x

(2)) ≥ 0, i ∈ I.
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hj(tx

(1) + (1− t)x(2)) = thj(x
(1)) + (1− t)hj(x

(2)) = 0, j ∈ E .�.�
tx(1) + (1− t)x(2) ∈ D,� D eF<� IVA��?Pp|�q3�+CGe�noAT8Y��j��T#hnoAxTe�8A_ x∗ T�" U(x∗), YRJ�[_ x(0) ∈ U(x∗) R���~KT_} {x(k)} no� x∗.��T�#noAxTe�J�[_ x(0) eDGu>T<��T#y_R���~KT_} {x(k)}no�DG_ x∗.�# 1.2.7 �}Z {x(k)} ⊂ Rn /U 6 x∗.

(1) � -�5 ρ ∈ (0, 1) $-) k �S#!�
‖x(k+1) − x∗‖ ≤ ρ‖x(k) − x∗‖,1� {x(k)} ky/U x∗, �� {x(k)} //U�=*ky/�

(2) �
lim

k→∞

‖x(k+1) − x∗‖
‖x(k) − x∗‖ = 0,1� {x(k)} �ky/U x∗, �� {x(k)} //U�=*�ky/�

(3) � -�5 M > 0 $-) k �S#!�
‖x(k+1) − x∗‖ ≤M‖x(k) − x∗‖2,1� {x(k)} F�/U x∗, �� {x(k)} //U�=*F�/�
���0noH��Ano���AnoH�Ano��8TT℄ (1.16) �_ Sherman-Morrison T℄�4T℄Bsx`i (i=�Bq�).�} 1.2.8 �7: A ∈ Rn×n Q���nW u, v ∈ Rn fZ

1 + vTA−1u 6= 0.17: A+ uvT Q�����w�h'a�
(A+ uvT )−1 = A−1 − A−1uvTA−1

1 + vTA−1u
. (1.16)q3?K�)��^�



14 ��� �~%} 1.2.1 � I ∈ Rn×n y)'`7:�1A�v ui, vi ∈ Rn, i = 1, 2,

det(I + u1v
T
1 ) = 1 + uT

1 v1, (1.17)

det(I + u1v
T
1 + u2v

T
2 ) = (1 + uT

1 v1)(1 + uT
2 v2)− (uT

1 v2)(v
T
1 u2). (1.18)I� 
 A = I + u1v

T
1 . I A � n− 1 G)bv_ 1, �	jG)bv_ 1 + uT

1 v1. �.�d�%`T?}℄TvV�q)bvT�5\jA��R (1.17).- 1 + uT
1 v1 6= 0, �j^ 1.2.8 n%` I + u1v

T
1 �s���T℄ (1.17) BR

det(I + uT
1 v1 + u2v

T
2 ) = det(I + u1v

T
1 ) · det[I + (I + u1v

T
1 )−1u2v

T
2 ]

= (1 + uT
1 v1)[1 + vT

2 (I + u1v
T
1 )−1u2]

= (1 + uT
1 v1)

[

1 + vT
2 (I − u1v

T
1

1 + uT
1 v1

)u2

]

= (1 + uT
1 v1)(1 + uT

2 v2)− (vT
2 u1)(v

T
1 u2),� (1.18) 
h�- 1 + uT

1 v1 = 0, 
LXE {u(k)
1 } → u1, {v(k)

1 } → v1, YR 1 + u
(k)
1 v

(k)
1 6= 0. �:8Ti=��

det(I + u
(k)
1 v

(k)T
1 + u2v

T
2 ) = (1 + u

(k)T
1 v

(k)
1 )(1 + uT

2 v2)− (u
(k)T
1 v2)(v

(k)T
1 u2).sz�9��R (1.18). IV

sY 1

1. GEP�� m �/2 Ai, i = 1, . . . , m, �w!Y` bi, i = 1, . . . ,m. ��℄./2L� n ��g Bj , j =

1, . . . , n. VG1L�kHFi Bj �gFf%|/2 Ai U�w` aij . ^G1L�kFi�g Bj C.e cj . mgi�TC<�ZS6e~??��
2. G f : Rn → R 	1nOCZ�

(i) � f̄(z) = f(Az + b), r
� A ∈ Rn×n, b ∈ Rn. j>�
∇f̄(z) = AT∇f(Az + b), ∇2f̄(z) = AT∇2f(Az + b)A.

(ii) �LkU x, p ∈ Rn, k|k)z� φ = f(x+ tp). j>�
φ′(x) = ∇f(x+ tp)T p, φ′′(x) = pT∇2f(x+ tp)p.

3. H�	9z�U,y� Hessian a�
(i)

f(x) = 10(x2 − x2
1)

2 − (1 − x1)
2.

(ii)

f(x) = (g1(x), g2(x))

(

2 1

1 4

)(

g1(x)

g2(x)

)

,r
�
g1(x) = (x1 − x2)

2 − x2
1 + x2

2, g2(x) = x1 + x2.
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4. b~	9U=�f'fG=�
S1 = {x = (x1, x2)

T
∣

∣ ‖x‖ ≤ 1, x1 ≥ 0}, S2 = {x = (x1, x2)
T
∣

∣ |x1| + |x2| ≤ 1},

S3 = {(x1, x2, x3)
T
∣

∣ ‖x‖ ≤ 1, x1 + x2 + 2x3 ≤ 1.5}, S4 = {(x1, x2, x3)
T
∣

∣ ‖x‖ ≥ 1}.

5. j>� S ⊂ Rn `G)U�f:df��$z k(k ≥ 2 ff�) H x(i) ∈ S, i = 1, . . . , k, v? αi ∈ R, αi ≥ 0,

i = 1, . . . , k, 6�
k
∑

i=1

αix
(i) ∈ S.

6. G D ⊂ Rn fFG=� x 6∈ D.

(i) j>� x P D UD
9B�A9B x̄ ∈ D ZS
‖x− x̄‖ ≤ ‖x− y‖, ∀y ∈ D.

(ii) j>� x̄ f x P D UD
U�f:df
(x− x̄)T (y − x̄) ≤ 0, ∀y ∈ D

(iii) j>� x P D UD
^k�
7. j>G=UZE!℄k_�

(i) G D ⊂ Rn f�HFG=� x̄ 6∈ D. J9B�i9ZE!℄ x � D. A9B a ∈ Rn, b ∈ R ZS
aTx− b ≤ 0 < aT x̄− b, ∀x ∈ D.

(ii) G D1 � D2 f Rn 
tHd�nUFG=�J9B�i9ZE!℄ D1 � D2. A9B a ∈ Rn ZS
aTx ≤ 0 < aT y, ∀x ∈ D1,∀y ∈ D2.

8. j>G=U!℄k_�
(i) G D ⊂ Rn f�HG=� x̄ 6∈ D. J9B�i9!℄ x � D. A9B a ∈ Rn, b ∈ R ZS

aTx− b ≤ 0 ≤ aT x̄− b, ∀x ∈ D̄,r
 D̄ W` D UF7�
(ii) G D1 � D2 f Rn 
tHd�nUG=�J9B�i9!℄ D1 � D2. A9B a ∈ Rn ZS

aTx ≤ 0 ≤ aT y, ∀x ∈ D̄1,∀y ∈ D̄2.

9. j>�*s fi, i = 1, . . . ,m f S ⊆ Rn ;UGz��J	9Uz�sf S ;UGz��
max

1≤i≤m
fi(x),

m
∑

i=1

fi(x) � m
∑

i=1

max{fi(x), 0}.

10. G S ⊆ Rn fG=�*sz� f : S → R nO�'8��
f(
x+ y

2
) ≤ 1

2
[f(x) + f(y)], ∀x, y ∈ S.j>� f f S ;UGz��



16 ��� �~
11. G f fG= S ⊆ Rn ;UGz��Jp0

min
x∈S

f(x)U$i?��Ikfrf2?���.�VG f nOCZ�J x̄ ∈ S f;9p0U�U�f:df
∇f(x̄)T (x− x̄) ≥ 0, ∀x ∈ S.

12. G f : Rn → R 	1nOCZ�x∗ ∈ Rn ZS ∇2f(x∗) hk�j>�9B x∗ U�# U(x∗) v?�� M ≥ m > 0ZS	9UdW^�$� x ∈ U(x∗), $� d ∈ Rn Æi�
m‖d‖2 ≤ dT∇2f(x)d ≤M‖d‖2,

m‖d‖ ≤ ‖∇2f(x)d‖ ≤M‖d‖,

m‖x− x∗‖ ≤ ‖∇f(x) −∇f(x∗)‖ ≤M‖x− x∗‖..�kgVG ∇f(x∗) = 0, j>�9B�� M̄ ≥ m̄ > 0 ZS
m̄‖x− x∗‖2 ≤ f(x) − f(x∗) ≤ M̄‖x− x∗‖2, ∀x ∈ U(x∗),

m̄‖∇f(x)‖2 ≤ f(x) − f(x∗) ≤ M̄‖∇f(x)‖2, ∀x ∈ U(x∗).

13. j>ZEG	1z�Ikfk�Gz��
14. j> Rn 
UZEGz�?�}�kH:(w`�
15. j>k�Gz�UWXBA0�Ak_ 1.2.7.

16. Gz� f : Rn → R fnOCZUk�Gz��
(i) j>��$� α ∈ R, �i=

Ω = {x ∈ Rn | f(x) ≤ α}f��FG=�
(ii) j> f B Rn 
9B^kU:(w`�

17. G S ⊆ Rn fG=�*sz� f : S → R nO�9B�� γ > 0 ZS
f(
x+ y

2
) ≤ 1

2
[f(x) + f(y)] − γ‖x− y‖2, ∀x, y ∈ S,j>� f f S ;Uk�Gz��

18. G f f S ⊆ Rn ;UGz�� α 6∈ [0, 1], x(1), x(2) ∈ S ZS zα = αx(1) + (1 − α)x(2) ∈ S. J
f(αx(1) + (1 − α)x(2)) ≥ αf(x(1)) + (1 − α)f(x(2)).

19. G f f S ⊆ Rn ;UZEGz�� α 6∈ [0, 1], x(1), x(2) ∈ S, x(1) 6= x(2) ZS zα = αx(1) + (1 − α)x(2) ∈ S. J
f(αx(1) + (1 − α)x(2)) > αf(x(1)) + (1 − α)f(x(2)).

20. G f f S ⊆ Rn ;Uk�Gz�� α 6∈ [0, 1], x(1), x(2) ∈ S ZS zα = αx(1) + (1 − α)x(2) ∈ S. J
f(αx(1) + (1 − α)x(2)) > αf(x(1)) + (1 − α)f(x(2)) − α(1 − α)m‖x(1) − x(2)‖2.
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21. G`~ {x(k)} ⊂ Rn ��� {‖x(k) − x(k−1)‖} → 0. j>�. {x(k)} �_i:�` x̄, AB x̄ UEH�#N/�
{x(k)} Ur":�`�J {x(k)} �Iop� x̄.

22. G`~ {xk)} ⊂ R2 �	9k|�
x(k) = (1 + e−k2

, 0.52k

)T , k = 0, 1, . . . .j>� {x(k)} ��Bop� (1, 0)T .

23. j> Sherman-Morrison U^ (1.16).

24. j>f�&aU Frobenius ��U*	f�^�
(i) �$� u, v ∈ Rn, �

‖uvT ‖2
F = ‖u‖2‖v‖2,r
"wU��` Euclid ���

(ii) G A ∈ Rn×n. �$� s ∈ Rn, �
∥

∥

∥A
(

I − ssT

‖s‖2

)∥

∥

∥

2

F
= ‖A‖2

F − ‖As‖2

‖s‖2
.

25. (i) j> Von Neumann k_�.&a A ∈ Rn×n �t�� ‖A‖ < 1, J&a (I − A) �t�����
(I −A)−1 =

∞
∑

k=0

Ak, ‖(I − A)−1‖ ≤ 1

1 − ‖A‖ .

(ii) j>�.&a A ∈ Rn×n �t��&a B ∈ Rn×n '8 ‖A−1(B − A)‖ < 1, J&a B �t�����
B−1 =

∞
∑

k=0

(I − A−1B)kA−1, ‖B−1‖ ≤ ‖A−1‖
1 − ‖A−1(B −A)‖ .
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��E n;�kW~uWN�3z�HQ
§2.1 o<AlXb�f/�℄UF f : Rn → R mNBY�;z)�s4�>��o/�

min f(x), x ∈ Rn. (2.1)_zM�s4�o/ (2.1) T�T>�A9
�q3
�+�k�!T8Y��# 2.1.1 � x, d ∈ Rn. � -5 ᾱ > 0 $-
f(x+ αd) < f(x), ∀α ∈ (0, ᾱ),1� d *s5 f -6 x �/�`h!Nn�� −d *s5 f - x �/h!Nn�1� d *s5 f -

x �/�`��Nn��k�! d 3C�:B�h_�J_3 x �
�^�! d ooR�y� f TvTP��Ed℄℄T�d�-

φ(α) = f(x+ αd),I�! d e f A x #T�k�!VW�j(y� φ A+_#Ed℄℄��j(y�Y SnXBn�- φ′(0) < 0, I φ A+_Ed℄℄��.�q3�)�j^��} 2.1.1 � f T~D\� ∇f(x) 6= 0.

(1) �nW d fZ ∇f(x)T d < 0, 1H* f - x �/�`h!Nn�
(2) �7: H ∈ Rn×n A�=:�1nW d = −H∇f(x) * f - x �/�`h!Nn�Jz�nW d = −∇f(x) * f - x �/�`h!Nn�I� 
���� (2) e�� (1) Tj�)t�=�b|Ei=�� (1). F ∇f(x)T d < 0. d�

Taylor N8�
LRO�J α > 0 � &R�
f(x+ αd) = f(x) + α∇f(x)T d+ o(α) < f(x),� d e f A x #TjG�k�!� IV���n�J n = 1 R�- x∗ eo/ (2.1) T��I f ′(x∗) = 0 � f ′′(x∗) ≥ 0. 	j�8�- x∗&7 f ′(x∗) = 0 � f ′′(x∗) > 0, I x∗ eo/ (2.1) TjGYD#h9&v_�J n > 1 R�s4�o/�T>�A9
B:
:}9
TLl��8Tj^K�z_ x∗ es4�o/ (2.1) T#h>��THe9
��} 2.1.2 � m:?jV`}�\W�[S�� f : Rn → R T~D\� x∗ *
)4aN (2.1) /�`6�_�(�1 x∗ fZ

∇f(x∗) = 0. (2.2)

19



20 ��� n�[md}p(`
�r{^aI� #K p ∈ Rn, �#h>��Tj{��#y� &T� t > 0, �
f(x∗) ≤ f(x∗ + tp) = f(x∗) + t∇f(x∗)T p+ o(t).
V℄Tsz>R℄� f(x∗)	�u t, ℄
 t→ 0+ BR ∇f(x∗)T p ≥ 0, ∀p ∈ Rn. )X
 p = −∇f(x∗)R

−‖∇f(x∗)‖2 = −∇f(x∗)T∇f(x∗) ≥ 0.3�� ∇f(x∗) = 0. IVq3�&7 (2.2) T_ x∗ _y� f Tmj_�j^ 2.1.2 V=�s4�o/ (2.1) T#h>��HeGTy�Tmj_�s4�o/�T�zHe9
��8Tj^K���} 2.1.3 � m:?jV`}�\W�[S�� f : Rn → R F�T~D\� x∗ *
)4aN (2.1) /�`6�_�(�1 x∗ fZ (2.2) �
∇2f(x∗) o=:�I� �j^ 2.1.2, |Ei= ∇2f(x∗) 0gj�#K p ∈ Rn, �>��Tj{��#y� &T�
t, �

f(x∗) ≤ f(x∗ + tp) = f(x∗) +
1

2
t2pT∇2f(x∗)p+ o(t2).� t � p T#yA�R ∇2f(x∗) e0gjT� IVj^ 2.1.3 T9

e� 9
�
V:�y� f(x) = x3 A x∗ = 0 #&7j^ 2.1.3 T9
�G

x∗ 
�
e f T9&v_��} 2.1.4 � m:?jV`}�\n�[S�� f : Rn → R F�T~D\�� x∗ fZ ∇f(x∗) = 0 � ∇2f(x∗) =:�1 x∗ *
)4aN (2.1)/�`�_6�_�(�I� �� ∇2f(x∗) gj�b8A�� δ > 0, YR��� y ∈ Uδ(x
∗)

△
= {y ∈ Rn | ‖y − x∗‖ < δ},

∇2f(y) gj��.��#y y ∈ Uδ(x
∗), y 6= x∗, � Taylor N8n�8A θ ∈ (0, 1) YR

f(y) = f(x∗) +
1

2
(y − x∗)T∇2f(x∗ + θ(y − x∗))(y − x∗) > f(x∗),� x∗ eo/ (2.1) TjGYD#h>��� IV�j^ 1.2.5, ∇2f(x∗) TgjA8izy� f A x∗ #3�eYDFT�	j�8��� ∇f(x) V_ f A x #T�h8T��!��.� ∇f(x∗) = 0 V=� f A x∗ #T�h8e�hT�j^ 2.1.43C�:B�h_�-y� f A x∗ #-��hT�h8��A4_3�eYDFT�I x∗ e f TjGYD#h9&v_�j^ 2.1.4 T9

eHe9
�f)� x∗ = (0, 0)T ey� f(x) = x4

1 + x4
2 TjGYD#h9&v_�G ∇2f(x∗) 
gj�� 2.1.1 P�	CR��(hZaN�

min f(x) =
1

3
x3

1 +
1

3
x3

2 − x2
1 − x2.
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∇f(x) =

(

x2
1 − 2x1

x2
2 − 1

)

, ∇2f(x) =

(

2x1 − 2 0

0 2x2

)

.�jzHe9
 ∇f(x) = 0 Rmj_�
x(1) =

(

0

1

)

, x(2) =

(

0

−1

)

, x(3) =

(

2

1

)

, x(4) =

(

2

−1

)

.��T Hessian ` X_
∇2f(x(1)) =

(

−2 0

0 2

)

, ∇2f(x(2)) =

(

−2 0

0 −2

)

,

∇2f(x(3)) =

(

2 0

0 2

)

, ∇2f(x(4)) =

(

2 0

0 −2

)

.wn� ∇2f(x(3)) gj�b x(3) eo/TjGYD#h>��� ∇2f(x(1)), ∇2f(x(2)) � ∇2f(x(4)) r
e0gjT��� x(1), x(2) � x(4) r
eo/T9&v_��8Tj^	=�- f eFy��I f T#�#h9&v_geq�#>&v_����9vTjzHe9
ge� 9
��} 2.1.5 � f : Rn → R *T~D\/Ys5�1 f /6�	qC6�*��6_qC6�D�� x∗ *aN (2.1) /(/�	R�* x∗ fZ (2.2).I� 
i= f T#h9&v_geq�#>&v_�F x∗ e f TjG#h9&v_�I8A x∗TjG�" U(x∗), YR
f(x) ≥ f(x∗), ∀x ∈ U(x∗).�#yT x ∈ Rn, J α > 0 � &R� x∗ + α(x − x∗) ∈ U(x∗). � f TFAR

f(x∗) ≤ f(x∗ + α(x − x∗)) ≤ αf(x) + (1 − α)f(x∗).�.R f(x) ≥ f(x∗), � x∗ e f T�#>&v_��8i= x∗ eo/ (2.1) T�T�e9
e x∗ &7 (2.2).�j^ 2.1.2 nHeA
h�b|Ei=� A�F x∗ &7 (2.2). �#� x ∈ Rn, �j^ 1.2.1R
f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗) = 0,� x∗ eo/ (2.1) TjG�#>��� IV



22 ��� n�[md}p(`
�r{^a
§2.2 vXO�� Q℄Yj^ 2.1.1K�zy� f A_ x#T�k�!&7T9
�℄K�z�j�k�!Tj��℄�A.2 :�BuXE
�s4�o/ (2.1) T�k���q3hAx�TTCP� X�?
� (2.1)TC������?~�
�?
� (2.1) T�k��Tj-f��
�s4�o/ (2.1) T�k��T2?
�e3DG�[_ x(0) �
�%WYGTy�v�kT+IXE_} {x(k)}, �_} {x(k)} &79
 f(x(k+1)) < f(x(k)), ∀k = 0, 1, . . .. ��T>ÆGTeYR_} {x(k)} �TDG_/DG9�_eo/ (2.1) T�/mj_�F d(k) e f A x(k) #TjG�k�!�&7

∇f(x(k))T d(k) < 0.3��J α > 0 � &R� f(x(k) +αd(k)) < f(x(k)). �.�B� x(k+1) = x(k) +αkd
(k), q�� αk > 0YR f(x(k) + αkd

(k)) < f(x(k)). A.2 :�q3K�
�s4�o/ (2.1) �k��Tf�)��M� 2.1 �#`m:?jV}tVM��\ 1 a:�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1PFAJ�-( x(k). V1�V~ 3.\ 3 
:h!Nn d(k), $-
∇f(x(k))T d(k) < 0.\ 4 
:~	 αk > 0 $-

f(x(k) + αkd
(k)) < f(x(k)).\ 5 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.[� �� 2.1 Tf 2 �T
V℄ ‖∇f(x(k))‖ ≤ ǫ �_��TÆz,I�q��x ǫ M+VMo/TEe�j�GA�?^� zR�q35F ǫ = 0. f 4 �T� αk �_f���jf�T������q3hA�j~��?�jf� αk TC���T�A�����
§2.3 {�IR?~�?�j�� 2.1 �f� αk TC���T�A������A���s��℄�����A�������A���F d(k) e f A x(k) #TjG�k�!�&7 ∇f(x(k))T d(k) < 0.���A���jTf� αk e)�ja>��o/T��

min
α>0

f(x(k) + αd(k))
△
= φ(α). (2.3)����A��T9
wn����A���jTf� αk &7

φ′(αk) = ∇f(x(k) + αkd
(k))Td(k) = 0.



§2.3 r{^a 23���0y�9&�o/
min f(x) =

1

2
xTQx+ qTx,q� Q ∈ Rn×n ��gj�d�9
 ∇f(x(k) + αkd
(k))T d(k) = 0, (wRO���A��f� αk TV;℄�

αk = −∇f(x(k))T d(k)

d(k)TQd(k)
. (2.4)

§2.3.1 k(y�GP — Bg�'� (0.618 �)T℄ (2.4)K�z9&��0y�R���A��Tf�T℄���j-��Ay�9&�o/�LuRO���A��f�T�zV;℄�.RBl��v���jf��"� B�e�j���A��f�Tj����4��g��
j(E#y�T9&vo/��# 2.3.1 � φ *:�-t	� [a, b] �/#Cs5� ᾱ * φ - [a, b] �/	qC��A��/
α1, α2 ∈ [a, b], α1 < α2, � )α2 ≤ ᾱ!�φ(α1) > φ(α2),)ᾱ ≤ α1!�φ(α2) > φ(α1),1�s5 φ * [a, b] �/'Us5�C�:�E#y�B�h_A9v_�KEd℄℄��KEd℄KTy��)I 2.1 �_�

x

y

b
q

a
q

ᾱ
q

-

6

x

y

b
q

a
q

ᾱ
q

-

6

I 2.1 E#y�."� B�T2?
�eXEE�YL} {[ak, bk]} &7 ᾱ ∈ [ak+1, bk+1] ⊂ [ak, bk] ��YT�x
bk − ak %Bf�&�� bk+1 − ak+1 = λ(bk − ak), λ ∈ (0, 1). 3�� bk − ak → 0. �.BR ak → ᾱ,

bk → ᾱ. 4��TVÆt�)��A�Y [ak, bk] :��Z�s_ uk < vk, ��
vk − ak

bk − ak
=
bk − uk

bk − ak
= λ, (2.5)/VWZ

uk = bk − λ(bk − ak), vk = ak + λ(bk − ak).



24 ��� n�[md}p(`
�r{^aBuy�v φ(uk) � φ(vk) T>&���}0��=��= (1). φ(uk) < φ(vk). .RH� ᾱ ∈ [ak, vk]. b
 [ak+1, bk+1] = [ak, vk].�= (2). φ(uk) > φ(vk). .RH� ᾱ ∈ [uk, bk]. b
 [ak+1, bk+1] = [uk, bk].�= (3). φ(uk) = φ(vk). .RB� [ak+1, bk+1] = [ak, vk] / [ak+1, bk+1] = [uk, bk]. Ge� yO�Y [uk, vk] ⊂ [ak, bk] 6wz ᾱ. �.�q3B� [ak+1, bk+1] = [uk, vk] u->��Tno�x�A�= (1), � uk ∈ [ak+1, bk+1]. q3�X_ uk B_�Y [ak+1, bk+1] TjG _�� uk = uk+1/ uk = vk+1. - uk = uk+1, I�
bk − λ(bk − ak) = uk = uk+1 = bk+1 − λ(bk+1 − ak+1)

= vk − λ2(bk − ak) = ak + λ(bk − ak)− λ2(bk − ak),�
(1− 2λ+ λ2)(bk − ak) = 0.�.R λ = 1.  yO λ V_�Y�x�&�0�H� λ < 1. �.� uk = uk+1 
OVÆ�3��q3� uk = vk+1. � uk, vk � vk+1 Tj{R

bk − λ(bk − ak) = uk = vk+1 = ak+1 + λ(bk+1 − ak+1) = ak + λ2(bk − ak).�.BR
λ2 + λ− 1 = 0..��Tg�M_ λ = (

√
5− 1)/2 ≈ 0.618.>dZ�A�= (2), � vk ∈ [ak+1, bk+1]. q3�X_ vk B_�Y [ak+1, bk+1] TjG _���

bk+1 − vk+1 = λ(bk+1 − ak+1) = λ(bk − uk). �.> (2.5) xR λ = 1/λ− 1, � λ = (
√

5− 1)/2 ≈ 0.618.���= (3), E�3Q�sG _ uk+1 � vk+1.4�:8T(��q3h"� B�Tf�5�)��M� 2.2 �Bg�'��\ 0 
:pr	qC6/�&'U	� [a0, b0], 0= ǫ > 0. ^ λ = 0.618. 
 u0 = b0 − λ(b0 − a0),

v0 = a0 + λ(b0 − a0). ^ k := 0.\ 1 � bk − ak ≤ ǫ, 1- ᾱ = (ak + bk)/2. TF�A�\ 2 � φ(uk) = φ(vk), 1^ ak+1 = uk, bk+1 = vk, k := 0. V~ 0.\ 3 � φ(uk) < φ(vk), 1^ ak+1 = ak, bk+1 = vk, vk+1 = uk. �A uk+1 = bk+1 − λ(bk+1 − ak+1).^ k := k + 1. V~ 1.\ 4 � φ(uk) > φ(vk), 1^ ak+1 = uk, bk+1 = bk, uk+1 = vk. �A vk+1 = ak+1 + λ(bk+1 − ak+1).^ k := k + 1. V~ 1.



§2.3 r{^a 25� 2.3.1 ��*S^J�s5
φ(α) = 3α4 − 16α3 + 30α2 − 24α+ 8- [0, 3] N/	qC�` 
 [a0, b0] = [0, 3]. G��r)V 2.1.V 2.1 "� B�TG��r

k [ak, bk] uk vk φ(uk) φ(vk) φ(uk) > φ(vk)?

0 [0.000, 3.000] 1.146 1.852 0.989 0.104 >

1 [1.146, 3.000] 1.852 2.292 0.104 0.731 <

2 [1.146, 2.292] 1.584 1.852 0.552 0.104 >

3 [1.582, 2.292] 1.852 2.022 0.104 0.003 >

4 [1.852, 2.292] 2.022 2.125 0.003 0.111 <

5 [1.852, 2.125] · · · · · ·

§2.3.2 �k(y�GP���A��e
f� αk �Oj(y� φ(α) = f(x(k) + αd(k)) T>&v�G�vu>�����A��|e
f� αk YRy� φ A_ αk #Tv φ(αk) (� f(x(k) + αkd
(k))) u φ(0) (� f(x(k))) �jjT�kv��.�AG�:(wVÆ��8�?C���T����A���

Armijo �y�GP�Kj σ1 ∈ (0, 1/2), � αk > 0 YR
f(x(k) + αkd

(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k). (2.6)d�y� φ(α) = f(x(k) + αd(k)), :℄BVWZ0_
φ(αk) ≤ φ(0) + σ1αkφ

′(0).�� d(k) e f A x(k) #T�k�!�&7 φ′(0) = ∇f(x(k))Td(k) < 0, (wi=�
V℄ (2.6) �� &Tg� αk 5
h��AG�:��Xf� αk �BO>�<��B<t)��℄-R�Kj β > 0,

ρ ∈ (0, 1). �f� αk _<� {βρi, i = 0, 1, . . .} �YR
V℄ (2.6) 
hT>>Z� Armijo ;�A��B<t�8T��VÆ�M� 2.3 � Armijo �y�GP�\ 0 � αk = 1 fZ (2.6), 1
 αk = 1. V1Vh�~�\ 1 a:�5 β > 0, ρ ∈ (0, 1). ^ αk = β.\ 2 � αk fZ (2.6), 1PF�A�-~	 αk. V1�V~ 3.\ 3 ^ αk := ραk. V~ 2.



26 ��� n�[md}p(`
�r{^a[� (i) Armijo ;�A�� (2.6) �Tp� σ1 B�_ (0, 1) �T#�V��GA	8T[0P�[�P�q3h:O�J σ1 ∈ (0, 1/2) R�B8i Newton ��R Newton �T��AnoA� (ii) Ehf� αk = 1 e��eTf��A[0P�[�P�q3h(:O�!A��Tno�x z�vOQ �eTB��� 2.3.2 a:
)4aN
min f(x) =

1

2
x2

1 + x2
2.� x(0) = (1, 1)T . �> d(0) = (1,−1)T * f - x(0) �/h!Nn�{� Armijo vky>E
:~	

α0 = 0.5i $-
f(x(0) + α0d

(0)) ≤ f(x(0)) + 0.9α0∇f(x(0))T d(0).` sxG�R ∇f(x) = (x1, 2x2)
T , ∇f(x(0)) = (1, 2)T , ∇f(x(0))T d(0) = −1 < 0, b d(0) e f A

x(0) #T�k�!�
x(0) + αd(0) = (1 + α, 1− α)T .

f(x(0) + αd(0))− f(x(0)) =
1

2
(1 + α)2 + (1− α)2 − 3

2
=

3

2
α2 − α.

Armijo ;�A��&7T9
_
3

2
α2 − α ≤ 0.9α∇f(x(0))Td(0) = −0.9α.VWZ

α ≤ 1

15
≈ 0.066666.bR α0 = 0.54 = 0.0625.A:8T Armijo ;�A����l&f%Bf ρ �&�- ρ ∈ (0, 1) u> () ρ x�� 1) , I��s0l&fT6P��u&�.R�Ee�tu�0��kORO αk. - ρ ∈ (0, 1) u& () ρ x�� 0) , I��s0l&fT6P��u>�.R�B�t��u=Tl&fRO αk. G-RTf� αkBO�&�_zD) Armijo ;�A��T\j���Bl��8TWolfe-Powell ;����A���

Wolfe-Powell �y�GP�Kj�� σ1, σ2 &7 0 < σ1 < 1/2, σ1 < σ2 < 1. � αk > 0 YR
{

f(x(k) + αkd
(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k),

∇f(x(k) + αkd
(k))T d(k) ≥ σ2∇f(x(k))T d(k).

(2.7)d�y� φ(α) = f(x(k) + αd(k)), :℄BVWZ0_
{

φ(αk) ≤ φ(0) + σ1αkφ
′(0).

φ′(αk) ≥ σ2φ
′(0).Bui=�- d(k) e f A x(k) #TjG�k�!� ∇f(x(k))T d(k) < 0. ?F f AA� {x(k) +

αd(k) | α > 0} :����I8A�Y [a, b], YR [a, b] �T#�_r&7 Wolfe-Powell;�A��9

(2.7). q3h.�Bq��



§2.3 r{^a 27Bu9
 (2.6) � (2.7) 
L:�� Armijo ;�A��T9
e Wolfe-Powell ;�A���T[jG9
�Wolfe-Powell;�A�� (2.7) �T[�G9
TB�A���t&Tf��Wolfe-Powell;�A��B<t�8Tt�VÆ�q
�% Armijo ;���j�[_ α
(0)
k = βρi (i eDGgT/1Te�) YR α

(0)
k &7 (2.7) �T[jG
V℄�.R� ρ−1α

(0)
k

△
= β

(0)
k 
&7 (2.7) �T[jG
V℄�- α

(0)
k &7 (2.7) �T[�G
V℄�I
 αk = α

(0)
k . &I�� ρ1 ∈ (0, 1). 
 α

(1)
k _<�

{α(0)
k + ρi

1(β
(0)
k − α(0)

k ), i = 0, 1, . . .} �YR (2.7) �[jG
V℄
hT>>Z�- α
(1)
k &7 (2.7) �T[�G
V℄�I
 αk = α

(1)
k . &I�
 β

(1)
k = ρ−1

1 α
(1)
k . �/.t��s�RODG α

(ik)
k >R&7 (2.7) �TsG
V℄�:8Tt�B5�_)����M� 2.4 � Wolfe-Powell �y�GP�\ 0 � αk = 1 fZ (2.7), 1
 αk = 1. V1Vh�~�\ 1 a:�5 β > 0, ρ, ρ1 ∈ (0, 1). ^ α

(0)
k *
w {βρi | i = 0,±1,±2, . . .} N$- (2.7) N3�`|1'
R/_#8�^ i := 0.\ 2� α

(i)
k fZ (2.7)N/3F`|1'�1PF�A�{-~	 αk = α

(i)
k . V1�̂ β

(i)
k = ρ−1α

(i)
k .V~ 3.\ 3 ^ α

(i+1)
k *
w {α(i)

k + ρj
1(β

(i)
k −α

(i)
k ), j = 0, 1, . . .} N$- (2.7) N3�`|1'
R/_#8�^ i := i+ 1. V~ 2.�z|8�?T Armijo ;�A��� Wolfe-Powell ;�A��uO����8T Goldstein ;�� Wolfe ;����A���

Goldstein ;�A��T9
_�
 αk > 0 YR
f(x(k)) + δ1αk∇f(x(k))Td(k) ≤ f(x(k) + αkd

(k)) ≤ f(x(k)) + δ2αk∇f(x(k))Td(k), (2.8)q��� δ1 � δ2 &7 0 < δ2 < 1/2, δ2 < δ1 < 1.� Wolfe ;�A��T9
_�
 αk > 0 &7
{

f(x(k) + αkd
(k)) ≤ f(x(k)) + σ1αk∇f(x(k))T d(k),

|∇f(x(k) + αkd
(k))T d(k)| ≤ σ2|∇f(x(k))T d(k)|,

(2.9)q��p� σ1, σ2 &7 0 < σ1 < 1/2, σ1 < σ2 < 1. wn�-� σ2 = 0, I� ∇f(x(k) +αkd
(k))T d(k) = 0.�.��Wolfe�A��B:
e���A��Tj�Ll�Bui=�- f mNBY� f(x(k) +αd(k))J α > 0 R����I8A�Y [a, b] YRJ αk ∈ [a, b] R�
V℄< (2.8) / (2.9) 
h� Goldstein;�� Wolfe ;�A��B<tZ
� Wolfe-Powell ;�A��T�℄VÆ�

§2.3.3 * �{�y�GP|8�?T���A�������A��TjGV>)_e��A��~KTf� αk &7
f(x(k) + αkd

(k)) < f(x(k)). ���~KTy�vL} {f(x(k))} Ed℄℄�q3�\��A��_Ed



28 ��� n�[md}p(`
�r{^a�A���Ed�A��e
y� f A_ x(k) +αkd
(k) #Ty�vu_ x(k) #Ty�v�jjT�kv�)X��|8�?T���A���q3r�

f(x(k) + αkd
(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k).Ed�A��TjG�_e-RTf��R(�&�)X�J��~KT�! d(k) �1+x�!−∇f(x(k))x�*sR�\�Æ#�_=
�_zD)Ed�A��T\����Bl��Ed�A���

f(x(k) + αkd
(k)) ≤ max

0≤i≤M
f(x(k−i)) + σ1αk∇f(x(k))T d(k), (2.10)q��M ≥ 0 ee��� k = 0, 1, . . .M , � M = k. :8T�Ed�A��� [9] -��J M = 0R��Ed�A��9
 (2.10) �+_ Armijo ;�A��9
 (2.6). �.�:8T�Ed�A��eEd�A�� — Armijo ;�A��Tj�Ll�l��Ed�A��R���~KTy�vL} {f(x(k))} 
?8iEd℄℄�GBui= (�Bq�), .R�8A {f(x(k))} TjGEd℄℄0L}��8�?	j��Ed�A���I

Ck =
1

k − 1

k−1
∑

i=0

f(x(i))_| k 0fB_#y�vTh5v��f� αk &7
f(x(k) + αkd

(k)) ≤ Ck + σ1αk∇f(x(k))Td(k). (2.11):℄�T Ck gBu��8�℄�jT Ck 3B���� 0 ≤ ηmin ≤ ηmax ≤ 1. 
 C0 = f(x(0)),

Q0 = 1, ηk ∈ [ηmin, ηmax],

Ck+1 =
(ηkQkCk + f(x(k+1)))

Qk+1
, Qk+1 = ηkQk + 1.�e�A�� (2.11) >qA��_ [29].

§2.4 vXO��'p=��?~fh�� 2.1T�#noAj^�� θk V_!v d(k) � f T1+x�! −∇f(x(k)) TPq��
cos θk =

−∇f(x(k))T d(k)

‖∇f(x(k))‖ ‖d(k)‖ . (2.12)_zi=�� 2.1 T�#noA�q3Ee)�TUF9
�O3 2.4.1 s5 f T~D\�h)� ∇f Lipschitz T~�� -�5 L > 0 $-
‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖, ∀ x, y ∈ Rn.



§2.4 p(`
}L1Y7{ 29�8TCGj^K�z�k�� 2.1 T�#noA�q
�q3K�l����A��R�� 2.1T)�noAj^��} 2.4.1 ��� 2.4.1 /R�
R� {x(k)} �AJ 2.1 ����N~	 αk �0
ky>E
:�� αk *�__�}aN (2.3) /(�1
∞
∑

k=0

‖∇f(x(k))‖2 cos2 θk <∞. (2.13)Jz�� -�5 δ > 0 $- cos θk ≥ δ, 1
lim

k→∞
‖∇f(x(k))‖ = 0. (2.14)I� �� (2.14) B��� (2.13) sxLR�b|Ei= (2.13) 
h���vj^R��#� α > 0 5�

f(x(k) + αd(k)) = f(x(k)) + α∇f(x(k) + tkαd
(k))Td(k)

= f(x(k)) + α∇f(x(k))Td(k) + α[∇f(x(k) + tkαd
(k))−∇f(x(k))]T d(k)

≤ f(x(k)) + α∇f(x(k))Td(k) + α‖∇f(x(k) + tkαd
(k))−∇f(x(k))‖ · ‖d(k)‖

≤ f(x(k)) + α∇f(x(k))Td(k) + Lα2‖d(k)‖2,q�� tk ∈ (0, 1). )X�:℄�
ᾱk = −∇f(x(k))T d(k)

2L‖d(k)‖2
h���
f(x(k) + ᾱkd

(k))− f(x(k)) ≤ ᾱk∇f(x(k))T d(k) + Lᾱ2
k‖d(k)‖2 = − 1

4L

(∇f(x(k))T d(k))2

‖d(k)‖2 .����A��9
�f� αk &7
f(x(k+1)) = f(x(k) + αkd

(k)) ≤ f(x(k) + ᾱkd
(k)).�.�

f(x(k+1))− f(x(k)) ≤ f(x(k) + ᾱkd
(k))− f(x(k)) ≤ − 1

4L

(∇f(x(k))Td(k))2

‖d(k)‖2 .:℄BVWZ0

1

4L
‖∇f(x(k))‖2 cos2 θk ≤ f(x(k))− f(x(k+1)).�:8T
V℄
�� yOy� f ����(wLR (2.13). IV�8Tj^ 2.4.2 K�zl� Wolfe-Powell ;�A��R�� 2.1 TnoA��} 2.4.2 ��� 2.4.1 /R�
R� {x(k)} ��� Wolfe-Powell vky>E/AJ 2.1 ���� αk fZ (2.7). 1:M 2.4.1 /'

R�



30 ��� n�[md}p(`
�r{^aI� � (2.7) �T[�G
V℄> ∇f T Lipschitz mNAR
−(1− σ2)∇f(x(k))T d(k) ≤ (∇f(x(k+1))−∇f(x(k)))T d(k) ≤ αkL‖d(k)‖2.bR

αk ≥ −
1− σ2

L

∇f(x(k))Td(k)

‖d(k)‖2
△
= −c1

∇f(x(k))Td(k)

‖d(k)‖2 , (2.15)q�� c1 = (1− σ2)L
−1. 3��� (2.7) T[jG
V℄R

f(x(k+1))− f(x(k)) ≤ −σ1c1
(∇f(x(k))T d(k))2

‖d(k)‖2 = −σ1c1‖∇f(x(k))‖2 cos2 θk. (2.16)Z
�j^ 2.4.1 TLMBR (2.13). IVl� Armijo ;�A��R��� 2.1 T�#noAj^)���} 2.4.3 ��� 2.4.1 /R�
R� {x(k)} ��� Armijo vky>E/AJ 2.1 ���� αk�AJ 2.3 ���,�� -�5 C > 0, $-
‖∇f(x(k))‖ ≤ C‖d(k)‖, (2.17)1:M 2.4.1 /'

R�I� � Armijo ;�A��,In�- αk 6= 1 � αk 6= β, I ρ−1αk 
&7 (2.6), ��

f(x(k) + ρ−1αkd
(k)) > f(x(k)) + σ1ρ

−1αk∇f(x(k))Td(k).d��vj^�8A µk ∈ (0, 1) YR
f(x(k) + ρ−1αkd

(k)) = f(x(k)) + ρ−1αk∇f(x(k) + µkρ
−1αkd

(k))Td(k).�:8�℄R
(∇f(x(k) + µkρ

−1αkd
(k))−∇f(x(k)))T d(k) ≥ −(1− σ1)∇f(x(k))Td(k).:℄�� ∇f T Lipschitz mNA> µk ∈ (0, 1) BLR�

αk ≥ −
(1− σ1)ρ

L

∇f(x(k))T d(k)

‖d(k)‖2 .
 c1 = (1 − σ1)ρL
−1, I (2.15) g
h��� (2.16) 
h�- αk = 1 / αk = β, 
 β̄ = min{1, β}. �

(2.6) � (2.17) R
f(x(k+1)) ≤ f(x(k)) + σ1β̄∇f(x(k))Td(k)

= f(x(k))− σ1β̄‖∇f(x(k))‖‖d(k)‖ cos θk

≤ f(x(k))− σ1β̄C
−1‖∇f(x(k))‖2 cos θk

≤ f(x(k))− σ1β̄C
−1‖∇f(x(k))‖2 cos2 θk.
 c2 = σ1β̄C

−1, gR (2.16).Z
�j^ 2.4.1 TLM�
Li= (2.13). IVAj^ 2.4.1 — 2.4.3 T2 :�q3K��k�� 2.1 �#noTjG� 9
�
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R� {x(k)} �AJ 2.1 ����N~	 αk �0
ky>E
:��� Wolfe-Powell vky>E
:�� Armijo vky>E
:� (2.17) 
R��
lim sup

k→∞
cos2 θk > 0, (2.18)1

lim inf
k→∞

‖∇f(x(k))‖ = 0. (2.19))X�-8A�� η > 0, YR
k−1
∏

i=0

cos θi ≥ ηk, (2.20)I (2.19) 
h�I� - (2.18) 
h�I8As�xT< K u>�� ǫ > 0 YR cos2 θk ≥ ǫ, ∀k ∈ K. �e��
(2.13) �R (2.19). )X�- (2.20) 
h�IH� (2.18) 
h� IVj^ 2.4.4 V=�-
V℄ (2.18) 
h��� 2.1 ~KTL} {x(k)} ���I {x(k)} jj�9�_ x∗ e f Tmj_��&7#h>��TjzHe9
 (2.2).

§2.5 vXO��=�L�?~�q3 z�k��Tno�x�F x(k) e�l����A��/Wolfe-Powell;�A��/
Armijo;�A��T�k�� 2.1 ~KT_}�{d(k)}e��T�k�!L}�&7 ∇f(x(k))T d(k) < 0.?F-l� Armijo ;�A��R� (2.17)
h��j^ 2.4.1 — 2.4.3Ti=n�8A�� C > 0 YR

f(x(k+1)) ≤ f(x(k))− c1‖∇f(x(k))‖2 cos2 θk, (2.21)q�� θk e1+x�! −∇f(x(k)) � d(k) pYTPq�O3 2.5.1 (1) s5 f : Rn → R F�T~D\� (2) �AJ 2.1 ��/6Z {x(k)} → x∗, �
∇f(x∗) = 0, ∇2f(x∗) =:��UF 2.5.1 
LLR (_[jPq�/), 8A�� M ≥ m > 0, M̄ ≥ m̄ > 0 YRJ k � >R�

m̄‖x(k) − x∗‖2 ≤ m‖∇f(x(k))‖2 ≤ f(x(k))− f(x∗) ≤M‖∇f(x(k))‖2 ≤ M̄‖x(k) − x∗‖2. (2.22)�.> (2.21), q3�
f(x(k+1))− f(x∗) ≤ (f(x(k))− f(x∗))− c1‖∇f(x(k))‖2 cos2 θk

≤ (1 − c2M−1 cos2 θk)(f(x(k))− f(x∗)) (2.23)A:8T2 :�q3�e��� 2.1 no�xT)�j^�
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�r{^a�} 2.5.1 ��� 2.5.1 /R�
R� {x(k)} *���0
ky>E� Wolfe-Powell vky>E� Armijo vky>E ( � (2.17) 
R ) /h!AJ 2.1 ��/6Z�� -�5 η > 0, $- (2.20)
R�1 -�5 b > 0, r ∈ (0, 1) $-) k �S#!�
‖x(k+1) − x∗‖ ≤ brk. (2.24)I� 
�UF (2.23) ���T k ≥ 0 5
h�� (2.23) u>C�
V℄BR

f(x(k+1))− f(x∗) ≤ (1− c2M−1 cos2 θk)(f(x(k))− f(x∗))

≤ (1− c2M−1 cos2 θk)(1 − c2M−1 cos2 θk−1)(f(x(k−1))− f(x∗))

...

≤ (f(x(0))− f(x∗))
k
∏

i=0

(1− c2M−1 cos2 θi)

≤ (f(x(0))− f(x∗))
( 1

k + 1

k
∑

i=0

(1− c2M−1 cos2 θi)
)k+1

= (f(x(0))− f(x∗))
(

1− c2M−1 1

k + 1

k
∑

i=0

cos2 θi

)k+1

≤ (f(x(0))− f(x∗))
(

1− c2M−1
(

k
∏

i=0

cos2 θi

)1/(k+1))k+1

≤ (f(x(0))− f(x∗))(1 − c2M−1η2)k+1.�:℄u> (2.22) �BLR (2.24). IVe��k��T��AnoA�q3�)�j^��} 2.5.2 �s5 f : Rn → R F�T~D\�6Z {x(k)} �AJ 2.1 ����N αk � Armijovky>E� Wolfe-Powell vky>E
:�� {x(k)} → x∗, � ∇f(x∗) = 0, ∇2f(x∗) =:��
δk =

‖∇f(x(k)) +∇2f(x(k))d(k)‖
‖d(k)‖ .�

lim
k→∞

δk = 0, (2.25)1hl/'

R�
(1) ) k �S#!� αk = 1.

(2) }Z {x(k)} �ky/U x∗.

(3) � δk = O(‖x(k) − x∗‖), � ∇2f - x∗ � Lipschitz T~�� -�5 L > 0 �� x∗ /[% U(x∗)$-
‖∇2f(x) −∇2f(x∗)‖ ≤ L‖x− x∗‖, ∀x ∈ U(x∗),1 {x(k)} F�/U x∗.
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}Y7_� 33I� �� {x(k)} → x∗ � ∇2f(x∗) gj�b8A�� m > 0, YR
V℄
‖∇2f(x(k))d‖ ≥ m‖d‖��� d ∈ Rn u>��� >T k r
h��� δk → 0, �.�J k � >R� δk < m/2. ���

m‖d(k)‖ ≤ ‖∇2f(x(k))d(k)‖ ≤ δk‖d(k)‖+ ‖∇f(x(k))‖.�.�8A�� m1 > 0 YR
V℄
‖d(k)‖ ≤ m1‖∇f(x(k))‖ = O(‖x(k) − x∗‖) (2.26)���� >T k 5
h�:℄)X6wz {d(k)} → 0.	j�8�q3�

−∇f(x(k))T d(k) = d(k)T∇2f(xk)d(k) − d(k)T [∇f(x(k)) +∇2f(x(k))d(k)].�.> (2.25) BR�8A�� η > 0, YRJ k � >R�
−∇f(x(k))T d(k) ≥ η‖d(k)‖2.

(1) d� Taylor N8��
f(x(k) + d(k))− f(x(k))− σ1∇f(x(k))Td(k)

= [f(x(k) + d(k))− f(x(k))− 1

2
∇f(x(k))T d(k)] + (

1

2
− σ1)∇f(x(k))T d(k)

= (
1

2
− σ1)∇f(x(k))Td(k) +

1

2
d(k)T [∇2f(x(k))d(k) +∇f(x(k))] + o(‖d(k)‖2)

= (
1

2
− σ1)∇f(x(k))Td(k) + o(‖d(k)‖2) ≤ (σ1 −

1

2
)η‖d(k)‖2 + o(‖d(k)‖2).�.�J k � >R� f(x(k) + d(k))− f(x(k))− σ1∇f(x(k))T d(k) ≤ 0, �J k � >R� αk = 1 &7

Armijo ;�A��T9
u> Wolfe-Powell ;�A���T[jG
V℄�?d��vj^R
∇f(x(k) + d(k))T d(k) − σ2∇f(x(k))T d(k)

= [∇f(x(k) + d(k))−∇f(x(k))]T d(k) + (1− σ2)∇f(x(k))Td(k)

= d(k)T∇2f(x(k))d(k) + (1− σ2)∇f(x(k))T d(k) + o(‖d(k)‖2)
= −σ2∇f(x(k))Td(k) + d(k)T [∇f(x(k)) +∇2f(x(k))d(k)] + o(‖d(k)‖2)
≥ ησ2‖d(k)‖2 + o(‖d(k)‖2).�.�J k � >R� ∇f(x(k) + d(k))Td(k) − σ2∇f(x(k))T d(k) ≥ 0, �J k � >R� αk = 1 &7

Wolfe-Powell ;�A���T[�G
V℄�
(2) � (1) TLMBR

m‖x(k+1) − x∗‖ ≤ ‖∇2f(x(k))(x(k) + d(k) − x∗)‖
= ‖∇2f(x(k))(x(k) − x∗)−∇f(x(k)) +∇2f(x(k))d(k) +∇f(x(k))‖
≤ ‖∇f(x(k))−∇f(x∗)−∇2f(x(k))(x(k) − x∗)‖ + ‖∇2f(x(k))d(k) +∇f(x(k))‖
≤ o(‖x(k) − x∗‖+ o(‖d(k)‖) = o(‖x(k) − x∗‖),
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V℄� (2.25) RO�>	jGV℄� (2.26) RO�:8T
V℄	= {x(k)} ��Ano�
(3) - δk = O(‖x(k) − x∗‖), � ∇2f A x∗ # Lipschitz mN�I:8t��T o(‖x(k) − x∗‖) B�

O(‖x(k) − x∗‖2) 3 �b {x(k)} �0no� IVsY 2

1. Lkz� f : R2 → R *	�
f(x) = (x1 − x2)

2 + x4
2.j>� d = −(1, 1)T f f B` x = (0, 1)T $UkH	l�"�

2. H� Rosenbrock z�
f(x) = 100(x2 − x2

1)
2 + (1 − x1)

2U,y� Hessian &a�j> x∗ = (1, 1)T fz�U$i:(w`�z�B5`U Hessian &a��hk�
3. j>z�

f(x) = 8x1 + 12x2 + x2
1 − 2x2

2�^kUnk`HLdfz�U:?w`hdfz�U:(w`�
4. Gk)z� φ : R → R B�Z [a, b] ;ZEG� t1, t2 ∈ (a, b) '8 t1 < t2.

(i) . φ(t1) > φ(t2). j>�
φ(t) > φ(t2), ∀t ∈ [a, t1).

(ii) . φ(t1) < φ(t2). j>�
φ(t) > φ(t1), ∀t ∈ (t2, b].

5. G f : Rn → R fnOCZUGz��j>� d ∈ Rn f f B x $U	l�"U�f:df
∇f(x)Td < 0.

6. (i) j>�.G	1z� f �	��JIC<Pr	���At5�p0 min f(x) ���
(ii) YFkH�	1Gz� f �	�Ht5�p0 min f(x) t��

7. G f : Rn → R fG	1z�� x∗ fr$z:(w`�
(i) j>�

f(x) = f(x∗) +
1

2
∇f(x)T (x− x∗), ∀x ∈ Rn.

(ii) G {x(k)} fm����B��U	l���LU`~�j>��$� k, . x(k) df	1z�U:(w`�J
f(x(k+1)) = f(x(k)) +

1

2
αk∇f(x(k))Td(k) = f(x(k)) − 1

2

(f(x(k))Td(k))2

(d(k)T∇2f(x(k))d(k))2
.

8. j>�.Gz� f U:(w`9B�J:(w`=�fG=�
9. Gz� f : Rn → R nOCZ��G�	l���LU`~ {x(k)} ����	Uz�wM~ {f(x(k))} Fe^^^'8

lim inf
k→∞

‖∇f(x(k))‖ = 0.
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(i) . f fGz��j>� {x(k)} U$�:�`sft5�p0 (2.1) U�$?(w`�
(ii) . f fk�Gz��j>� {x(k)} op�p0 (2.1) U^k?(w`�

10. Gz� f(x) = |x| : R → R, {x(k)} �	^k|�
x(k+1) =







1
2(x(k) + 1), .x(k) > 1,

1
2x

(k), .x(k) ≤ 1.j>�;~H�E^k|U��`H�z� f(x) :(wp0UkH	l���
11. k|z� f : R2 → R *	�

f(x) =
1

2
‖x‖2.�

x(k) =
(

1 +
1

2k

)

(

cos k

sin k

)

, k = 0, 1, . . . .j>�
(i) z�wM~ {f(x(k))} Fe^^�
(ii) Fi0 {x

∣

∣

∣
‖x‖2 = 1} ;U1kH`sfM~ {x(k)} U:�`�

12. Gz� f(x) = (x1 + x2
2)

2. � x = (1, 0)T , p = (−1, 1)T . j> p fz� f(x) B` x $UkH	l�"�m�#	!C�Æ�
min
α>0

f(x+ αp).

13. Lkt5�p0
min f(x) =

1

2
x2

1 + 2x2
2.G x(0) = (1, 1)T . aj d(0) = (−1,−1)T f f B x(0) $U	l�"�̂ � Armijo<�B���kg� α0 = 0.5iZS

f(x(0) + α0d
(0)) ≤ f(x(0)) + 0.9α0∇f(x(0))Td(0).

14. �#	!C�Æ�
minφ(α) = α2 − 2α.��\�Z [a, b] = [−2, 5].

15. VG f : Rn → R nOCZ� d(k) f f B x(k) $UkH	l�"�'8 ∇f(x(k))T d(k) < 0. �G f BB�
{x(k) + αd(k) |α > 0} ;�	��j>�9B�Z [a, b], ZS [a, b] 
U$�`s'8 Wolfe-Powell <�B��:d (2.7).

16. GVG:d 2.4.1 Æi� {x(k)} �m� Armijo <�B��U	l�� 2.1 �L��VG (2.20) Æi�j>�.	9U:dqkÆi�J
lim inf
k→∞

‖∇f(x(k))‖ = 0.

(i) 9B�� C1 > 0, ZS
k−1
∑

i = 0,
αi = 1, β

‖∇f(x(i))‖ ≤ C1

k−1
∑

i = 0,
αi = 1, β

‖d(k)‖.
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(ii) 9B�� C2 > 0, ZS

k−1
∏

i = 0,
αi = 1, β

‖∇f(x(i))‖ ≤
k−1
∏

i = 0,
αi = 1, β

(C2‖d(k)‖).

17. GVG:d 2.4.1 Æi� {Bk} f��hk&aM~^'8
m‖d‖2 ≤ dTBkd ≤M‖d‖2, ∀d ∈ Rn, k = 0, 1, . . . ,r
 m ≤M fLkUh���Lk x(0) ∈ Rn. G {x(k)} �	9UgC�^�L�

x(k+1) = x(k) + αkd
(k), k = 0, 1, . . . ,r
� d(k) ∈ Rn f�B��=

Bkd+ ∇f(x(k)) = 0U�� αk > 0 ����B��0 Armijo <�B��0 Wolfe-Powell <�B���k�j>�
lim

k→∞
‖∇f(x(k))‖ = 0.

18. G d(k) fz� f B x(k) $UkH	l�"�'8 ∇f(x(k))Td(k) < 0. �G ∇f Lipschitz nO� L > 0 `r
Lipschitz ���j>�
(i) � Goldstein <�B���LUg� αk '8

αk ≥ − (1 − δ1)

L

∇f(x(k))T d(k)

‖d(k)‖2
.

(ii) �� Wolfe <�B���LUg� αk '8
αk ≥ − (1 − σ2)

L

∇f(x(k))T d(k)

‖d(k)‖2
.

19. GVG 2.4.1 U:dÆi� {x(k)} f�m� Goldstein <�B��0� Wolfe <�B��U�� 2.1 �LU`~�j>k_ 2.4.1 U� Æi�
20. G {x(k)} �	9UgC�^�L�

x(k+1) = x(k) + d(k), k = 0, 1, . . . ,r
� d(k) ∈ Rn f�B��=
Bkd+ ∇f(x(k)) = 0U��G {x(k)} → x∗, ∇f(x∗) = 0, ∇2f(x∗) hk�j>�.

lim
k→∞

‖(Bk −∇2f(x∗))d(k)‖
‖d(k)‖ = 0,J {x(k)} ��Bop� x∗.

21. Gz� f : Rn → R 	1nOCZ�`~ {x(k)} �m����B��U�� 2.1 �L�G {x(k)} → x∗, �
∇f(x∗) = 0, ∇2f(x∗) hk��G:d (2.25) Æi�j>�
(i) g�M~ {αk} → 1.
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(ii) M~ {x(k)} ��Bop� x∗.

22. G {x(k)} �*	gCu��L�
x(k+1) = x(k) + d(k), k = 0, 1, . . . .. {x(k)} ��Bop� x∗, J

lim
k→∞

‖x(k) − x∗‖
‖d(k)‖ = 1.

23. G`~ x(k) k|`






x(2i) = 1
i!
,

x(2i+1) = 2x(2i), i = 0, 1, . . . .j>	~� �
(i) {x(k)} op� x∗ = 0.

(ii) � d(k) = x(k+1) − x(k), k = 0, 1, . . .. J
lim

k→∞

‖x(k) − x∗‖
‖d(k)‖ = 1.

(iii) {x(k)} op� x∗ U�ydf��BU�
24. G f : Rn → R nOCZ� {x(k)} fm��Fe�B�� (2.10) U�� 2.1 �LU`~�

(i) j> {x(k)} 7x��i=
Ω = {x ∈ Rn | f(x) ≤ f(x(0))}.

(ii) G l(k) `'8	^Uhf��
k−M ≤ l(k) ≤ k, f(x(l(k))) = max

0≤j≤M
f(x(k−j)).j>�1M~ {f(x(l(k)))} Fe^^�

25. GVG:d 2.4.1 Æi�9Bh�� C1, C2 ZS d(k) '8
∇f(x(k))Td(k) ≤ −C1‖∇f(x(k))‖2, ‖d(k)‖ ≤ C2‖∇f(x(k))‖.G {x(k)} fm��Fe�B�� (2.10) ���LU`~�j>�

(i) {x(k)} U$�:�` x̄ sf f Unk`�A'8 ∇f(x̄) = 0.

(ii) {x(k)} U$�:�` x̄ sdf f U:?w`�
(iii) *s {x(k)} }���Hnk`�J {x(k)} �Iop�
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�/E n;�kWN� (I) — eKuW�� Newton �A:jP��q3�?z
�s4�o/
min f(x), x ∈ Rn (3.1)T�k��Tj-f����� 2.1. A4�����j�k�! d(k) Tf� — f 3 ���e�e��T~5�
>T���j d(k) T�℄
>�����TnoA^�u>�v+r��>|��?P�?
�s4�o/ (3.1) Ts����� — >��k�� Newton ��?PUF f �0mNBY�
§3.1 fLvX��j^ 2.1.1 n�1+x�! −∇f(x(k)) ey� f A x(k) #T�k�!�
 d(k) = −∇f(x(k)). Bui=� d(k) e�8o/T��

min
p6=0

∇f(x(k))T p

‖p‖ .
V:��#� p ∈ Rn, ‖p‖ = 1, � Cauchy-Schwarz
V℄R
∇f(x(k))T p ≥ −‖∇f(x(k))‖ ‖p‖ = −‖∇f(x(k))‖.J p = d(k) = −∇f(x(k))/||∇f(x(k))|| R�:8T
V℄
_V℄��� d(k) T:}A��q3� d(k)_y� f A x(k) #T>��k�!���T�k�� 2.1 �_>��k���qf�)��M� 3.1 �dJtV��\ 1 a:�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-( x(k). V1��A d(k) = −∇f(x(k)). V~ 3.\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.� 3.1.1 
�&6 x(0) = (2, 1)T . ���0
ky>E/_�h!J�(hl/_�}aN�
min f(x) =

1

2
x2

1 + x2
2.` sxG�R ∇f(x) = (x1, 2x2)

T . >��k�!
d = (d1, d2)

T = −∇f(x) = −(x1, 2x2)
T .


φ(α) = f(x+ αd) =
1

2
(x1 + αd1)

2 + (x2 + αd2)
2.

39
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 (I) — �_p(
� Newton 
� φ′(α) = 0 (/d� (2.4)) 
LRO φ T>&v_ (�����Tf�) _
α = −x1d1 + 2x2d2

d2
1 + 2d2

2

=
x2

1 + 4x2
2

x2
1 + 8x2

2

.3��
x(k+1) = x(k) + αkd

(k) = x(k) − (x
(k)
1 )2 + 4(x

(k)
2 )2

(x
(k)
1 )2 + 8(x

(k)
2 )2

∇f(x(k)) =
( 4

t2k + 8
x

(k)
1 ,− t2k

t2k + 8
x

(k)
2

)T

,q� tk = |x(k)
1 /x

(k)
2 |. 
Li=�>��k��~KT_})�

x(k) =
(1

3

)k
(

2

(−1)k

)

, k = 0, 1, . . . .wn {x(k)} → x∗ = (0, 0)T , ���~KT_}no�o/T��>��k�!� f T1+x�!j���Pq_ θk = 0.  yO
‖∇f(x(k))‖ = ‖d(k)‖,�
V℄ (2.17) ��� k 
h��j^ 2.4.1 — 2.4.3 BR�8e�>��k�T�#noAj^��} 3.1.1 ��� 2.4.1 /R�
R� {x(k)} ���0
ky>E�� Armijo vky>E��

Wolfe-Powell vky>E_�h!J���1
lim

k→∞
‖∇f(x(k))‖ = 0.�f 3.1.1 
L:��>��k�>�-��Ano�x�
V:�f 3.1.1 �T {x(k)} &7

‖x(k+1) − x∗‖ =
1

3
‖x(k) − x∗‖, k = 0, 1, . . . .	j�8��j^ 2.5.1 n�>��k��=-��Ano�x��.�>��k�
�YDF�0y�9&�o/e{{-��Ano�x��8Tj^�jfK�z>��k�
�YDF�0y�9&vo/RTno�x\G�j^Ti=Bp: [19, j^ 3.3].�} 3.1.2 �7: Q ∈ Rn×n A�=:� q ∈ Rn. � λmax u λmin Sz* Q /_#u_qJ;C� κ = λmax/λmin. A��hF�s5	q}aN�

min f(x) =
1

2
xTQx+ qTx.� {x(k)} *��0
ky>E/_�h!J�(�3aN��/6Z�1hl/|1'AF� k ≥ 0
R�

‖x(k+1) − x∗‖Q ≤
(κ− 1

κ+ 1

)

‖x(k) − x∗‖Q, (3.2)�N x∗ *aN/℄�(� ‖x‖Q = (xTQx)1/2.
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x(0)

x(1)

x(2)

x(0)

x(1)

x(2)

I 3.1: >��k���:8Tj^Bu:��-9
� κ x�� 1 (� Q T>>)bv�>&)bvx�R) , >��k�no�L�)X�J Q T��)bvr�VR���|Ej0fBOÆz�o/T��GJ9
� κ u>R (� Q �
�\%R) , ��noR�( (p_I 3.1) .���0y�� yO
f(x)− f(x∗) =

1

2
(x − x∗)TQ(x− x∗) =

1

2
‖x− x∗‖2Q.�.� (3.2) BVWZ0


f(x(k+1))− f(x∗) ≤
(κ− 1

κ+ 1

)2

(f(x(k))− f(x∗)).>��k�
�j-s4�o/Tno�x��8Tj^K� (_ [19, j^ 3.4]) .�} 3.1.3 � f : Rn → R F�T~D\�{����0
ky>E/_�h!J��/6Z
{x(k)} /U aN (3.1) /( x∗ � ∇2f(x∗) =:�1

f(x(k+1))− f(x∗) ≤
(κ− 1

κ+ 1

)2

(f(x(k))− f(x∗)) + o(f(x(k))− f(x∗)),�N� κ = λmax/λmin, λmax u λmin Sz* ∇2f(x∗) /_#u_qJ;C�
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 (I) — �_p(
� Newton 

§3.2 Newton �K!�HÆ:F f �0mNBY��#y x ∈ Rn,∇2f(x)gj��j^ 2.1.1n��! d(k) = −∇2f(x(k))−1∇f(x(k))ey� f A x(k) #T�k�!�4�!�_ Newton �!�!e f A x(k) #T�0�
℄

f(x(k)) +∇f(x(k))T s+
1

2
sT∇2f(x(k))s ≈ f(x(k) + s)T>&v_�/VWZ� d(k) e�8e� d T�A��<T��

∇2f(x(k))d+∇f(x(k)) = 0..O� Newton �!gB:
eA�� ‖ · ‖∇2f(x(k)) �T>��k�!��
d(k) = −∇2f(x(k))−1∇f(x(k))e9&�o/

min
d∈Rn,d 6=0

∇f(x(k))T d

‖d‖GkT��q� Gk = ∇2f(x(k)).A�� 2.1 T2 :�q3XE
�s4�o/ (3.1) T Newton �)��M� 3.2 � Newton � �\ 1 a:�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�(kyN�^
∇2f(x(k))d+∇f(x(k)) = 0 (3.3)-( d(k).\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.� 3.2.1 ���0
ky>E/ Newton J�(hl/
)4aN
min f(x) =

1

2
x2

1 + x2
2 − x1x2 − x1.Sz
�&6 x(0) = (0, 0)T u (1, 1)T . [aN/_�(^ x∗ = (2, 1)T .` �G�R

∇f(x) =

(

x1 − x2 − 1

−x1 + 2x2

)

, ∇2f(x) =

(

1 −1

−1 2

)

.� d = (d1, d2)
T , 


φ(α) = f(x+ αd) =
1

2
(x1 + αd1)

2 + (x2 + αd2)
2 − (x1 + αd1)(x2 + αd2)− (x2 + αd1).



§3.2 Newton 
"J|�yW 43� φ′(α) = 0 (/T℄ (2.4)) R����f�
α = − (x1 − x2 − 1)d1 + (−x1 + 2x2)d2

d2
1 + 2d2

2 − 2d1d2
.

Newton �! d(k) &7��<
(

1 −1

−1 2

)(

d
(k)
1

d
(k)
2

)

+

(

x
(k)
1 − x(k)

2 − 1

−x(k)
1 + 2x

(k)
2

)

= 0.�.��<R�
(

d
(k)
1

d
(k)
2

)

= −
(

1 −1

−1 2

)−1(

x
(k)
1 − x(k)

2 − 1

−x(k)
1 + 2x

(k)
2

)

= −
(

2 1

1 1

)(

x
(k)
1 − x(k)

2 − 1

−x1 + 2x
(k)
2

)

= −
(

x
(k)
1 − 2

x
(k)
2 − 1

)

.G��r_V 3.1. W 3.1 g 3.2.1 UH��s
x(0) k x(k) f(x(k)) ∇f(x(k)) d(k) αk

(0, 0)T 0 (0, 0)T 0 (−1, 0)T (2, 1)T 1

1 (2, 1)T −1 (0, 0)T

(1, 1)T 0 (1, 1)T −1/2 (−1, 1)T (1, 0)T 1

1 (2, 1)T −1 (0, 0)TvR yTe��sG
>T�[_�Newton �5�tj0fB	;Oo/T>���
V:�q3�)�Nj-T�r��} 3.2.1 �
f(x) =

1

2
xTQx+ qTx,�N Q ∈ Rn×n A�=:�1����&6 x(0) �H���0
ky>E/ Newton J_C1��8%�D"+ f /_qC6�I� �G�wR

∇f(x) = Qx+ q, ∇2f(x) = Q.�.� Newton �! d(0) ��℄K��
d(0) = −∇2f(x(0))−1∇f(x(0)) = −Q−1∇f(x(0)).- d(0) = 0, I ∇f(x(0)) = 0. �� f eFy��.R x(0) eo/T>���
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 (I) — �_p(
� Newton 
- d(0) 6= 0, d� (2.4), ���A��~KTf� α0 ��℄K��
α0 = −∇f(x(0))T d(0)

d(0)T )Qd(0)
=
∇f(x(0))TQ−1∇f(x(0))

∇f(x(0))TQ−1∇f(x(0))
= 1.�.BR

x(1) = x(0) + α0d
(0) = x(0) + d(0) = x(0) −Q−1∇f(x(0)) = x(0) −Q−1(Qx(0) + q) = −Q−1q.�� ∇f(x(1)) = 0, f eFy��b x(1) e f T>&v_� IV�# 3.2.1 ��`AJ� �(�_YF�s5	qCaN!�����&6�H�AJ1�j�8%xD"+s5/_qC6�1�[AJ;�F�PFy��j^ 3.2.1 n� Newton �-��0ÆzA�	j�8��f/ 3.1.1 n�>��k�
-��0ÆzA�

Newton �T�#noA�)�j^K���} 3.2.2 � f F�T~D\� -�5 m > 0 $-
dT∇2f(x)d ≥ m‖d‖2, ∀d ∈ Rn, ∀x ∈ Ω, (3.4)�N�

Ω = {x | f(x) ≤ f(x0))}.� {x(k)} � Newton AJ 3.2 ����N~	 αk �0
ky>E�� Armijo vky>E�� Wolfe-

Powell vky>E
:�1 {x(k)} /U f - Ω N/℄��6_qC6�I� �j^T9
n f A Ω :ej�Fy��q�#>&v_8A℄j�!e ∇f(x) = 0 T℄j�����h< Ω ejG��EF<��� {f(x(k))} TEd�kA�
�� {x(k)} ⊂ Ω.d� (3.3) � (3.4) 
Li=�8A�� C > 0, YR ‖∇f(x(k))‖ ≤ C‖d(k)‖.I θk _1+x�! −∇f(x(k)) � Newton �! d(k) = −∇2f(x(k))−1∇f(x(k)) TPq�� (3.4) 
LLR�8A�� δ > 0 YR cos θk ≥ δ. 3���j^ 2.4.1 — j^ 2.4.3 BR
lim

k→∞
‖∇f(x(k))‖ = 0,� {x(k)} T#�9�_remj_�G f Tmj_eo/T�#>&v_��>&v_T℄jAn

{x(k)} no� f A Ω :T℄j�#>&v_� IVd�j^ 2.5.2 
Li= Newton �T�0noA��} 3.2.3 �:M 3.2.2 /R�
R�}Z {x(k)} ��� Armijo vky>E� Wolfe-Powell vky>E/AJ 3.2 ���1 {x(k)} �ky/U f /�6_qC6 x∗. �[���� ∇2f -6 x∗� Lipschitz T~�1 {x(k)} F�/U x∗.
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Newton �T�e�_pjeq�0noA�G4��e
���T k, ∇2f(x(k)) gj�&I�
O8i Newton �! d(k) e f A x(k) #T�k�!��.��� 3.2 |g��
�YDFy�T9&v_�_D) Newton �T\j���Bl�Cg Newton ��Cg Newton �T
�e�%`
Ak

△
= ∇2f(x(k)) + νkI B3 ∇2f(x(k)) 
�0o/ (3.3). \
� I ∈ Rn×n eEh%`�p� νk > 0 YR%` Ak gj�Cg Newton �Tf���� 3.2 ℄j
>p#A��j d(k) T�A��<�M� 3.3 � �G Newton ��\ 1 a:�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�(kyN�^

Akd+∇f(x(k)) = 0-( d(k), �N� Ak
△
= ∇2f(x(k)) + νkI, �5 νk > 0 $-7: Ak =:�\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.- νk = 0, ICg Newton �T0o/� Newton �T0o/ (3.3) �>���Cg Newton ��d�j^ 2.4.2 �j^ 2.4.3 �j^ 2.5.2 
Li=)�noAj^��} 3.2.4 �� (1) 8|

Ω = {x | f(x) ≤ f(x(0))}�)�s5 f -pr Ω /o`�)tY
�F�T~D\�

(2) 6Z {x(k)} ���0
ky>E�� Armijo vky>E� Wolfe-Powell vky>E/{=
Newton J������`	j6 x̄ $- ∇2f(x̄) =:�

(3) 5Z {νk} ��)�1
lim inf
k→∞

‖∇f(x(k))‖ = 0.�,�� {x(k)} → x̄ � {νk} → 0. 1�� Armijo vky>E� Wolfe-Powell vky>E/{=
Newton J��/6Z {x(k)} �ky/U x̄. �-�~�� ∇2f - x̄ � Lipschitz T~� -�5
C > 0, $- νk ≤ C‖∇f(x(k))‖, 1 {x(k)} F�/U x̄.Cg Newton �D)z Newton �e
 ∇2f(x(k)) gjT���D) Newton �\���T	j���e�� Newton ��>��k�XE Newton — >��k+�;���4��T2?
�e�J Newton �!
8A () ∇2f(x(k)) s�) / Newton �!8AG
e f A x(k) #T�k�! ()
∇2f(x(k)) 
gj) R�l�>��k�!�B Newton �!�4��Tf�)��M� 3.4 (Newton — dJtV�)\ 1 a:�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.
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 (I) — �_p(
� Newton 
\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�(kyN�^
∇2f(x(k))d+∇f(x(k)) = 0. (3.5)�N�^ (3.5) �( d(k) � d(k)T∇f(x(k)) < 0, V~ 3. V1�^ d(k) = −∇f(x(k)). V~ 3.\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.�� 3.4 �Z
�j^ 3.2.4 TnoA��} 3.2.5 �� (1) 8|

Ω = {x | f(x) ≤ f(x(0))}�)�s5 f -pr Ω /o`�)tY
�F�T~D\�

(2) 6Z {x(k)}���0
ky>E�� Armijo vky>E� Wolfe-Powell vky>E/ Newton

— _�h!AJ������`	j6 x̄ $- ∇2f(x̄) =:�1
lim inf
k→∞

‖∇f(x(k))‖ = 0.�,�� {x(k)} → x̄. 1�� Armijo vky>E� Wolfe-Powell vky>E/ Newton — _�h!AJ��/6Z {x(k)} �ky/U x̄. �-�~�� ∇2f - x̄ � Lipschitz T~�1 {x(k)} F�/U x̄.

§3.3 ∗ H�� Newton �:j~�?T Newton �>qCg=℄�jGV>T����J ∇2f(x∗) 
gjR���Tno�xkY_�A��8Tf0	=z\j_�� 3.3.1 � Newton J�(hl/
)4aN
min f(x) =

1

2
x2

1 + φ(x2), (3.6)�N
φ(x2) =

1

12















(x2 − 1)4, � x2 ∈ (1,+∞),

0, � x2 ∈ [−1, 1],

(x2 + 1)4, � x2 ∈ (−∞,−1).
Li=�:8j{T f eFy�����o/ (3.6) T>��<_
X = {(x1, x2)

T | x1 = 0, −1 ≤ x2 ≤ 1}.sxG�BR� f A#y x∗ ∈ X #T Hessian %`5_
∇2f(x∗) =

(

1 0

0 0

)

.
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�� ∇2f(x∗) ��0gjGs���8 z� Newton �
� (3.6) RTno�x��G�R
φ′(x2) =

1

3















(x2 − 1)3, - x2 ∈ (1,+∞),

0, - x2 ∈ [−1, 1],

(x2 + 1)3, - x2 ∈ (−∞,−1),

φ′′(x2) =















(x2 − 1)2, - x2 ∈ (1,+∞),

0, - x2 ∈ [−1, 1],

(x2 + 1)2, - x2 ∈ (−∞,−1),

∇f(x) =

(

x1

φ′(x2)

)

, ∇2f(x) =

(

1 0

0 φ′′(x2)

)

.- x = (x1, x2)
T &7 x2 6∈ [−1, 1], I Newton �T0o/ (3.3) ����� d = (d1, d2)

T ��℄K��
d1 = −x1, d2 = − φ

′(x2)

φ′′(x2)
= −1

3







(x2 − 1), - x2 ∈ (1,+∞),

(x2 + 1), - x2 ∈ (−∞,−1).I x+ = (x+
1 , x

+
2 )T V_�Ehf� Newton �~KT�jG_�I

x+
1 = x1 + d1 = 0,

x+
2 = x2 + d2 = x2 −

φ′(x2)

φ′′(x2)
=







1 + 2
3(x2 − 1), - x2 ∈ (1,+∞),

−1 + 2
3(x2 + 1), - x2 ∈ (−∞,−1).
L:��- x2 > 1,I x+

2 > 1� x+
2 −1 = 2

3 (x2−1). - x2 < −1,I x+
2 < −1� x+

2 +1 = 2
3 (x2+1).��[_ x(0) = (x

(0)
1 , x

(0)
2 ) &7 x

(0)
2 > 1. IEhf� Newton �~K)�_}�

x(k+1) =

(

0

1 + 2
3 (x

(k)
2 − 1)

) � x(k+1) − x∗ =
2

3
(x(k) − x∗),q�� x∗ = (0, 1)T ∈ X .:8Tf0	=�J ∇2f(x∗) s�R� Newton �Tno�xBkY_�A��# 3.3.1 �-aN (3.1) /( x∗ � ∇2f(x∗) ���1� x∗ *aN (3.1) /��(�Jo/ (3.1) �s��R�o/T�BO
℄j�
 X V_o/ (3.1) T�<���# 3.3.2 �s5 F : Rn → R+

△
= {t ∈ R | t ≥ 0} - x∗ ∈ X /[%sAaN (3.1) /(
w XMdY�`6�d�)�� - x∗ /[% U(x∗) u�5 m > 0 $-

F (x) ≥ m dist(x,X), ∀x ∈ U(x∗), (3.7)�N� dist(x,X) y)6 x +
w X /<L�
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 (I) — �_p(
� Newton 
(wi=�-A x∗ ∈ X # ∇2f(x∗) gj�I x∗ eo/ (3.1) TjG^h���A x∗ TDG�"M� X = {x∗}. .Ry� ‖∇f‖A x∗ T�"M�o/ (3.1) T�<� {x∗}-RzjG#hx|��G�p
��A:8Tf 3.3.1 ���#� x∗ = (x∗1, x
∗
2)

T ∈ X , )r −1 < x∗2 < 1, IBui=y� ‖∇f‖A x∗ T�"M�o/ (3.1) T�<� X -RzjG#hx|��
V:��\dT x∗, 8A x∗ T�" U(x∗) YR���T x = (x1, x2)
T ∈ U(x∗), �

‖∇f(x)‖ =
√

x2
1 + φ′(x2)2 ≥ |x1| = dist(x,X).�.�#hx|�9
B Hessian %`TgjA9
YD/�f 3.3.1 V=�Jo/ (3.1) �s��R� Newton �Tno�xkY��A��8�?gI�

Newton ��4��Jo/�s��Rg8i�0noA�O3 3.3.1 1) s5 f : Rn → R F�T~D\� ∇2f(x) o=:�
(2) s5 f / Hessian 7: ∇2f Lipschitz T~��Fy�TVWAj^ 1.2.1 n�UF 3.3.1 6wz f eFy�TUF�.O��#�g� µk, %` ∇2f(x(k)) + µkI gj��.��j^ 2.1.1, �A��<

(∇2f(x(k)) + µkI)d+∇f(x(k)) = 0 (3.8)T�ey� f A x(k) #T�k�!�q3�p� µk _gI��0���A��< (3.8) �B Newton ��T0o/ (3.3), q3BXE)�
�Fy�9&�o/TgI� Newton ��M� 3.5 (G?> Newton �)\ 1 a:�5 σ, ρ ∈ (0, 1), C > 0, �&6 x(0) ∈ Rn. ^ k := 0.\ 2 ^ µk = C‖∇f(x(k))‖. (kyN�^ (3.8) -( d(k).\ 3 ^ ik *$hl/|1'
R/_qQZ<5�
f(x(k) + ρid(k)) ≤ f(x(k)) + σρi∇f(x(k))T d(k). (3.9)^ αk := ρik .\ 4 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.[� �� 3.5 �Tf 3 VM:e Armijo ;�A����8Tj^K�zgI� Newton � (�� 3.5) T�#noA�u>no�x\G�qi=p:
[17].�} 3.3.1 ��� 3.3.1 
R� f �h)�1�=1} Newton J��/6Z {x(k)} /j�`	j6;*aN (3.1) /(�
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 49�} 3.3.2 �hl/R�
R� (1) �� 3.3.1 
R� (2) �=1} Newton J��/6Z {x(k)}�YZ {x(k)}k∈K /U x̃ ∈ X, �s5 ‖∇f(x)‖ - x̃ /o[%sAaN (3.1) MdY�`d�)�
(3) - (3.9) N
 σ ∈ (0, 1/2). 1) k ∈ K �S#!� αk = 1, D� {x(k)}k∈K F�/U x̄, � -�5 M > 0 $-

dist (x(k+1), X) ≤Mdist (x(k), X)2.sY 3

1. Lkt5�:wp0
min f(x) = x2

1 + 2x2
2.G x(0) = (1, 1)T .

(i) �m����B��U?�	l�Æ�5p0�
(ii) �m����B��U Newton �Æ�5p0�

2. G {x(k)} fm����B��U?�	l��Æ�ZEG	1z�:(wp0
min f(x) =

1

2
xTQx+ qTx (3.10)�LU`~�J x(k+1) = x(k) +αkd

(k) fp0U�U�f:df� d(k) f Q UkH*
"w��	U*
w`
α−1

k .

3. G {x(k)} fm����B��U?�	l��Æ�ZEG	1z�:(wp0 (3.10) �LU`~�j>��$� k ≥ 0, 	9UdW^Æi�
f(x(k+1)) ≤ (1 − κ(Q)−1)f(x(k)),r
 κ(Q) W` Q U:d�����. q 6= 0, J;9UdW^ZEÆi�

4. G {x(k)} fm����B��U?�	l��Æ�ZEG	1z�:(wp0 (3.10) �LU`~�G x∗ fp0U��j>	9UW^�
‖x(k) − x∗‖2

Q − ‖x(k+1) − x∗‖2
Q = 2αk∇f(x(k))TQ(x(k) − x∗) − α2

k∇f(x(k))TQ∇f(x(k)),

‖x(k) − x∗‖2
Q − ‖x(k+1) − x∗‖2

Q =
‖∇f(x(k))‖4

‖∇f(x(k))‖2
Q

,

‖x(k+1) − x∗‖2
Q =

{

1 − ‖∇f(x(k))‖4

‖∇f(x(k))‖2
Q‖∇f(x(k))‖2

Q−1

}

‖x(k) − x∗‖2
Q.

5. G&a Q ∈ Rn×n ��hk� λmin � λmax !YW` Q U?(�??*
w�j>	9U Kantorovich dW^�
‖x‖4

‖x‖2
Q‖x‖2

Q−1

≥ 4λminλmax

(λmin + λmax)2
.

6. G {x(k)} fm����B��U?�	l��Æ�ZEG	1z�:(wp0 (3.10) �LU`~� x∗ fp0U��



50 �P� n�[md`
 (I) — �_p(
� Newton 

(i) j> {x(k)} .�*	op�y℄H�

‖x(k+1) − x∗‖Q ≤ κ− 1

κ+ 1
‖x(k) − x∗‖Q,r
� κ f Q U:d��A??*
w�?(*
wqC�

(ii) j>�m� Euclid ��S� {x(k)} .�*	op�y℄H�
‖x(k+1) − x∗‖ ≤ κ− 1

κ+ 1
κ1/2‖x(k) − x∗‖.

7. j>	9U� �
(i) G {x(k)} fm����B��U?�	l�Æ�ZEG	1z�:(wp0 (3.10) �LU`~�J�$�

k ≥ 0,

‖∇f(x(k+1))‖2 ≤ (κ− 1)2

4κ
‖∇f(x(k))‖2,r
� κ f&a Q U:d��

(ii) G f : Rn → R 	1nOCZ�k�G�J�
lim sup

k→∞

‖∇f(x(k+1))‖2

‖∇f(x(k))‖2
≤ (κ− 1)2

4κ
,r
� κ f&a ∇2f(x∗) U:d�� x∗ f f U?(w`�

8. GVG 2.4.1 U:dÆi� {x(k)} �m����B���0 Armijo <�B���0 Wolfe-Powell <�B��?�	l��L�.9B {x(k)} UkH:�` x∗ ZS f B x∗ UE�#N	1nOCZ� ∇2f(x∗) hk�j>M~ {x(k)} op� x∗.

9. j>k_ 3.1.3.

10. G f : Rn → R 	1nOCZ�<{Æ�t5�p0 (3.1) U*	gCE^�
x(k+1) = x(k) + αkd

(k), k = 0, 1, . . . ,G {x(k)} → x∗ � ∇f(x∗) = 0, ∇2f(x∗) hk��
δk =

|∇f(x(k))Td(k) + d(k)T∇2f(x(k))d(k)|
‖d(k)‖2

.j>�. lim
k→∞

δk = 0, JK k �!?S� αk = 1 '8 Armijo <�B��:d� Wolfe-Powell <�B��:d�
11. �ab Newton �Æz�

f(x) = x2
1 + 2x2

2 − ln(x1x2 − 1)U:(w`��w!Y�` (i) x(0) = (2, 1.5)T ; (ii) x(0) = (1.5, 2)T . mÆ� x(2).

12. YFkH	1nOCZz�z� f : Rn → R, (n ≥ 1), ZS�ab Newton �Æ� (3.1) S�LU`~ {x(k)}	1op�p0U� x∗, � ∇2f(x∗) 1hkHdhk�
13. Gz� f : Rn → R 	1nOCZ� ∇2f(x) ��� x ∈ Rn hk�j> Newton �"f:(�p0

min
d∈Rn,d6=0

∇f(x(k))T d

‖d‖GkU��r
 Gk = ∇2f(x(k)).
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14. Gz� f : Rn → R 	1nOCZ���� x ∈ Rn, ∇2f(x) hk�Lkh�M~ {ηk} → 0. <{Æ�t5�p0 (3.1) U*	gC���Lk x(0) ∈ Rn,

x(k+1) = x(k) + d(k), k = 0, 1, . . . ,r
 d(k) '8
‖∇2f(x(k))d(k) + ∇f(x(k))‖ ≤ ηk, k = 0, 1, . . . .j>�5�� (�`��� Newton ��) .�$i��Bop�y�.�kgVG ∇2f Lipschitz nO��9B�� M > 0, ZSK k �!?S� ηk ≤M‖∇f(x(k))‖. j> {x(k)} .�	1op�y�

15. z� f : Rn → R 	1nOCZ���� x ∈ Rn, ∇2f(x) hk�<{Æ�t5�p0 (3.1) U*	gC�� (��}! Newton �): Lk x(0) ∈ Rn,

x(k+1) = x(k) + d(k), k = 0, 1, . . . ,r
 d(k) '8
Hkd

(k) + ∇f(x(k)) = 0, k = 0, 1, . . . ,r
 Hk U\ j ~`
(Hk)j = (∇f(x(k) + ǫke

(j)) −∇f(x(j)))/ǫk, j = 1, 2, . . . , n.

e(j), j = 1, 2, . . . , n fEU��"�G ǫk '8��EH�� C > 0 � 0 < ǫk ≤ C‖∇f(x(k))‖. j>5��.�$i��BopB�.�kgVG ∇2f Lipschitz nO�j> {x(k)} .�	1op�y�
16. gim� Goldstein �B�� Newton �U�$opBk_�
17. j>k_ 3.2.4.

18. j>k_ 3.2.5.

19. G f : Rn → R f	1nOCZUGz�� ∇2f Lipschitz nO� X W`p0 (3.1) U?��=�Lk
x̄ ∈ X, G λ̄1, λ̄2, . . . , λ̄l f ∇2f(x̄) Uh*
w� Λ̄ = diag (λ̄1, λ̄2, . . . , λ̄l). �$��!y� x̄ U` x,

λ1(x), λ2(x), . . . , λn(x) W`f ∇2f(x) Uh*
w��K x → x̄ S� λi(x) → λ̄i, i = 1, . . . , l, λi(x) → 0,

i = l+ 1, . . . , n. J Λ1(x) = diag (λ1(x), λ2(x), . . . , λl(x)), Λ2(x) = diag (λl+1(x), λl+2(x), . . . , λn(x)). �hn&a Q̄ = (Q̄1, Q̄2), Q(x) = (Q1(x),Q2(x) '8�
∇2f(x̄) = (Q̄1, Q̄2)

(

Λ̄ 0

0 0

)(

Q̄T
1

Q̄T
2

)

, ∇2f(x) = Q(x)

(

Λ1(x) 0

0 Λ2(x)

)(

Q1(x)
T

Q2(x)
T

)

.

(i) j>�9B x̄ U�# U(x̄), ZS	9UW^��� x ∈ U(x̄) Æi�
‖Q2(x)

T∇f(x)‖ = o(dist(x,X)).

(ii) . ∇f(x) � X .S{kH$iy}��j>�9B�� m > 0 ZS
‖Q1(x)

T∇f(x)‖ ≥ m‖x− x̂‖ = m · dist(x,X),

‖Q1(x)
T (x− x̂)‖ ≥ m‖x− x̂‖ = m · dist(x,X),r
� x̂ W` x P X UD
�

20. [Æ�k_ 3.2.2, gi^j>m��Fe�B�� (2.10) U Newton �U�$opBk_�



52 �P� n�[md`
 (I) — �_p(
� Newton 




�FE n;�kWN� (II) — � Newton �?P�?
�s4�o/
min f(x), x ∈ Rn (4.1)TR Newton ��UF f : Rn → R mNBY�

§4.1 � Newton �K!�S:jP�?T Newton �-��0noA�GJ ∇2f(x(k)) 
gjR���~KT�!
O8ie
f A x(k) #T�k�!�)X�J ∇2f(x(k)) s�R�0o/ (3.3) BOs��� Newton �!BO
8A�Cg Newton �BD) Newton �T:}PL�GACg Newton ���p� νk > 0 TQ�Q �e�-p� νk t&�I��TCg Newton �!&
O8ie f A x(k) #T�k�!�p� νk $>�I(��no�x�.O� Newton �>qCg=℄rEeG�y� f T�zM���8�?TR Newton �BD) Newton �T:}��������AjjT9
�-�uLTno�x — ��Ano�x�R Newton �T2?
�eA Newton �T0o/ (3.3) �� ∇2f(x(k)) TDG�
%` Bk �B
∇2f(x(k)). %` Bk �-�)�0G)_�
• AD�y{�� Bk ≈ ∇2f(x(k)), Y��T��~KT�! (�_R Newton �!) e Newton �!T�
�u8i��-�uLTno�x�
• ���T k, Bk ��gj�3�YR��~KT�!ey� f A x(k) #T�k�!�
• %` Bk (wG���8�?-�\0G)_T Bk TXE�

§4.1.1 � Newton �k2 Dennis—Moré [SUF f �0mNBY�d��(y� Taylor N8R)��
℄�
∇f(x(k)) ≈ ∇f(x(k+1))−∇2f(x(k+1))(x(k+1) − x(k)).�.�Y Bk �
� ∇2f(x(k)) Tj��^T��e�� Bk+1 �B ∇2f(x(k+1)) R�:8T�
℄
hV℄�� Bk+1 &7��

Bk+1s
(k) = y(k), (4.2)q�� s(k) = x(k+1) − x(k), y(k) = ∇f(x(k+1))−∇f(x(k)). �� (4.2) �_R Newton ��/B����-
 Hk+1 = B−1

k+1, IR Newotn �� (4.2) BVWZ0

Hk+1y

(k) = s(k). (4.3) yO s(k) = x(k+1) − x(k) = αkd
(k), R Newton �� (4.2) V=%` Bk+1 � ∇2f(x(k+1)) ^�!

d(k) �
�V����R Newton �!e Newton �!AD�y{:TjG�
��8Tj^	=�J
Bk &7jjT9
R�R Newton �-���AnoA�

53
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�} 4.1.1 �s5 f : Rn → R F�T~D\�A��h8%q�
x(k+1) = x(k) + d(k), k = 0, 1, . . . ,�N d(k) *kyN�^

Bkd+∇f(x(k)) = 0 (4.4)/(�� {x(k)} /U x∗ � ∇f(x∗) = 0, ∇2f(x∗) =:�1 {x(k)} �ky/U)�,)
lim

k→∞

‖(Bk −∇2f(x∗))d(k)‖
‖d(k)‖ = 0. (4.5)I� �� {x(k)} → x∗, �.� (4.5) VW�

lim
k→∞

‖(Bk −∇2f(x(k)))d(k)‖
‖d(k)‖ = 0. yO Bkd

(k) = −∇f(x(k)). :℄VW�
lim

k→∞

‖∇f(x(k)) +∇2f(x(k))d(k)‖
‖d(k)‖ = 0.�.�- (4.5) 
h��j^ 2.5.2 �R {x(k)} T��AnoA��p�F {x(k)} ��Ano� x∗, �

lim
k→∞

‖x(k+1) − x∗‖
‖x(k) − x∗‖ = 0. (4.6)�� x(k+1) = x(k) + d(k). �.� (4.6) 6wz

lim
k→∞

‖x(k) − x∗‖
‖d(k)‖ = 1. (4.7)d� (4.4) R

‖(Bk −∇2f(x∗))d(k)‖ = ‖∇f(x(k)) +∇2f(x∗)d(k)‖
≤ ‖∇f(x(k))−∇f(x∗)−∇2f(x∗)(x(k) − x∗)‖ + ‖∇2f(x∗)(x(k+1) − x∗)‖.d� f T�0mNBYA�℄�:℄> (4.7), 
LLR (4.5). IV yO s(k) = x(k+1) − x(k) = d(k), 9
 (4.5) BVWZ0


lim
k→∞

‖(Bk −∇2f(x∗))s(k)‖
‖s(k)‖ = 0.:℄/ (4.5) �_ Dennis—Moré 9
�J n > 1 R�&7R Newton �� (4.2) T%` Bk+1 �����j Bk+1 T+IpjeYqAG�:(wVÆ�s�TR Newotn �<t� Bk �?Y�Cg~K Bk+1, �


Bk+1 = Bk + ∆k, (4.8)q��%` ∆k e�_ 1 / 2 T%`��8K�C���TR Newton CgT℄�
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§4.1.2 ÆfQ 1 (SR1) �G)9A (4.8) �� ∆k _� 1 T��%`��
 ∆k = βku
(k)u(k)T , q�� βk ∈ R, u(k) ∈ Rn. �R

Newton �� (4.2) R
(Bk + βku

(k)u(k)T )s(k) = y(k),��
βk(u(k)T s(k))u(k) = y(k) −Bks

(k). (4.9):℄	=�!v u(k) h?� y(k) −Bks
(k), �8A γk, YR u(k) = γk(y(k) −Bks

(k)), /
∆k = βkγ

2
k(y(k) −Bks

(k))(y(k) −Bks
(k))T .3��� (4.9) R

[βkγ
2
k(y(k) −Bks

(k))T s(k) − 1](y(k) −Bks
(k)) = 0.- (y(k) −Bks

(k))T s(k) 6= 0, I�
βkγ

2
k =

1

(y(k) − Bks(k))T s(k)
, ∆k =

(y(k) −Bks
(k))(y(k) −Bks

(k))T

(y(k) −Bks(k))T s(k)
.bR)���� 1 CgT℄�

Bk+1 = Bk +
(y(k) −Bks

(k))(y(k) −Bks
(k))T

(y(k) −Bks(k))T s(k)
. (4.10)Z
Z�d�B��� (4.3), � Hk �?��� 1 CgBR)�e� Hk T��� 1 CgT℄�

Hk+1 = Hk +
(s(k) −Hky

(k))(s(k) −Hky
(k))T

(s(k) −Hky(k))T y(k)
. (4.11)

§4.1.3 BFGS �G)92 BFGS M�A (4.8) �� ∆k _�_ 2 T��%`��
 ∆k = aku
(k)u(k)T + bkv

(k)v(k)T , q�� ak, bk eDjV�� u(k), v(k) ∈ Rn eDj!v��R Newton �� (4.2) R
Bks

(k) + ak(u(k)T s(k))u(k) + bk(v(k)T s(k))v(k) = y(k),/VWZ�
ak(u(k)T s(k))u(k) + bk(v(k)T s(k))v(k) = y(k) −Bks

(k). (4.12)
L
Æ�&7:℄T!v u(k) � v(k) 
℄j�� u(k), v(k)  Xh?� Bks
(k) � y(k), �
 u(k) =

βkBks
(k), v(k) = γky

(k), q�� βk � γk eDjp��q3�
∆k = akβ

2
kBks

(k)s(k)TBk + bkγ
2
ky

(k)y(k)T .� (4.12) R
[akβ

2
k(s(k)TBks

(k)) + 1]Bks
(k) + [bkγ

2
k(y(k)T s(k))− 1]y(k) = 0.
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-!v y(k) � Bks
(k) 
h?�I�

akβ
2
k = − 1

s(k)TBks(k)
, bkγ

2
k =

1

y(k)T s(k)
.3��

∆k = −Bks
(k)s(k)TBk

s(k)TBks(k)
+
y(k)y(k)T

y(k)T s(k)
.bR)�� 2 CgT℄�

Bk+1 = Bk −
Bks

(k)s(k)TBk

s(k)TBks(k)
+
y(k)y(k)T

y(k)T s(k)
. (4.13)T℄ (4.13) �_ BFGS(Broyden-Fletcher-Goldfarb-Shanno)CgT℄�
��- Bk ���I Bk+1 g���

BFGS CgT℄�)�A���V 4.1.1 � Bk A�=:�Bk+1 � BFGS {=e' (4.13) 
:�1)�,) y(k)T s(k) > 0 !�
Bk+1 A�=:�I�  yO

y(k)T s(k) = s(k)TBk+1s
(k).- Bk+1 gj�I
�� y(k)T s(k) > 0.�F y(k)T s(k) > 0 � Bk ��gj�q3i=�#� d ∈ Rn � d 6= 0, � dTBk+1d > 0.�T℄ (4.13) R

dTBk+1d = dTBkd−
(dTBks

(k))2

s(k)TBks(k)
+

(dT y(k))2

y(k)T s(k)
. (4.14)� Bk T��gjA�8A��gj%` B

1/2
k YR Bk = B

1/2
k B

1/2
k . d� Cauchy-Schwarz 
V℄�

|aT b| ≤ ‖a‖ ‖b‖, ∀a, b ∈ Rn R
(dTBks

(k))2 = [(B
1/2
k d)T (B

1/2
k s(k))]2 ≤ ‖B1/2

k d‖2 ‖B1/2
k s(k)‖2 = (dTBkd)(s

(k)TBks
(k)). (4.15):8T
V℄
hV℄T�e9
e8A� λk 6= 0 YR B

1/2
k d = λkB

1/2
k s(k), � d = λks

(k).�.�-
V℄ (4.15) _YD
V℄�I� (4.14) R
dTBk+1d > dTBkd− dTBkd+

(dT y(k))2

y(k)T s(k)
=

(dT y(k))2

y(k)T s(k)
≥ 0.-
V℄ (4.15) �V℄
h��� λk 6= 0, YR d = λks

(k), I�
V℄ (4.14) �V℄ (4.15) R
dTBk+1d ≥

(dT y(k))2

y(k)T s(k)
= λ2

ky
(k)T s(k) > 0.5p� dTBk+1d > 0, ∀d ∈ Rn, d 6= 0, � Bk+1 ��gj� IV:8T�/V=�-�[%` B0 ��gj��AfBR8i y(k)T s(k) > 0, ∀k ≥ 0, I�CgT℄

(4.13) ~KT%`L} {Bk} e��gj%`L}�3�����T k, ��< Bkd +∇f(x(k)) = 0 �℄j� d(k). ����j^ 2.1.1 n� d(k) e f A x(k) #T�k�!��8T�/K�z8i y(k)T s(k) > 0, ∀k ≥ 0 T9
�
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"J{� 57�V 4.1.2 � d(k) fZ ∇f(x(k))T d(k) < 0. �hl/R���
R�1
y(k)T s(k) > 0, ∀k ≥ 0.

(1) AJN��0
ky>E� Wolfe-Powell vky>E�
(2) s5 f F�T~D\�Aj` x ∈ Rn, ∇2f(x) =:�I� (1) �����A���q3� ∇f(x(k+1))Td(k) = 0. �.�

y(k)T s(k) = αk(∇f(x(k+1))−∇f(x(k)))T d(k) = −αk∇f(x(k))T d(k) > 0.-l� Wolfe-Powell ;�A���I� (2.7) �T[�G
V℄R
y(k)T s(k) = αk(∇f(x(k+1))−∇f(x(k)))Td(k) ≥ −(1− σ2)αk∇f(x(k))T d(k) > 0.

(2) - f �0mNBY� ∇2f(x) ��� x ∈ Rn gj�I��vj^�
y(k)T s(k) = s(k)T [

∫ 1

0

∇2f(x(k) + τs(k))dτ ]s(k) > 0. IV:8T�/V=�-A BFGS ���l����A��/ Wolfe-Powell ;�A���|e B0 ��gj�I���~KT%`L} {Bk} e��gj%`L}����J BFGS ����
�j�Fy�T9&vo/R�|e B0 ��gj�
�l����A�����~KT%`L} {Bk} e��gj%`L}��8K� BFGS ��Tf��M� 4.1 (BFGS M�)\ 1 
�&6 x(0) ∈ Rn, �&A�=:7: B0 ∈ Rn×n. 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k).\ 3 (kyN�^
Bkd+∇f(x(k)) = 0 (4.16)-( d(k).\ 4 �ky>E
:~	 αk.\ 5 ^ x(k+1) = x(k) + αkd

(k). � ‖∇f(x(k+1))‖ ≤ ǫ, 1-( x(k+1). V1�� BFGS {=e'
(4.13) 
: Bk+1.\ 6 ^ k := k + 1. V~ 3.
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[� -A�� 4.1 Tf 4 �l� Armijo ;�A�����
O8i y(k)T s(k) > 0, .R� Bk TgjA
O��A��8i�_z8il� Armijo ;�A��R%` Bk T��gjA�Bl�)�TCg�℄�
Bk+1 =







Bk − Bks
(k)s(k)TBk

s(k)TBks
(k) +

y(k)y(k)T

y(k)T s(k) , -y(k)T s(k) > 0

Bk, -y(k)T s(k) ≤ 0.

(4.17)
L:��|e B0 ��gj�:}Cg�℄B8i%`L} {Bk} _��gj%`L}�� 4.1.1 ���0
ky>E/ BFGS AJ�(hl/
)4aN
min f(x) =

1

2
x2

1 + x2
2 − x1x2 − 2x1.
�&6 x(0) = (1, 1)T , �&7: B0 = I ^'`7:�[aN/_�(^ x∗ = (4, 2)T .` �G�R ∇f(x) = (x1 − x2 − 2,−x1 + 2x2)

T . � d = (d1, d2)
T , 


φ(α) = f(x+ αd) =
1

2
(x1 + αd1)

2 + (x2 + αd2)
2 − (x1 + αd1)(x2 + αd2)− 2(x1 + αd1).� φ′(α) = 0 (/T℄ (2.4)) , 
LRO���A��Tf�_

α = −x1d1 − x2d1 − 2d1 − x1d2 + 2x2d2

(d1 − d2)2 + d2
2

.� x(0) = (1, 1)T , B0 = I ∈ R2×2. � ∇f(x(0)) = (−2, 1)T . � k = 0 ��A��< (4.16) R�
d(0) = (2,−1)T . �.� α0 =

1

2
. 3�

x(1) = x(0) + α0d
(0) = (2,

1

2
)T , ∇f(x(1)) = (−1

2
,−1)T .(w�R

s(0) = x(1) − x(0) = α0d
(0) = (1,−1

2
)T , y(0) = ∇f(x(1))−∇f(x(0)) = (

3

2
,−2)T .b

B1 =

(

1 0

0 1

)

−





4
5 −2

5

−2
5

1
5



+





9
10 −6

5

−6
5

8
5



 =





11
10 −4

5

−4
5

12
5



 .� k = 1���< (4.16)R� d(1) = (1, 3/4)T . α1 = 2, x(2) = x(1) +α1d
(1) = (4, 2)T , ∇f(x(2)) = (0, 0)T .b x∗ = x(2) = (4, 2)T .d� Sherman-Morrison T℄ (1.16), 
LM� BFGS CgT℄TUCgT℄)��

Hk+1 =
(

I − s(k)y(k)T

y(k)T s(k)

)

Hk

(

I − s(k)y(k)T

y(k)T s(k)

)T

+
s(k)s(k)T

y(k)T s(k)

= Hk +
(s(k) −Hky

(k))s(k)T + s(k)(s(k) −Hky
(k))T

y(k)T s(k)

− (s(k) −Hky
(k))T y(k)

(y(k)T s(k))2
s(k)s(k)T , (4.18)q�� Hk = B−1

k , Hk+1 = B−1
k+1.
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§4.1.4 Broyden _M�J �R� 2CgR Newton ��	jG�?TCgT℄e DFP(Davidon-Fletcher-Powell)T℄�qCgT℄)��
Bk+1 =

(

I − y(k)s(k)T

y(k)T s(k)

)

Bk

(

I − y(k)s(k)T

y(k)T s(k)

)T

+
y(k)y(k)T

y(k)T s(k)

= Bk +
(y(k) −Bks

(k))y(k)T + y(k)(y(k) −Bks
(k))T

y(k)T s(k)

− (y(k) −Bks
(k))T s(k)

(y(k)T s(k))2
y(k)y(k)T . (4.19)qUCgT℄_�

Hk+1 = Hk −
Hky

(k)y(k)THk

y(k)THky(k)
+
s(k)s(k)T

y(k)T s(k)
. (4.20)-h�� 4.1 �f 5 TCgT℄� DFP T℄ (4.19) 3 �I��T���_ DFP ���qf�� BFGS ��Z
�
?�/�Bu BFGS CgT℄ (4.13) � DFP CgT℄ (4.19) u>!3TUCgT℄ (4.18) � (4.20), 
L
Æ�sZpY��8Te��

Bk+1 ←→ Hk+1, Bk ←→ Hk, s(k) ←→ y(k).

BFGS CgT℄� DFP CgT℄YT:}e��_�℄e��
BFGS T℄� DFP T℄TS��A<�X
jZCgT℄�

Bφk

k+1 = φkB
BFGS
k+1 + (1 − φk)BDFP

k+1 , (4.21)

Hφk

k+1 = φkH
BFGS
k+1 + (1− φk)HDFP

k+1 , (4.22)q�� BBFGS
k+1 � BDFP

k+1 � HBFGS
k+1 � HDFP

k+1  X� BFGS T℄� DFP T℄�j� φk _p��CgT℄ (4.21) / (4.22) �_ Broyden 9CgT℄���TR Newton ��_ Broyden 9���Z
��/ 4.1.1, 
Li=)��/��V 4.1.3 � Bk A�=:� Bφk

k+1 � Broyden \{=e' (4.21) � (4.22) 
:� φk ∈ [0, 1]. 1)�,) y(k)T s(k) > 0 !� Bk+1 A�=:�
Broyden 9���-�jG��TA� — �A
PA�F A ∈ Rn×n �s�� a ∈ Rn. B�AP 

x = Az + a.;z
�)�s4�o/
minF (z) = f(Az + a), z ∈ Rn (4.23)T Broyden 9���I {x(k)} � {z(k)}  XV_
�o/ (4.1) � (4.23) T Broyden 9��~KT_}� {Bx

k} � {Bz
k}  XV_��~KT%`L}�-


x(0) = Az(0) + a, Bx
0 = A−TBz

0A
−1. (4.24)
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 yO ∇F (z(0)) = AT∇f(x(0)), ���T0o/
Bx

0d+∇f(x(0)) = 0, Bz
0d+∇F (z(0)) = 0BR d

(0)
x = Ad

(0)
z . 
 αx

k � αz
k  XV_
�o/ (4.1) � (4.23) T Broyden 9��~KTf��I
x(1) = x(0) + αx

0d
(0)
x = A(z(0) + αx

0d
(0)
z ) + a.�.�-� αz

0 = αx
0 , I

z(1) = z(0) + αz
0d

(0)
z = z(0) + αx

0d
(0)
z .�.BR

s(0)x = As(0)z , y(0)
z = AT y(0)

x .A.2 :�
Li=�
Bx

1 = A−TBz
1A

−1.d�oJ���/:}t��Bui=���� k ≥ 0, -� αx
k = αz

k, I�
x(k) = Az(k) + a, Bx

k = A−TBz
kA

−1,��8Tj^
h��} 4.1.2 � {x(k)} u {z(k)} Sz*� Broyden \AJ�(aN (4.1) u (4.23) ��/6Z��N z(0), Bz
0 fZ (4.24). �
 αx

k = αz
k, 1

x(k) = Az(k) + a, Bx
k = A−TBz

kA
−1, k = 0, 1, . . . .:8Tj^gBuK}_��} 4.1.3 � {x(k)} u {z(k)} Sz*� Broyden \AJ�(aN (4.1) u (4.23) ��/6Z��N z(0), Bz

0 fZ (4.24). � x(k) = Az(k) + a, ∀k = 0, 1, . . ., 1
αx

k = αz
k, Bx

k = A−TBz
kA

−1, k = 0, 1, . . . .�j^ 4.1.2 / 4.1.3 K�TA��_�A
PA�
§4.2 ∗ � Newton ��=��~
?~�?R Newton �TnoA^��q
�q3x���A�����TnoA����l�
>�A��TR Newton �TnoA�g
�>�?~A>���O��q3E�O)�UF9
�O3 4.2.1 (1) s5 f : Rn → R F�T~D\�

(2) 8|

Ω(x(0)) = {x ∈ Rn | f(x) ≤ f(x(0))}*�)Y
�s5 f - Ω(x(0)) �*�IYs5�j -=�5 m ≤M , $-

m‖d‖2 ≤ dT∇2f(x)d ≤M‖d‖2, ∀x ∈ Ω(x(0)), d ∈ Rn. (4.25)
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}Y7{6> 61AUF 4.2.1 T9
��q3�)��^�%} 4.2.1 ��� 4.2.1 
R�1}Z
{‖y(k)‖
‖s(k)‖

}

,
{ ‖s(k)‖
‖y(k)‖

}

,
{y(k)T s(k)

‖s(k)‖2
}

,
{y(k)T s(k)

‖y(k)‖2
}

,
{ ‖y(k)‖2
y(k)T s(k)

};*�)}Z�I� d��vj^�
y(k) = ∇f(x(k+1))−∇f(x(k)) =

(

∫ 1

0

∇2f(x(k) + τs(k))dτ
)

s(k) △
= Ḡks

(k). yO Ω(x(0)) eF<��#� τ ∈ [0, 1], x(k) + τs(k) = (1 − τ)x(k) + τx(k+1) ∈ Ω(x(0)). �UF
4.2.1 �T9
 (2) n�%` Ḡk j�gj�b8Ag�� m1 ≤M1 YR

m1‖s(k)‖ ≤ ‖y(k)‖ ≤M1‖s(k)‖, m1‖s(k)‖2 ≤ y(k)T s(k) ≤M1‖s(k)‖2.d�:8T
V℄
Li=�^T��� IV;zl����A��TR Newton �TnoA��8Tj^� Dixon (1972) K���} 4.2.1 � f : Rn → R T~D\�8|
 Ω(x(0)) �)�� B0 A�=:�1��0
ky>E/ Broyden \AJ (φk ∈ [0, 1]) ��/6Z {x(k)} " φk 
k�j^ 4.2.1 V=�3>j�[_�>j�[��gj%`�
�l����A��T Broyden 9�� (φk ∈ [0, 1]) �T����~K�>T_}��.�|eq�T��pjno�I Broyden9���T#�jG��rno�
Broyden 9���T BFGS �� (φk = 1) T�#noAj^)���} 4.2.2 ��� 4.2.1 
R�1��0
ky>E� Wolfe-Powell vky>E/ BFGS AJ��/6Z {x(k)} /U aN (4.1) /℄�	qC6 x∗._i=j^ 4.2.2, q3
i=CG�^�%} 4.2.2 ��� 4.2.1 
R�1 -�5 C > 0 $-

tr (Bk) ≤ Ck, ∀k ≥ 0, (4.26)

1

k + 1

k
∑

i=0

‖Bis
(i)‖2

s(i)TBis(i)
≤ C, ∀k ≥ 0, (4.27)�N� tr(A) y)7: A /��
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I� F C1 > 0 e�^ 4.2.1 �L}T:��A (4.13) sz
%`T7R
tr (Bk+1) = tr (Bk)− ‖Bks

(k)‖2
s(k)TBks(k)

+
‖y(k)‖2
y(k)T s(k)

≤ tr (Bk)− ‖Bks
(k)‖2

s(k)TBks(k)
+ C1

...

≤ tr (B0)−
k
∑

i=0

‖Bis
(i)‖2

s(i)TBis(i)
+ C1(k + 1).
 C = tr (B0) + C1, IR (4.26). ���� Bk+1 T��gjA� tr(Bk+1) > 0. bR

1

k + 1

k
∑

i=0

‖Bis
(i)‖2

s(i)TBis(i)
≤ tr (B0) + C1 = C, ∀k ≥ 0.�. (4.27) g
h� IV%} 4.2.3 ��� 4.2.1 
R�6Z {x(k)} ���0
ky>E� Wolfe-Powell vky>E/

BFGS AJ���1 -�5 C2 > 0, $-
‖d(k)‖ ≤ C2α

−1
k ‖∇f(x(k))‖ cos θk, (4.28)�N� θk y) d(k) " −∇f(x(k)) �/�#�D�� -�5 α > 0, $-AJ��/~	 αk fZ

k
∏

i=0

αi ≥ αk+1, ∀k ≥ 0. (4.29)I� 
i= (4.28). �UF 4.2.1 �9
 (2) , 8A�� m2 > 0, YR
y(k)T s(k) ≥ m2‖s(k)‖2, ∀k ≥ 0.-l����A���q3�

m2‖s(k)‖2 ≤ y(k)T s(k) = [∇f(x(k+1))−∇f(x(k))]T s(k)

= −∇f(x(k))T s(k) = ‖∇f(x(k))‖ ‖s(k)‖ cos θk..℄6wz (4.28).-l� Wolfe-Powell ;�A���d� Taylor N8R
f(x(k+1)) = f(x(k)) +∇f(x(k))T s(k) +

1

2
s(k)T∇2f(x(k) + µks

(k))s(k)

≥ f(x(k)) +∇f(x(k))T s(k) +
1

2
m1‖s(k)‖2,q�� µk ∈ (0, 1). :℄B+ (2.7) T[jG
V℄R

1

2
m1‖s(k)‖2 ≤ −(1− σ1)∇f(x(k))T s(k) = (1− σ1)‖∇f(x(k))‖ ‖s(k)‖ cos θk.
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}Y7{6> 63�.xR (4.28).?i= (4.29). A (4.13) sz�?}℄�d�T℄ (1.18) R
det(Bk+1) = det(Bk) · y(k)T s(k)

s(k)TBks(k)
= det(B0)

k
∏

i=0

y(i)T s(i)

s(i)TBis(i)
. (4.30)-l����A���q3�

y(k)T s(k) = [∇f(x(k+1))−∇f(x(k))]T s(k) = −∇f(x(k))T s(k) = α−1
k s(k)TBks

(k).-l� Wolfe-Powell ;�A���� (2.7) �T[�G
V℄R
y(k)T s(k) = [∇f(x(k+1))−∇f(x(k))]T s(k) ≥ −(1− σ2)∇f(x(k))T s(k)

= (1− σ2)α
−1
k s(k)TBks

(k).5p�8A�� β > 0, YR
y(k)T s(k) ≥ βα−1

k s(k)TBks
(k).h:℄B+O (4.30) R

det(Bk+1) ≥ det(B0)β
k+1

k
∏

i=0

α−1
i . (4.31)	j�8��?}℄TA�> (4.26) n

det(Bk+1) ≤
( 1

n
tr(Bk+1)

)n

≤
(C(k + 1)

n

)n

.�.�8A�� β1 > 0, YR
det(Bk+1) ≤ βk+1

1 .�.> (4.31) R
k
∏

i=0

αi ≥ det(B0)(ββ
−1
1 )k+1.
L:��:℄6wz (4.29). IVA:8T2 :�q3Ti=j^ 4.2.2.�} 4.2.2 }I�� q3
i=�

lim inf
k→∞

‖∇f(x(k))‖ = 0. (4.32)� (4.27) >C�
V℄R��#� k ≥ 0,

k
∏

i=0

( ‖Bis
(i)‖2

s(i)TBis(i)

)
1

k+1 ≤ 1

k + 1

k
∑

i=0

‖Bis
(i)‖2

s(i)TBis(i)
≤ C.I θk _ d(k) � −∇f(x(k)) TPq��:8T
V℄BR

C−(k+1) ≤
k
∏

i=0

s(i)TBis
(i)

‖Bis(i)‖2
=

k
∏

i=0

(−∇f(x(i))T d(i))

‖∇f(x(i))‖2 =

k
∏

i=0

‖d(i)‖ cos θi

‖∇f(x(i))‖ ≤
k
∏

i=0

C2 cos2 θi

αi
,
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q�>	jG
V℄� (4.28) RO�3��� (4.29) >:℄R
k
∏

i=0

cos2 θi ≥ (αC−1C−1
2 )k+1,�j^ 2.4.4 �T
V℄ (2.20) 
h��e��j^ 2.4.4 R (4.32). ����[�P�/n {x(k)} no� f T℄j>&v_� IV�j^ 4.2.1 �j^ 4.2.2 Bsxfhl����A��T Broyden 9��T�#noAj^��} 4.2.3 �:M 4.2.2 N/R�
R�1��0
>ky>E Broyden \AJ (φk ∈ [0, 1]) ��/6Z {x(k)} /U aN (4.1) - Ω(x(0)) �/℄�	qC6��l� Wolfe-Powell ;�A��T Broyden 9���q3�Z
TnoAj^��} 4.2.4 ��� 4.2.1 /R�
R�1�� Wolfe-Powell vky>E/ Broyden \AJ (φk ∈

(0, 1]) ��/6Z {x(k)} /U aN (4.1) - Ω(x(0)) �/℄�	qC6�:8T�#noAj^�T9
B�M_ f eFy����Tj^)���ei=Bp: [27, [
5 P].�} 4.2.5 � f *F�T~D\/Ys5� f -8|
 Ω(x(0)) ��)�� -�5 M > 0, $-

‖∇2f(x)‖ ≤M, ∀x ∈ Ω(x(0)).1�� Wolfe-Powell vky>E/ Broyden \AJ) φk ∈ (0, 1] !��/6Z {x(k)} fZ
lim inf
k→∞

‖∇f(x(k))‖ = 0.:8Te�R Newton �T�#noAj^|;�l����A��/ Wolfe-Powell ;�A��T���)|�}�-l� Armijo ;�A���J ∇2f(x) 
gjR���
O8i y(k)T s(k) > 0. .R� BFGS �/ Broyden 9��~KT%` Bk+1 
jj��gj������TR Newton �!BO
e f A x(k) #T�k�!�_zD)\j���Bl�)�TCg=℄�
Bk+1 =







Bk − Bks
(k)s(k)TBk

s(k)TBks
(k) +

y(k)y(k)T

y(k)T s(k) - y(k)T s(k) > 0,

Bk, - y(k)T s(k) ≤ 0.

(4.33)Z
�j^ 4.2.2 Ti=�Bfhl� Armijo ;�A��T BFGS ��T�#noAj^��} 4.2.6 ��� 4.2.1 
R�1�� Armijo vky>E/ BFGS AJ��/6Z {x(k)} /U aN (4.1) /℄�	qC6 x∗.

Broyden 9��T��AnoAj^)��
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}|�yW 65�} 4.2.7 ��� 4.2.1 
R�{�s5 f / Hessian : ∇2f - x∗ � Hölder T~�� - x∗/�`[% U(x∗) ��=�5 ν, H, $-|1'
‖∇2f(x)−∇2f(x∗)‖ ≤ H‖x− x∗‖ν (4.34)AF� x ∈ U(x∗) 
R�1��� Armijo vky>E� Wolfe-Powell vky>E/ Broyden \AJ

(φk ∈ (0, 1]) ��/6Z {x(k)} �ky/U x∗. D��) k �S#!� αk = 1.

§4.3 ∗ � Newton ���HÆ::j~��?T BFGS ��u> Broyden9��T�#noAe
GTy� f eFy��J���Fy�9&vo/
�R��f0	=�l����A��/ Wolfe-Powell ��T BFGS ��
no [5, 18]. _zD) BFGS ��T\����?~�q3�?CgT BFGS �� — MBFGS(Modified

BFGS) ��u>8r BFGS Cg�� — CBFGS(Cautious BFGS) ���q3h\e�?��T��>qnoA����M(Bp: [15, 16].�� Newton�TnoAj^ —j^ 3.2.2e
 f eFy���.�B_q�
�� —R Newton�T�#noAge
y� f eFT�	j�8�ACg Newton �� 3.3 T�#noAj^ — j^ 3.2.4 ��
He
 f eFy��2�:}gz�q3;��R Newton ���?C6�YqeCg
Newton �T�
���F f �0mNBY� yO ∇2f(x(k+1)) &7

∇2f(x(k+1))(x(k+1) − x(k)) ≈ ∇f(x(k+1))−∇f(x(k))
△
= γ(k).
 Ḡk+1 = ∇2f(x(k+1)) + νkI, q�� I ∈ Rn×n eEh%`� νk > 0. J νk � &R�� Ḡk+1 ≈

∇2f(x(k+1)). wn� Ḡk+1 &7)��
e��
Ḡk+1(x

(k+1) − x(k)) = (∇2f(x(k+1)) + νkI)(x
(k+1) − x(k)) ≈ γ(k) + νk(x(k+1) − x(k)).
 s(k) = x(k+1) − x(k), y(k) = γ(k) + νks

(k), IR)��
e��
Ḡk+1s

(k) ≈ y(k).�R Newton ��?CgTj��^T�℄e
 Bk+1 B_ Ḡk+1 Tj��
�YR:8T�
℄
hV℄��
Bk+1s

(k) = y(k). (4.35)q3
;�CgT BFGS �� — MBFGS ���qCgT℄)��
Bk+1 = Bk −

Bks
(k)s(k)TBk

s(k)TBks(k)
+
y(k)y(k)T

y(k)T s(k)
, (4.36)q��

s(k) = x(k+1) − x(k), y(k) = γ(k) + νks
(k) = ∇f(x(k+1))−∇f(x(k)) + νk(x(k+1) − x(k)).
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L
Æ�MBFGS CgT℄ (4.36) �T,T BFGS CgT℄T℄j�XA� y(k) Tj{�- νk = 0,ICgT BFGS T℄�T, BFGS T℄R�j��ACgT BFGS ����p� νk T�jQ �e��j^ 3.2.4, - νk &7 νk ≤ C‖∇f(x(k))‖, I��TCg Newton ��-��0no�x��.�B_Cg Newton ��T�
���CgT BFGS���Tp� νk g�&7 νk ≤ C‖∇f(x(k))‖. �j νk T	jG+IeYR��~KT%`L} {Bk}-���gjA���/ 4.1.1 	T	=n�-l����A��/Wolfe-Powell;�A���I|e
Bk ��gj�"B8i Bk+1 ��gj�G���A��/ Wolfe-Powell ;�A��TG�vu>�-l�G�vu&T Armijo ;�A���I Bk+1 TgjA
O8i�_z8i Bk+1 T��gjA�q3Bu<t�p� νk Tde�YR

y(k)T s(k) > 0, ∀k ≥ 0.&7:℄T νk T���J��f)� νk B��℄�j�
νk = Ctk‖∇f(x(k))‖µ, tk = 1 + max

{

− γ(k)T s(k)

‖s(k)‖2 , 0
}

C−1‖∇f(x(k))‖−µ, (4.37)q�� µ > 0 � C > 0 e���.R�q3�
y(k)T s(k) = γ(k)T s(k) + Ctk‖∇f(x(k))‖µ‖s(k)‖2

= C‖∇f(x(k))‖µ‖s(k)‖2 + γ(k)T s(k) + ‖s(k)‖2 max
{

− γ(k)T s(k)

‖s(k)‖2 , 0
}

≥ C‖∇f(x(k))‖µ‖s(k)‖2.A:8T2 :�d��/ 4.1.1 BR)�j^��} 4.3.1 � {Bk} �{= BFGS e' (4.36) ����N� νk � (4.37) 
:�� B0 A�=:�1AF� k ≥ 0, 7: Bk A�=:�vR yTe�:8Tj^���T�A��u>y� f TFAse�-h�� 4.1 �f 5 TCg�℄6_ MBFGS T℄ (4.36), I��T���_ MBFGS ���
MBFGS ��T�#noAj^)���} 4.3.2 �8|


Ω(x(0)) = {x ∈ Rn | f(x) ≤ f(x(0))}�)�D *prY Ω(x(0)) /o`�)tY
�s5 f - D �T~D\��K= ∇f Lipschitz T~�1��0
ky>E� Armijo v� Wolfe-Powell vky>E/ MBFGS AJ��/6Z {x(k)} fZ
lim inf
k→∞

‖∇f(x(k))‖ = 0.

MBFGS ��T��AnoAj^)� (i=p: [15]).
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R
(1) � MBFGS AJ��/6Z {x(k)} /U x∗.

(2) s5 f - x∗ /o[%sF�T~D\� ∇f(x∗) = 0, ∇2f(x∗) A�=:�
(3) s5 f / Hessian : ∇2f - x∗ � Hölder T~�1�� Armijo v� Wolfe-Powell vky>E/ MBFGS AJ��/6Z {x(k)} �ky/U x∗.D��) k �S#!� αk = 1.

MBFGS ��TjG�eT�_e�4����
��Fy�9&vo/Rg-��#noA���� {Bk} T��gjA���T�A��u>GTy�TFAse�G4��k�z BFGS ��T�A
PA���j^ 4.1.2 T��� MBFGS ��

h�_zD) MBFGS ��T\j���>R�8����
��Fy�9&vo/T�#noA>q��Ano�x�Bl�8r BFGS Cg — CBFGS(Cautious BFGS) Cg�℄�
CBFGS Cg�℄)��

Bk+1 =



















Bk − Bks
(k)s(k)TBk

s(k)TBks
(k) +

y(k)y(k)T

y(k)T s(k) , - y(k)T s(k)

‖s(k)‖2 > δ‖∇f(x(k))‖µ,

Bk, - y(k)T s(k)

‖s(k)‖2 ≤ δ‖∇f(x(k))‖µ,
(4.38)q�� δ > 0, µ > 0 e��� s(k) = x(k+1) − x(k), y(k) = ∇f(x(k+1))−∇f(x(k)).Bu (4.38) � (4.33) 
L:��sZA=℄:Z
�G CBFGS T℄ (4.38) u (4.33) T℄8r�(w:��- B0 ��gj�I� CBFGS T℄~KT%`L} {Bk} &7 y(k)T s(k) > 0. �.���� k ≥ 0, %` Bk ��gj�4A����T�A��u>y� f TFAse�.O�-
V℄

y(k)T s(k)

‖s(k)‖2
> δ‖∇f(x(k))‖µ
h�I���+_T,T BFGS ��������T�A
PA
h�
V:��	8Tj^ 4.3.5Bu:��AjjT9
��J k � >R� CBFGS ���+_T,T BFGS ���-h�� 4.1�f 5TCg�℄6_ CBFGST℄ (4.38),I��T���_ CBFGS���CBFGS��T�#noAj^)���} 4.3.4 �:M 4.3.2 /R�
R�1��0
ky>E� Armijo v� Wolfe-Powell vky>E/ CBFGS AJ��/6Z {x(k)} fZ

lim inf
k→∞

‖∇f(x(k))‖ = 0.

CBFGS ��T��AnoAj^)���} 4.3.5 �:M 4.3.3 /R�
R�1�� Armijo v� Wolfe-Powell vky>E/ CBFGS AJ��/6Z {x(k)} �ky/U x∗. �[�) k �S#!�αk = 1, D��AJ�'^xX/ BFGSAJ��|1'
y(k)T s(k) > δ‖∇f(x(k))‖µ‖s(k)‖2A�S#/ k ?
R�
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1. Gh�M~ {σk} � {ak} '8
ak+1 ≤ (1 + σk)ak + σk,

∞
∑

k=0

σk <∞.j>M~ {ak} U:�9B�
2. G f : Rn → R 	1nOCZ�<{Æ�ZEG	1z�:(wp0

min f(x) =
1

2
xTQx+ qTx,U*	gCE^� x(k+1) = x(k) + αkd

(k), k = 0, 1, . . ., r
 d(k) f�B��= Bkd+∇f(x(k)) = 0 U�� Bk��hk�VG {x(k)} → x∗, ∇f(x∗) = 0, ∇2f(x∗) hk�
(i) . αk ����B���L�j>

f(x(k+1)) − f(x∗)

f(x(k)) − f(x∗)
≤
(λmax

k − λmin
k

λmax
k + λmin

k

)2

,r
 λmax
k � λmin

k !YW` B
−1/2
k QB

−1/2
k U??�?(*
w�

(ii) j>	9UdW^�
(x(k+1) − x∗)TBk(x(k+1) − x∗)

(x(k) − x∗)TBk(x(k) − x∗)
≤ max{|1 − αkλ

min
k |2, |1 − αkλ

max
k |2}.

3. G f : Rn → R 	1nOCZ�<{Æ� (4.1) U*	gCE^� x(k+1) = x(k) + αkd
(k), k = 0, 1, . . ., r
 d(k)f�B��= Bkd+ ∇f(x(k)) = 0 U�� Bk ��hk�VG {x(k)} → x∗, ∇f(x∗) = 0, ∇2f(x∗) hk�

(i) . αk ����B���L�j>
lim sup

k→∞

f(x(k+1)) − f(x∗)

f(x(k)) − f(x∗)
≤ lim sup

k→∞

(λmax
k − λmin

k

λmax
k + λmin

k

)2

,r
 λmax
k � λmin

k !YW` B
−1/2
k ∇2f(x∗)B

−1/2
k U??�?(*
w�

(ii) j>	9UdW^�
lim sup

k→∞

(x(k+1) − x∗)TBk(x(k+1) − x∗)

(x(k) − x∗)TBk(x(k) − x∗)
≤ lim sup

k→∞
max{|1 − αkλ

min
k |2, |1 − αkλ

max
k |2}.

4. <{Æ�ZEG	1z�:(wp0
min f(x) =

1

2
xTQx+ qTxU*	gCE^�

x(k+1) = x(k) + d(k), k = 0, 1, . . . ,r
 d(k) f�B��= Bkd + ∇f(x(k)) = 0 U� (0 d(k) = −Hk∇f(x(k))), Bk(0 Hk) ����kDhU^
(4.10)(0 (4.11) �k�4$k` x(0) ���VG��ktCv���
(i) j>��$� k ≥ 1,

Bks
(j) = y(j), (Hky

(j) = s(j)), j = 0, 1, . . . , k − 1. (4.39)
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(ii) .�EH k, d(k) C� d(i), i = 0, 1, . . . , k − 1 �BW��j>�. Hk �t��J x(k+1) fp0U��
(iii) .�VG����{ n g���LU�" d(k), k = 0, 1, . . . , n− 1 �Btf�j> Bn = A(0 Hn = Q−1).

(iv) ��?�� n g
�{�p0U��
5. �m����B��U BFGS ��Æ�	9Ut5�p0�

(i)

min f(x) =
1

2
x2

1 + x2
2 − x1x2 − x1.

(ii)

min f(x) =
1

2
x2

1 + x2
2 − x1x2.Lk�\` x(0) = (0, 1)T , �\&a B0 = I .

6. G f : Rn → R 	1nOCZ� x∗ ∈ Rn '8 ∇f(x∗) = 0, ∇2f(x∗) hk�G {Bk} `��hk&aM~�`~
{x(k)} �	9U�^�k�

x(k+1) = x(k) + αkd
(k), k = 0, 1, . . . ,r
 d(k) '8 Bkd

(k) + ∇f(x(k)) = 0, αk !Y����B��� Armijo 0 Wolfe-Powell <�B���L�.
{x(k)} op� x∗ �

lim
k→∞

‖(Bk −∇2f(x∗))d(k)‖
‖d(k)‖ = 0,J�

lim
k→∞

αk = 1.��� {x(k)} ��Bop� x∗.

7. G Bk ��hk� Bk+1 � BFGS DhU^ (4.13) �k�e� (1.18) j>�
det(Bk+1) = det(Bk) · y(k)T s(k)

s(k)TBks(k)
.

8. e� Shermann-Morrison U^ (1.16) N� BFGS U^UVDhU^ (4.18).

9. G Bk ��hk� Bk+1 � Broyden :DhU^ (4.21) �k�r
 φk ∈ [0, 1]. j>� Bk+1 hkU�f:df
y(k)T s(k) > 0.

10. G f ∈ C2, {x(k)}, {Bk} �m� Wolfe-Powell <�B��U BFGS ���L� B0 ��hk��G9B��
M ≥ m > 0, ZS

m‖d‖2 ≤ dT∇2f(x)d ≤M‖d‖2, ∀x, d ∈ Rn.G x∗ f f U^k:(w`�
(i) j>�

f(x) − f(x∗) ≥ 1

2
m‖x− x∗‖2, ∀x ∈ Rn.���9B�� m1 > 0, ZS

‖∇f(x)‖ ≥ m1‖x− x∗‖, ∀x ∈ Rn.

(ii) J θk ` −∇f(x(k)) � d(k) ZUQr�A
cos θk = − ∇f(x(k))T d(k)

‖∇f(x(k))‖ ‖d(k)‖ .
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j>�9Bh�� c1 ≤ C1, ZS
c1‖∇f(x(k))‖ cos θk ≤ ‖s(k)‖ ≤ C1‖∇f(x(k))‖ cos θk, k = 0, 1, . . . .���

f(x(k+1)) − f(x∗) ≤ (1 − σ1c1mαk cos2 θk)(f(x(k)) − f(x∗)), k = 0, 1, . . . .

(iii) j>�9Bh�� c2 ≤ C2, ZS
c2
s(k)TBks

(k)

‖s(k)‖2
≤ αk ≤ C2

s(k)TBks
(k)

‖s(k)‖2
, k = 0, 2, . . . .

11. G f ∈ C2, {x(k)}, {Bk} �m����B��U DFP ���L� B0 ��hk�J Hk = B−1
k , gk = ∇f(x(k)),

k = 0, 1, . . .. �G9B�� M ≥ m > 0, ZS
m‖d‖2 ≤ dT∇2f(x)d ≤M‖d‖2, ∀x, d ∈ Rn.

(i) j>��$z k = 0, 1, . . ., �
gT

k+1Hk+1gk+1 =
(gT

k Hkgk)(gT
k+1Hkgk+1)

gT
k Hkgk + gT

k+1Hkgk+1
.4��

1

gT
k+1Hk+1gk+1

=
1

gT
k+1Hkgk+1

+
1

gT
k Hkgk

, k = 0, 1, . . . .

(ii) j>��$z k = 0, 1, . . ., �
tr (Bk+1) = tr (Bk) +

‖gk+1‖2

gT
k+1Hk+1gk+1

− ‖gk‖2

gT
k Hkgk

− ‖gk+1‖2

gT
k+1Hkgk+1

+
‖y(k)‖2

y(k)T s(k)
.

12. ���hk&a B ∈ Rn×n, k|z� ψ *	
ψ(B) = tr (B) − ln(det(B)).j>*	� �

(i) �$���hk&a B, 	9UdW^Æi�
ψ(B) ≥ n, ψ(B) > lnλn − lnλ1,r
 λn � λ1 !YW`&a B U??�?(*
w�

(ii) K�ÆK B = I `Fi&aS� ψ <P?(w n.

13. G {Bk} � BFGS DhU^ (4.13) �L� B0 ��hk�.9B�� m > 0, M > 0 ZS
y(k)T s(k)

‖s(k)‖2
≥ m,

‖y(k)‖2

y(k)T s(k)
≤M, ∀k ≥ 0.J9B�� βi > 0, i = 1, 2, 3, ZS	9UdW^�>� ⌈k/2⌉ HyU i ∈ {1, 2, . . . , k} Æi�

β1‖s(i)‖2 ≤ s(i)TBis
(i) ≤ β2‖s(i)‖2, ‖Bis

(i)‖ ≤ β3‖s(i)‖. (4.40)

14. j>m� Armijo <�B��U BFGS ��U�$opBk_�Ak_ 4.2.6.
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15. GVG 4.2.1 U:dÆi� {x(k)} �m� Wolfe-Powell <�B��U BFGS ���L�j>�
∞
∑

k=0

‖x(k) − x∗‖ < ∞,r
� x∗ f f B Ω(x(0)) ;U^k:(w`�
16. G f nOCZ�	��j>�.4?k�\`�?k�\��hk&a���m����B��U Broyden :
U���� (φk ∈ [0, 1]) �LU�"`?k�" (A��i�) .

17. GVG 2.4.1 U:dÆi� {Bk} � MBFGS DhU^ (4.36) �L� B0 ��hk�.9B�� ǫ > 0 ZS
‖∇f(x(k))‖ ≥ ǫ, ∀k ≥ 0, J\ 13 0U� Æi�

18. GVG 2.4.1 U:dÆi� {x(k)} �m� Armijo <�B��U MBFGS ���L� B0 ��hk�J K `ZS (4.40) ÆiUyU i YÆU=��j>�.9B�� ǫ > 0 ZS ‖∇f(x(k))‖ ≥ ǫ, ∀k ≥ 0, J {αi}i∈K �hU	��
19. GVG 2.4.1 U:dÆi� {x(k)} �m� Armijo <�B��U MBFGS ���L� B0 ��hk�G9B��

ǫ > 0 ZS ‖∇f(x(k))‖ ≥ ǫ, ∀k ≥ 0,

(i) j>�_ 4.2.2 U� Æi�
(ii) j>�9B�� α > 0 ZS

k−1
∏

i=0

αi ≥ αk.

20. GVG 2.4.1 U:dÆi� {x(k)} �m� Armijo <�B��U MBFGS ���L� B0 ��hk�.�i=
Ω = {x ∈ Rn | f(x) ≤ f(x(0))}���j>�

lim inf
k→∞

‖∇f(x(k))‖ = 0.



72 �℄� n�[md`
 (II) — E Newton 




�qE n;�kWN� (III) — +iT
�|8�?T Newton ��R Newton ��-�uLTno�x�G��Ee"8%` Bk. ���A
�>mBo/R($OPL�>��k�-�8"v=T)_�G4��no�x(�?P�?
�s4�o/
min f(x), x ∈ Rn (5.1)TVI+x��4��-�8"v=�no�xuLT)_�_zz���T
��q3
�?
�F�0y�9&vo/TVI+x��

§5.1 �x7DF��lX�,j���;z�0y�9&�o/
min f(x) =

1

2
xTQx+ qTx, (5.2)q�� Q ∈ Rn×n ��gj� q ∈ Rn. 
�+!v<VIT8Y��# 5.1.1 � A ∈ Rn×n A�=:� d(1), . . . , d(m) * Rn NQ\nW��A i, j = 1, . . . ,m, �

d(i)TAd(j) = 0, i 6= j,1�nW^ d(1), . . . , d(m) k 7: A mzf
��VI!v<Tj{wn�- A = I eEh%`�I!v<TVIAVW�gmA�j-Z�
 p(i) = A1/2d(i), i = 1, 2, . . . ,m. I!v< d(1), . . . , d(m) e�%` A �ÆVIVW�!v< p(i),

i = 1, 2, . . . ,m �Ægm��.�VIegm8YTLl��8Tj^V=�VI!v<�Ase��} 5.1.1 � A ∈ Rn×n A�=:�Q\nW^ d(1), . . . , d(m) ∈ Rn k 7: A mzf
�1
d(1), . . . , d(m) ky
k�I� F

m
∑

i=1

αid
(i) = 0.�VIAR

0 =
(

m
∑

i=1

αid
(i)
)T

A
(

m
∑

i=1

αid
(i)
)

=
m
∑

i=1

α2
i d

(i)TAd(i).G d(i) 6= 0 � A ��gj��.�
αi = 0, i = 1, . . . ,m,� d(1), . . . , d(m) �Ase� IVj^ 5.1.1V=�-��!v< d(1), . . . , d(m) ∈ Rn e���gj%` A �ÆVI�IH� m ≤ n.

73



74 �o� n�[md`
 (III) — ��
�

��0y�9&vo/ (5.2) TVI�!�T
�e�3DG�[_ x(0) �
�l0^e� Q�ÆVIT n G�! d(i), i = 0, 1, . . . , n− 1 �?���A����

x(k+1) = x(k) + αkd

(k), k = 0, 1, . . . , n− 1,q�� αk e�8o/T��
f(x(k) + αkd

(k)) = min
α∈R

f(x(k) + αd(k)). (5.3)[� �� d(k) BO
ey� f A x(k) #T�k�!��.�:8T���A��AeGV��:�?��8Tj^	=��VI�!�~KT x(n) eo/ (5.2) T℄j���} 5.1.2 ( ℄wPyC�} ) �s5 f � (5.2) a��Q\nW^ d(0), d(1), . . . , d(n−1) k 7:
Q mzf
�6 x(0) ∈ Rn ����8%_'

x(k+1) = x(k) + αkd
(k), k = 0, 1, . . . , n− 1N/~	 αk �0
ky>E (5.3) 
:�� αk fZ (5.3). 1 x(k+1) * f -ky`w

Sk = {x = x(0) +

k
∑

i=0

βid
(i) | βi ∈ R, i = 0, 1, . . . , k}N/	qC6�Jz� x(n) = x∗ = −Q−1q *aN (5.2) /℄��6_�(�I� �� d(0), d(1), . . ., d(n−1) �Ase�b� Sn−1 = Rn. �.�|Ei= x(k+1) e f A�AÆ= Sk �T9&v_�
��

x(k+1) = x(k) + αkd
(k) = · · · = x(0) +

k
∑

i=0

αid
(i) ∈ Sk.�#� x ∈ Sk, 8A βi ∈ R, i = 0, 1, . . . , k, YR

x = x(0) +

k
∑

i=0

βid
(i).� Taylor N8R

f(x) = f(x(k+1)) +∇f(x(k+1))T (x − x(k+1)) +
1

2
(x− x(k+1))TQ(x− x(k+1))

≥ f(x(k+1)) +∇f(x(k+1))T (x − x(k+1))

= f(x(k+1)) +
k
∑

i=0

(βi − αi)∇f(x(k+1))T d(i).���J x 6= x(k+1) R�:8T
V℄_YD
V℄��.�|Ei=
∇f(x(k+1))Td(i) = 0, ∀i = 0, 1, . . . , k. (5.4)
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∇f(x)−∇f(y) = Q(x− y), ∀x, y ∈ Rn.d�VIA9
����A��9
BR��#� i ≤ k,

d(i)T∇f(x(k+1)) = d(i)T [(∇f(x(k+1))−∇f(x(k))) + · · ·+ (∇f(x(i+2))−∇f(x(i+1))) +∇f(x(i+1))]

=
k
∑

j=i+1

d(i)T [∇f(x(j+1))−∇f(x(j))] =
k
∑

j=i+1

d(i)TQ(x(j+1) − x(j))

=

k
∑

j=i+1

αjd
(i)TQd(j) = 0.�.� (5.4) 
h�3�j^Ri� IVj^ 5.1.2 	=�l����A��TVI�!�
�YDF�0y�9&vo/ (5.2) RB�t��f;Oo/T>����.�VI�!�-��0ÆzA�VI�!B�Z
� Gram-Schmidt gm�t�~K�M� 5.1 (Gram-Schmidt *h>4k )\ 0 a:ky
knW^ p(0), p(1), . . . , p(n−1) ∈ Rn. ^ d(0) = p(0), k := 0.\ 1 �A
d(k+1) = p(k+1) −

k
∑

j=0

d(j)TQp(k+1)

d(j)TQd(j)
d(j). (5.5)\ 2 � k = n− 2, 1TF�V1�^ k := k + 1. V~ 1.�8Tj^	=��� 5.1 ~KT�!L} {d(j)}n−1

j=0 e�%` Q �ÆVI��} 5.1.3 �7: Q ∈ Rn×n A�=:�nW^ p(0), p(1), . . . , p(n−1) ∈ Rn ky
k�1AJ 5.1��/ {d(j)}n−1
j=0 k 7: Q mzf
��

d(i)TQd(j) = 0, ∀i 6= j, i, j = 0, 1, . . . , n− 1.I� q3�oJ�i=���� 0 < k ≤ n− 1,

d(i)TQd(k) = 0, ∀i < k. (5.6)J k = 1 R�� (5.5) R
d(0)TQd(1) = d(0)TQp(1) − d(0)TQp(1)

d(0)TQd(0)
d(0)TQd(0) = 0.F (5.6) � k ≤ m 
h��

d(i)TQd(j) = 0, ∀i < j, j ≤ k ≤ m.
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q3i=
d(i)TQd(m+1) = 0, ∀i ≤ m.d� (5.5), �#y i ≤ m, �oJUFR

d(i)TQd(m+1) = d(i)TQp(m+1) −
m
∑

j=0

d(j)TQp(m+1)

d(j)TQd(j)
d(i)TQd(j)

= d(i)TQp(m+1) − d(i)TQp(m+1)

d(i)TQd(i)
d(i)TQd(i) = 0,� (5.6) � k = m+ 1 
h��oJ+^�j^Ri� IV�8Tj^V=�l����A��T Broyden9����
�o/ (5.2)R~KT�! {d(k)}n−1

k=0e�%` Q �ÆVI��.���-��0ÆzA��} 5.1.4 ��0
ky>E/ Broyden \AJ� �(YF�s5	q}aN (5.2) !;��hyM�
Bi+1s

(j) = y(j) = Qs(j), j ≤ i, i = 0, 1, . . . , n− 1. (5.7)

s(i)TQs(j) = 0, j < i, i = 1, . . . , n− 1. (5.8)Jz� Bn = Q, x(n) = x∗ = −Q−1q.I� �j^ 4.2.1, l����A��T Broyden 9��~K�>T_}�b
>��~KT���!h?��.q3|Ei=V℄ (5.7) � (5.8) � BFGS ��
h��R Newton ��u> y(j) Tj{BR��#� j = 0, 1, . . . , n− 1,

Bj+1s
(j) = y(j) = ∇f(x(j+1))−∇f(x(j)) = Q(x(j+1) − x(j)) = Qs(j).�������A��R��#� i = 0, 1, . . . , n− 1,

s(i+1)TQs(i) = s(i+1)T y(i) = s(i+1)TBi+1s
(i) = −αi+1αi∇f(x(i+1))Td(i) = 0. (5.9)�8�q3�oJ�i= (5.7) � (5.8) � BFGS ��
h�
i= (5.7) � i = 0 � i = 1 
h�u> (5.8) � i = 1 
h�
V:� (5.9) 6wz (5.8) � i = 1
h��R Newton �� (4.2) n��� (5.7) � i = 0 
h���J i = 1 R�� B2s

(1) = y(1). ��
BFGS T℄ (4.13) u> (5.9) R

B2s
(0) = B1s

(0) − B1s
(1)(s(1)TB1s

(0))

s(1)TB1s(1)
+
y(1)(y(1)T s(0))

y(1)T s(1)

= y(0) − B1s
(1)(s(1)TQs(0))

s(1)TB1s(1)
+
y(1)(s(1)TQs(0))

y(1)T s(1)
= y(0).:8i=z (5.7) � i = 0 � i = 1 
h�u> (5.8) � i = 1 
h�F (5.7) � (5.8) � i 
h�q3i= (5.7) � (5.8) � i+ 1 g
h�� (5.9) n�

s(i+1)TQs(i) = 0.
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 77�J j = 0, 1, . . . , i− 1 R�
s(i+1)TQs(j) = s(i+1)TBi+1s

(j) = −αi+1∇f(x(i+1))T s(j)

= −αi+1(y
(i) + y(i−1) + · · ·+ y(j+1) +∇f(x(j+1)))T s(j)

= −αi+1(Qs
(i) +Qs(i−1) + · · ·+Qs(j+1) +∇f(x(j+1)))T s(j) = 0.�.� (5.8) � i+ 1 
h��8i= (5.7) � i+ 1 g
h��

Bi+2s
(j) = y(j) = Qs(j), j = 0, 1, . . . , i+ 1.J j = i+ 1 R�:℄�R Newton �� (4.2) sxRO�J j ≤ i R��oJUFR

Bi+2s
(j) = Bi+1s

(j) − Bi+1s
(i+1)(s(i+1)TBi+1s

(j))

s(i+1)TBi+1s(i+1)
+
y(i+1)(y(i+1)T s(j))

y(i+1)T s(i+1)

= Bi+1s
(j) − Bi+1s

(i+1)(s(i+1)TQs(j))

s(i+1)TBi+1s(i+1)
+
y(i+1)(s(i+1)TQs(j))

y(i+1)T s(i+1)

= Bi+1s
(j) = y(j) = Qs(j),� (5.7) � i+ 1 
h��� s(i), i = 0, 1, . . . , n − 1 e� Q �ÆVI�b�Ase��.�A (5.7) �
 i = n − 1 �R

Q = Bn.  yO s(i) = αid
(i), �.� (5.8) VW�

d(i)TQd(j) = 0, j = 0, 1, . . . , i− 1,�!v< d(i), i = 0, 1, . . . , n− 1 e� Q �ÆVI�3�� x(n) B:
e�VI�!�� n f���A��~K��.��� x(n) = x∗ B�j^ 5.1.2 sxRO� IV
§5.2 �{�,jU��
�j-s4�o/ (5.1) T��AVI+x�eA
��0y�9&vo/TVI+x�T2 :
NvTT���AVI+x�d�1+x�! −∇f(x(k)) ���T|jG�!T�A<�B_[ k 0fBT���!����[�!_ −∇f(x(0)), �

d(k) =

{

−∇f(x(0)), - k = 0,

−∇f(x(k)) + βkd
(k−1), - k ≥ 1,

(5.10)q��p� βk T�jYR����
�o/ (5.2) R� d(k) � d(k−1) e� Q �ÆVI��8M�p� βk TG�T℄�F f e� (5.2) j{T�0y��_} {x(k)} ��8TfBD℄�j�
x(k+1) = x(k) + αkd

(k), k = 0, 1, . . . ,q� αk ����A��RO��
αk = −∇f(x(k))T d(k)

d(k)TQd(k)
.
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∇f(x(k))−∇f(x(k−1)) = Q(x(k) − x(k−1)) = αk−1Qd

(k−1).� (5.10) u> d(k)TQd(k−1) = 0 BR
βk =

∇f(x(k))TQd(k−1)

d(k−1)TQd(k−1)
=
∇f(x(k))T (∇f(x(k))−∇f(x(k−1)))

d(k−1)T (∇f(x(k))−∇f(x(k−1)))
. (5.11):8TT℄� Hestenes-Stiefel (1952) -��q3I:8T βk _ βHS

k , �
βHS

k =
∇f(x(k))T (∇f(x(k))−∇f(x(k−1)))

d(k−1)T (∇f(x(k))−∇f(x(k−1)))
, k = 1, 2, . . . .A.2 :�q3K�VI+x�TG�f�)��M� 5.2 ( �y�*hS	�� HS M� )\ 1 
�&6 x(0) ∈ Rn, d(0) = −∇f(x(0)), 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�V~ 3.\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd

(k).\ 5 � (5.10) 
: d(k+1), �N� βk = βHS
k . ^ k := k + 1. V~ 2.� 5.2.1 ���0
ky>E/AJ 5.2 �(hl/
)4aN

min f(x) =
1

2
x2

1 + x2
2.
�&6^ x(0) = (2, 1)T .` �G�R ∇f(x) = (x1, 2x2)

T . 

φ(α) = f(x+ αd) =

1

2
(x1 + αd1)

2 + (x2 + αd2)
2.� φ′(α) = 0(/T℄ (2.4)) R���A��f�_

α = −x1d1 + 2x2d2

d2
1 + 2d2

2

.G��r_V 5.1. W 5.1 g 5.2.1 UH��s
k x(k) ∇f(x(k)) ‖∇f(x(k))‖ βk d(k) αk

0 (2, 1)T (2, 2)T 2
√

2 - −(2, 2)T 2
3

1 1
3
(2,−1)T 2

3
(1,−1)T 2

3

√
2 1

9
− 4

9
(2,−1)T 3

4

2 (0, 0)T (0, 0)T 0
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�YDF�0y�9&�o/R-���fÆzA�
V:��8Tj^V=�J��YDF�0y�9&�o/T
�R� HS ��~KT�!e�GTy�T
Hessian %`�ÆVI��} 5.2.1 � {x(k)} y)���0
ky>E/ HS AJ�(aN (5.2) ��/6Z�1nW^
{d(i)}n−1

i=0 k Q mzf
�D��A�v k ≤ n, �
∇f(x(k))Td(j) = 0, ∇f(x(k))T∇f(x(j)) = 0, ∀j < k. (5.12)I� � k �oJ�� k = 1 R�� βHS

k � d(0) Tj{>�A��9
�j^
h�Fj^� k 
h�� d(i), i = 0, 1, . . . , k e� Q �ÆVI� (5.12) � k 
h��ij^� k+ 1 
h�� d(i), i = 0, 1, . . . , k + 1 e� Q �ÆVI� (5.12) � k + 1 
h��� d(i), i = 0, 1, . . . , k e� Q �ÆVI�Z
� (5.4) Bui= (5.12) �[j℄� k + 1 
h��.> (5.10) R��#y j ≤ k,

∇f(x(k+1))T∇f(x(j)) = ∇f(x(k+1))T (−d(j) + βHS
j d(j−1)) = 0,� (5.12) �T[�℄� k + 1 
h�� βHS

k T��wn d(k+1) � d(k) e� Q �ÆVI�����#y j ≤ k − 1, �
d(k+1)TQd(j) = −∇f(x(k+1))TQd(j) + βk+1d

(k)TQd(j) = −∇f(x(k+1))TQd(j)

= −α−1
j ∇f(x(k+1))T [∇f(x(j+1))−∇f(x(j))] = 0,� d(i), i = 0, 1, . . . , k + 1 e� Q �ÆVI��oJ+^�j^T��
h� IV�j^ 5.2.1 
L:��l����A��R��8IT℄�Tp�v��0y�e�VT�

βk = βHS
k

△
=
∇f(x(k))T (∇f(x(k))−∇f(xk−1))

d(k−1)T (∇f(x(k))−∇f(x(k−1)))
, Hestenes-Stiefel (1952)

βk = βFR
k

△
=

‖∇f(x(k))‖2
‖∇f(x(k−1))‖2 , Fletcher-Reeves (1964)

βk = βPRP
k

△
=
∇f(x(k))T (∇f(x(k))−∇f(x(k−1)))

‖∇f(x(k−1))‖2 , Polak-Ribière-Polyak (1969)

βk = βCD
k

△
= − ‖∇f(x(k))‖2

d(k−1)T∇f(x(k−1))
, Fletcher (1987)

βk = βDY
k

△
=

‖∇f(x(k))‖2
d(k−1)T (∇f(x(k))−∇f(x(k−1)))

. Dai-Yuan (1995)-h�� 5.2 Tf 5 �T βk = βHS
k 6_ βk = βFR

k / βk = βPRP
k / βk = βCD

k / βk = βDY
k , q3���T��_ FR ��� PRP ��� CD ��� DY ����j^ 5.2.1 n�J��
�F�0y�9&�o/ (5.2) R�-l����A���I FR ��� PRP ��� HS ��� CD ��u> DY��VW��jfZ�q3�)�j^ (p: [25, j^ 5.3.2] � [19, j^ 5.4, 5.5]).
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�} 5.2.2 ��0
ky>E/AJ 5.2 � �(YF�s5	q}aN (5.2) !;��hyM�
(1) AJ��/Nn {d(k)}n−1

k=0 k 7: Q mzf
�
(2) �7: Q G� r `|V/J;C�1AJ_C1q r �8%"+aN/_�(�
(3) � λmax u λmin *7: Q /_#J;Cu_qJ;C� κ = λmax/λmin. 1

‖x(k) − x∗‖Q ≤ 2
(

√
κ− 1√
κ+ 1

)k

‖x(0) − x∗‖Q,�N� ‖x‖Q = (xTQx)1/2.�8�?��AVI+x�T�#noA�_.�q3B)�UF�O3 5.2.1 (1) 8|
 Ω = {x ∈ Rn|f(x) ≤ f(x(0))} �)�
(2)  - Ω /o`[% N , $- f -[[%�T~D\� ∇f fZ Lipschitz R��� -�5 L > 0$-

‖∇f(x)−∇f(y)‖ ≤ L‖x− y‖, ∀x, y ∈ N. (5.13)q3q
i=l����A��T FR ��T�#noA��} 5.2.3 ���R� 5.2.1 
R�1��0
ky>E/ FR AJ��/6Z {x(k)} fZ
lim inf
k→∞

‖∇f(x(k))‖ = 0. (5.14)I� ����A��T9
R ∇f(x(k))Td(k−1) = 0, ∀k ≥ 1. 3��� (5.10) R
∇f(x(k))Td(k) = −‖∇f(x(k))‖2 < 0, (5.15)� d(k) e f A x(k) #T�k�!���

‖d(k+1)‖2 = ‖∇f(x(k+1))‖2 + β2
k+1‖d(k)‖2 = ‖∇f(x(k+1))‖2 +

‖∇f(x(k+1))‖4
‖∇f(x(k))‖4 ‖d

(k)‖2.sz>�u ‖∇f(x(k+1))‖4 R
‖d(k+1)‖2

‖∇f(x(k+1))‖4 =
1

‖∇f(x(k+1))‖2 +
‖d(k)‖2

‖∇f(x(k))‖4

=
1

‖∇f(x(k+1))‖2 +
1

‖∇f(x(k))‖2 +
‖d(k−1)‖2

‖∇f(x(k−1))‖4
...

=

k+1
∑

i=1

1

‖∇f(x(i))‖2 +
‖d(0)‖2

‖∇f(x(0))‖4 =

k+1
∑

i=0

1

‖∇f(x(i))‖2 . (5.16)
 θk V_ d(k) � −∇f(x(k)) YTPq�� (5.15) BR
cos θk =

−∇f(x(k))Td(k)

‖∇f(x(k))‖ ‖d(k)‖ =
‖∇f(x(k))‖
‖d(k)‖ .
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1

‖∇f(x(k+1))‖2 cos2 θk+1
=

k+1
∑

i=0

1

‖∇f(x(i))‖2 .- (5.14) 

h�I8A�� η > 0 YR ‖∇f(x(k))‖ ≥ η, ∀k. �:℄R
1

‖∇f(x(k+1))‖2 cos2 θk+1
≤ η−2(k + 2),/VWZ�

‖∇f(x(k+1))‖2 cos2 θk+1 ≥
η2

k + 2
.�.

∞
∑

k=0

‖∇f(x(k+1))‖2 cos2 θk+1 = +∞.\�j^ 2.4.1 *��3�� (5.14) 
h� IVZ
�:8Tj^�Bufhl����A��T PRP ��T�#noAj^�qi=Bp:
[6, j^ 3.2.1].�} 5.2.4 ���R� 5.2.1 
R�����0
ky>E/ PRP AJ��/6Z {x(k)} fZ
{x(k+1) − x(k)} → 0. 1

lim inf
k→∞

‖∇f(x(k))‖ = 0. (5.17)J f ej�Fy�R�:8j^�T9
 {x(k+1) − x(k)} → 0 Bu�
���8Tj^
h (i=�Bq�).�} 5.2.5 �s5 f *T~D\/�IYs5� ∇f Lipschitz T~�1���0
ky>E/
PRP AJ��/6Z {x(k)} fZ (5.17).�8�?l�����A��R FR ��TnoA� yOJl����A��R�q3�

∇f(x(k))Td(k−1) = 0.�.�� (5.10) n
∇f(x(k))Td(k) = −‖∇f(x(k))‖2 < 0..R� d(k) e f A x(k) #T�k�!���T��_�k���Jl�����A��R�

∇f(x(k))Td(k) = −‖∇f(x(k))‖2 + βk∇f(x(k))Td(k−1).�� ∇f(x(k))T d(k−1) ���.R� d(k) BO
e f A x(k) #T�k�!��8T�^V=�l��
Wolfe �A��T FR ��g-��kA�%} 5.2.1 � {x(k)} � FR AJ����N~	 αk fZ� Wolfe ky>ER� (2.9) � σ2 ∈
(0, 1/2). 1AF�/ k, �

1− 2σ2 + σk+1
2

1− σ2
≤ −∇f(x(k))T d(k)

‖∇f(x(k))‖2 ≤ 1− σk+1
2

1− σ2
. (5.18)
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I� q3� k �oJ�i=�^�J k = 0 R��� d(0) = −∇f(x(0)), �.� (5.18) 
�
h�F (5.18) � k − 1 
h�� (5.10) u> βk Tj{R
−∇f(x(k))T d(k)

‖∇f(x(k))‖2 = 1 +
−∇f(x(k))T d(k−1)

‖∇f(x(k−1))‖2 .�oJUFu> (2.9) R
−∇f(x(k))Td(k)

‖∇f(x(k))‖2 ≤ 1 + σ2
−∇f(x(k−1))T d(k−1)

‖∇f(x(k−1))‖2 ≤ 1 + σ2
1− σk

2

1− σ2
=

1− σk+1
2

1− σ2
.>^�

−∇f(x(k))Td(k)

‖∇f(x(k))‖2 ≥ 1− σ2
−∇f(x(k−1))T d(k−1)

‖∇f(x(k−1))‖2 ≥ 1− σ2
1− σk

2

1− σ2
=

1− 2σ2 + σk+1
2

1− σ2
.�oJ+^� (5.18) 
h� IV:8Tj^	=�l�� Wolfe ;�A��T FR ��~KT�!e f A x(k) #T�k�!��8Tj^fhzl�� Wolfe ;�A��T FR ��T�#noA��} 5.2.6 ���R� 5.2.1 
R�1��� Wolfe vky>E (2.9)(σ2 < 1/2) / FR AJ��/6Z {x(k)} fZ

lim inf
k→∞

‖∇f(x(k))‖ = 0. (5.19)I� 
 θk V_ d(k) � −∇f(x(k)) YTPq�� (5.18) R
‖∇f(x(k))‖ ‖d(k)‖ cos θk = −∇f(x(k))T d(k) ≥ 1− 2σ2 + σk+1

2

1− σ2
‖∇f(x(k))‖2

≥ 1− 2σ2

1− σ2
‖∇f(x(k))‖2 △

= µ‖∇f(x(k))‖2.�.�
‖d(k)‖ cos θk ≥ µ‖∇f(x(k))‖. (5.20)?� (5.10), (2.9) � (5.18) R

‖d(k+1)‖2 = ‖∇f(x(k+1))‖2 − 2βFR
k+1∇f(x(k+1))T d(k) + (βFR

k+1)
2‖d(k)‖2

≤ ‖∇f(x(k+1))‖2 + 2βFR
k+1|∇f(x(k+1))T d(k)|+ (βFR

k+1)
2‖d(k)‖2

≤ ‖∇f(x(k+1))‖2 + 2βFR
k+1σ2|∇f(x(k))Td(k)|+ (βFR

k+1)
2‖d(k)‖2

= ‖∇f(x(k+1))‖2 − 2βFR
k+1σ2∇f(x(k))Td(k) + (βFR

k+1)
2‖d(k)‖2

≤ ‖∇f(x(k+1))‖2 + 2βFR
k+1

σ2

1− σ2
‖∇f(x(k))‖2 + (βFR

k+1)
2‖d(k)‖2

= ‖∇f(x(k+1))‖2 + 2
σ2

1− σ2
‖∇f(x(k+1))‖2 +

‖∇f(x(k+1))‖4
‖∇f(x(k))‖4 ‖d

(k)‖2

=
1 + σ2

1− σ2
‖∇f(x(k+1))‖2 +

‖∇f(x(k+1))‖4
‖∇f(x(k))‖4 ‖d

(k)‖2.
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‖d(k+1)‖2

‖∇f(x(k+1))‖4 ≤ 1 + σ2

1− σ2

1

‖∇f(x(k+1))‖2 +
‖d(k)‖2

‖∇f(x(k))‖4

≤ ‖d(0)‖2
‖∇f(x(0))‖4 +

1 + σ2

1− σ2

k+1
∑

i=1

1

‖∇f(x(i))‖2

≤ 1 + σ2

1− σ2

k+1
∑

i=0

1

‖∇f(x(i))‖2 .d� (5.20), Z
�j^ 5.2.3 Ti=BR (5.19). IVe�q!VI+x�TnoA�Bp: [6].

§5.3 vX,jU��:j~�?T��AVI+x�T�kAlU����l�T�A���)X�Jl� Armijo ;�A��R�VI+x�T�kAR
O8i�?~�q3�?CG-��kATVI+x��
§5.3.1 �G FR(MFR) M�Cg FR(MFR) ��� [30] -��q2?t�)��F x(k) eJ|fB_� MFR ��� d(k) ��8T�℄�j�

d(k) =

{

−∇f(x(0)), - k = 0,

−(1 + θk)∇f(x(k)) + βFR
k d(k−1), - k ≥ 1,

(5.21)q�� βFR
k � FR ���j�

θk =
∇f(x(k))T d(k−1)

‖∇f(x(k))‖2 βFR
k =

∇f(x(k))T d(k−1)

‖∇f(x(k−1))‖2 .

MFR ��� FR ��T�XA��� θk. - θk = 0, I MFR ��� FR ��j��)X-l����A���I θk = 0. .R MFR ��� FR ��e>j����8Tj^V=�� MFR ��~KT�! d(k) ey� f A x(k) #T� �k�!��} 5.3.1 �s5 f : Rn → R T~D\�1A�v k ≥ 0, � (5.21) 
:/Nn d(k) ;��hyM�
(1) d(k) *s5 f - x(k) �/�Sh!Nn�D��

∇f(x(k))T d(k) = −‖∇f(x(k))‖2. (5.22)

(2) ���0
ky>E�1 θk = 0. �! MFR AJ�'^ FR AJ�Jz� MFR AJ;�F�PFy�
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�� d(k) ey� f A x(k) #T�k�!��.��8T
V℄���� &T αk > 0 5
h�
f(x(k) + αkd

(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k) − σ2‖αkd
(k)‖2, (5.23)q�� σ1 ∈ (0, 1), σ2 > 0 _���
V℄ (5.23)� Armijo;�A��9
 (2.6)T=℄�
��_CgT Armijo ;�A��9
�&7 (5.23) Tf� αk Bl�� Armijo ;�A��Z
T�� 2.3 �j��8q3 z MFR ��T�#noA��UF 5.2.1, (wRO�8Ag� γ1 > 0 YR

‖∇f(x)‖ ≤ γ1, ∀x ∈ Ω. (5.24)���� (5.22) BR
‖∇f(x(k))‖2 = −∇f(x(k))Td(k) ≤ ‖∇f(x(k))‖ ‖d(k)‖.�.�

‖∇f(x(k))‖ ≤ ‖d(k)‖.%} 5.3.1 ��� 5.2.1 /R�
R�1 -�5 c1 > 0, $-hl/|1'
R�
αk ≥ c1

‖∇f(x(k))‖2
‖d(k)‖2 , ∀k ≥ 0, (5.25)

∑

k≥0

α2
k‖d(k)‖2 <∞,

∑

k≥0

αk‖∇f(x(k))‖2 = −
∑

k≥0

αk∇f(x(k))T d(k) <∞. (5.26)Jz�bk�
lim

k→∞
αk‖d(k)‖ = 0, lim

k→∞
αk‖∇f(x(k))‖2 = 0. (5.27)I� 
V℄ (5.26) B� (5.23) >UF 5.2.1 sxLR� (5.27) e (5.26) TsxL���8q3 s��=i= (5.25) 
h��= (i): J αk = 1. �� ‖∇f(x(k))‖ ≤ ‖d(k)‖. 
 c1 = 1, I (5.25) 
hV℄��= (ii): J αk < 1. I ρ−1αk 
&7
V℄ (5.23). \yg.�8T
V℄
h�

f(x(k) + ρ−1αkd
(k))− f(x(k)) > σ1αkρ

−1∇f(x(k))Td(k) − σ2ρ
−2α2

k‖d(k)‖2. (5.28)��vj^> Lipschitz 9
 (5.13), 8A tk ∈ (0, 1) YR
f(x(k) + ρ−1αkd

(k))− f(x(k)) = ρ−1αk∇f(x(k) + tkρ
−1αkd

(k))Td(k)

= ρ−1αk∇f(x(k))Td(k) + ρ−1αk(∇f(x(k) + tkρ
−1αkd

(k))−∇f(x(k)))T d(k)

≤ ρ−1αk∇f(x(k))Td(k) + Lρ−2α2
k‖d(k)‖2.h>	jG
V℄B+ (5.28), q3RO

αk >
(1− σ1)ρ‖∇f(x(k))‖2

(L+ σ2)‖d(k)‖2 .
 c1 = min{1, 1− σ1

L+ σ2
ρ}, q3RO
V℄ (5.25). IV�8Tj^K�z MFR ��T�#noA�
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R�1��ky>E (5.23) / MFR AJ��/ {x(k)} fZ
lim inf
k→∞

‖∇f(x(k))‖ = 0. (5.29)I� _�Ov_�q3\I βFR
k _ βk. � (5.21) , q3�
βkd

(k−1) = d(k) + (1 + θk)∇f(x(k)).:℄sz����d� (5.22) R
‖d(k)‖2 = β2

k‖d(k−1)‖2 − 2(1 + θk)d(k)T∇f(x(k))− (1 + θk)2‖∇f(x(k))‖2

= β2
k‖d(k−1)‖2 + [2(1 + θk)− (1 + θ2k)]‖∇f(x(k))‖2

= β2
k‖d(k−1)‖2 + (1− θ2k)‖∇f(x(k))‖2 ≤ β2

k‖d(k−1)‖2 + ‖∇f(x(k))‖2.Z
�j^ 5.2.3 Ti=BR (5.29 ). IV
§5.3.2 �U.|*hS	� — �G PRP(MPRP) M�Cg PRP(MPRP) ��� [31] -�� MPRP ��� d(k) ��8T�℄�j�

d(k) =

{

−∇f(x(0)), - k = 0,

−∇f(x(k)) + βPRP
k d(k−1) − θky

(k−1), - k ≥ 1,
(5.30)q�� βPRP

k � PRP ���j� y(k−1) = ∇f(x(k))−∇f(x(k−1)),

θk =
∇f(x(k))T d(k−1)

∇f(x(k))T y(k−1)
βPRP

k =
∇f(x(k))T d(k−1)

‖∇f(x(k−1))‖2 .Cg PRP ��� PRP ��T�XA�V;℄�T[0��- θk = 0, I MFR ��� FR ��j��)X-l����A���I θk = 0. .R MPRP ��� PRP ��e>j����8Tj^V=�� MPRP ��~KT�! d(k) -� MFR ��~KT�!>dTA���} 5.3.3 �s5 f : Rn → R T~D\�1A�v k ≥ 0, � (5.30) 
:/Nn d(k) ;��hyM�
(1) d(k) *s5 f - x(k) �/�Sh!Nn�D��

∇f(x(k))T d(k) = −‖∇f(x(k))‖2. (5.31)

(2) ���0
ky>E�1 θk = 0. �! MPRP AJ�'^ PRP AJ�Jz� MPRP AJ;�F�PFy�
MPRP ��-�)�noAj^ (_ [31]).�} 5.3.4 ��� 5.2.1 /R�
R�1��ky>E (5.23) / MPRP AJ��/ {x(k)} fZ

lim inf
k→∞

‖∇f(x(k))‖ = 0.
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§5.3.3 CG Descent M�

CG Descent ��� [10] -�� CG Descent ��� d(k) ��8T�℄�j�
d(k) =

{

−∇f(x(0)), - k = 0,

−∇f(x(k)) + βHZ+

k d(k−1), - k ≥ 1,
(5.32)q��

βHZ+

k = max{βHZ
k , ηk}, ηk =

−1

‖d(k−1)‖min{η, ‖∇f(x(k−1))‖} ,q� η > 0 e��� s(k−1) = x(k) − x(k−1),

βHZ
k =

1

d(k−1)T y(k−1)

(

y(k−1) − 2
‖y(k−1)‖2

s(k−1)T y(k−1)
s(k−1)

)T

∇f(x(k)).(w:��-l����A���I βHZ
k = βHS

k . �8Tj^V=�
�l����A����
(5.32) ~KT�! d(k) ey� f A x(k) #TjG�k�!��} 5.3.5 �s5 f : Rn → R T~D\�1A�v k ≥ 0, � (5.32) 
:/Nn d(k) fZ

∇f(x(k))T d(k) ≤ −7

8
‖∇f(x(k))‖2. (5.33)I� 
V℄ (5.33) � k = 0 
�
h�� k ≥ 1, q3�

∇f(x(k))T d(k) = −‖∇f(x(k))‖2 + βHZ+

k ∇f(x(k))T d(k−1).- ∇f(x(k))T d(k−1) ≥ 0 � βHZ+

k = ηk < 0, I�:℄
LRO ∇f(x(k))T d(k) ≤ −‖∇f(x(k))‖2. .R� (5.33) 
h�- ∇f(x(k))T d(k−1) ≥ 0 � βHZ+

k = βHZ
k , q3�

∇f(x(k))T d(k) = −‖∇f(x(k))‖2 + βHZ
k ∇f(x(k))T d(k−1).- ∇f(x(k))T d(k−1) < 0,  yO βHZ+

k ≥ βHZ
k , q3�

∇f(x(k))T d(k) ≤ −‖∇f(x(k))‖2 + βHZ
k ∇f(x(k))T d(k−1).�.�q3|Ei=

−‖∇f(x(k))‖2 + βHZ
k ∇f(x(k))Td(k−1) ≤ −7

8
‖∇f(x(k))‖2./VWZ

βHZ
k ∇f(x(k))T d(k−1) ≤ 1

8
‖∇f(x(k))‖2. (5.34)� βHZ

k Tj{u>
V℄
uT v ≤ 1

2
(‖u‖2 + ‖v‖2)



§5.4 * ��
�
}Y7_� 87BR
βHZ

k ∇f(x(k))T d(k−1) =

∇f(x(k))T
(

y(k−1) − 2
‖y(k−1)‖2

d(k−1)T y(k−1)
d(k−1)

)

d(k−1)T y(k−1)
∇f(x(k))Td(k−1)

=
∇f(x(k))T y(k−1)(d(k−1)T y(k−1))∇f(x(k))Td(k−1)

(d(k−1)T y(k−1))2
− 2
‖y(k−1)‖2(∇f(x(k))T d(k−1))2

(d(k−1)T y(k−1))2

=
[12 (d(k−1)T y(k−1))∇f(x(k))]T [2(∇f(x(k))T d(k−1))y(k−1)]

(d(k−1)T y(k−1))2
− 2
‖y(k−1)‖2(∇f(x(k))Td(k−1))2

(d(k−1)T y(k−1))2

≤ 1

8
‖∇f(x(k))‖2.� (5.34) 
h� IV

CG Descent ��-�)�noAj^ (_ [10]).�} 5.3.6 ��� 5.2.1 /R�
R�1�� Wolfe-Powell vky>E/ CG Descent AJ��/6Z {x(k)} fZ
lim inf
k→∞

‖∇f(x(k))‖ = 0.

§5.4 * ,jU���=�L�?~�q3�?l����A��T PRP VI+x�Tno�x\G�_.�q3B)�UF�O3 5.4.1 �s5 f : Rn → R F�T~D\�� PRP f
K=J��/6Z {x(k)} /U x∗� ∇f(x∗) = 0, ∇2f(x∗) =:��UF 5.4.1, 8A x∗ T�" U(x∗) ��� M ≥ m > 0 YR
m‖d‖2 ≤ dT∇2f(x)d ≤M‖d‖2, ∀x ∈ U(x∗), ∀d ∈ Rn.d��vj^��#� k, q3�

∇f(x(k))−∇f(x(k−1)) =

∫ 1

0

∇2f(x(k−1) + τs(k−1))dτ · s(k−1) △
= Ak−1s

(k−1),q� s(k−1) = x(k) − x(k−1) = αk−1d
(k−1). �.>���A��9
R

‖∇f(x(k−1))‖2 = −∇f(x(k−1))Td(k−1) = (∇f(x(k))−∇f(x(k−1)))T d(k−1) = αk−1d
(k−1)TAk−1d

(k−1).�.�J k � >R�q3�
‖∇f(x(k−1))‖2 ≥ mαk−1‖d(k−1)‖2.� βk Tj{
LLR (B_q�) 8A�� C > 0 YR

|βPRP
k | ≤ C ‖∇f(x(k))‖

‖d(k−1)‖ .
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d� d(k) Tj{BR
‖d(k)‖ ≤ ‖∇f(x(k))‖ + |βPRP

k |‖d(k−1)‖ ≤ (1 + C)‖∇f(x(k))‖.
 θk V_ d(k) � −∇f(x(k)) YTPq�I�
cos θk =

−∇f(x(k))T d(k)

‖∇f(x(k))‖ ‖d(k)‖ =
‖∇f(x(k))‖
‖d(k)‖ ≥ (1 + C)−1.�e��j^ 2.5.1 BR�8e� PRP ��T�AnoAj^��} 5.4.1 ��� 5.4.1 /R�
R�1 -�5 b > 0, r ∈ (0, 1) $-) k �S#!���0
ky>E PRP AJ��/6Z {x(k)} fZ

‖x(k+1) − x∗‖ ≤ brk.:8Tj^V=z PRP ���=-��Ano�x�_z�jf[ VI+x�Tno�x�q3���AgJ6���|8T�?q3nQVI+x�-��0ÆzA����
�YDF�0y�9&�o/R�����0 (>� n 0) fB	Æz�o/T>�����j-T��Ay� f A#�_T3�5Bu��0y��
��.�q3Bu6�Z%_�VI+x��tmN n 0fB	~KT_e f TDG�0�
y�TjG�
��2�\�gz�q3BFG�38[VI+x�����0�t n 0fB	�hJ|fB_B_3T�[_�38[VI+x����T-1f�)��M� 5.3 (n \V�q7*hS	� )\ 1 
�&6 x(0) ∈ Rn, d(0) = −∇f(x(0)), 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�V~ 3.\ 3 �ky>E
:~	 αk.\ 4 ^ x(k+1) = x(k) + αkd
(k).\ 5 �o`f
K=J
: d(k+1).\ 5 � k < n, ^ k := k + 1. V~ 2. � k = n, ^ x(0) := x(k), k := 0. V~ 1.Z
�j^ 5.2.3 Ti=�q3Bufh n f�38[T FR ��T�#noAj^ (B_q�).e� n f�38[VI+x�Tno�x�q3�)�j^ (i=Bp; [27, j^ 4.3.7]).�} 5.4.2 � f : Rn → R *��T~D\/�IYs5� {x(k)} *���0
ky>E/ n ~Rt�&/ PRP f
K=J��/6Z�1 -�5 C > 0 $-

lim sup
k→∞

‖x(kn+n) − x∗‖
‖x(kn) − x∗‖2 ≤ C,�N x∗ * f /℄�	qC6�
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1. j>"w p = (1, 0)T � q = (3,−2)T f�&a
A =

(

2 3

3 5

)WJ�
2. Lk&a

A =









1 2 1

2 6 0

1 0 4









.Æf� A ��WJUtH"w�
3. G&a P = (p1, p2, · · · , pt) ∈ Rn×t ~'�� P = span {p1, p2, . . . , pt} f p1, p2, · · · , pt QÆU1HZ� f �

(5.2) k|�r
 Q ���j>�.&a P TQP �t��J�$� x̄ ∈ Rn, p0
min f(x̄+ x), x ∈ PUnk`f

xP = x̄− P (P TQP )−1P T∇f(x̄).��'8 P T∇f(xP ) = 0. .�G&a P TQP hk�J xP f;9p0U��
4. G A ∈ Rn×n ��hk���"w p(i), i = 1, 2, . . . , n f� A ��WJ�

(i) j>�
x =

n
∑

i=1

p(i)TAx

p(i)TAp(i)
p(i), ∀x ∈ Rn.

(ii) j>�
A−1 =

n
∑

i=1

p(i)p(i)T

p(i)TAp(i)
.

5. G {x(k)} f�m����B��U FR WJ,y�Æ�ZEG	1z�:(wp0 (5.2) �LU`~� d(k) f���LU�"�
(i) j>��$� k > 0, �

d(k) = −‖∇f(x(k))‖2
k
∑

i=0

∇f(x(i))

‖∇f(x(i))‖2
.

(ii) j>���� k = 1, 2, . . . , n

x(k+1) − x(0) = −
k
∑

i=0

∇f(x(i))

‖∇f(x(i))‖2

k
∑

j=i

αj‖∇f(xj))‖2,r
� αj `g��
6. ��\` x(0) = 0. G {x(k)} f�m����B��U FR WJ,y�Æ�ZEG	1z�:(wp0 (5.2) �LU`~� d(k) f���LU�"�



90 �o� n�[md`
 (III) — ��
�

(i) j>��$� 0 ≤ i ≤ k < n, �

d(k)T d(i) =
‖∇f(x(k))‖2

‖∇f(x(i))‖2
‖d(i)‖2 > 0.

(ii) j>�. d(k)TQd(k) > 0, k = 1, 2, . . . , t, J
‖x(k)‖ < ‖x(k+1)‖, ∀0 ≤ k ≤ t− 1.

(iii) j>�
x(k+1)T q < x(k)T q, ∀k = 0, 1, 2, . . . , n.

7. G��hk&a A U*
w` λi, i = 1, 2, . . . , n. P (t) fkHW����^�j>�
‖P (A)x‖A ≤ max

1≤i≤n
|P (λi)| |‖x‖A, ∀x ∈ Rn.

8. G {x(k)} f�m����B��UWJ�"�Æ� (5.2) �LU`~�j>�. Q }� r Hd?U*
w�J��?�� r gCSPp0U?���
9. j>	9U� �

(i) �$� k ≥ 0, � FR(PRP, CD, DY, HS) WJ,y��LU�" d(k) '8�
d(k) ∈ span {∇f(x(0)),∇f(x(1)), . . . ,∇f(x(k))},r
� span {∇f(x(0)),∇f(x(1)), . . . ,∇f(x(k))} W`�"w ∇f(x(i)), i = 0, 1, . . . , k QÆU1HZ�

(ii) G d(k) f� B0 = I(0 H0 = I) U BFGS(DFP, Broyden :) ���LU�"�J�$� k ≥ 0, d(k) h'8 (i) 
f��
(iii) K��Æ�ZEG	1z�:(wp0S�.m����B���;9 (i) � (ii) 
U d(k) �W�A�m����B��U FR(PRP, CD, DY, HS) ���m����B��U BFGS(DFP, Broyden :) �� (�

B0 = I 0 H0 = I) ��Æ�ZEG	1z�:(wp0Sf?k���
10. G {x(k)} fm����B��UWJ�"�Æ�ZEG	1n� (5.2) �LU`~�J A U*
w`�0 < λ1 ≤

λ2 ≤ · · · ≤ λn.

(i) j>*	℄H^�
‖x(k+1) − x∗‖2

Q ≤
(λn−k − λ1

λn−k + λ1

)2

‖x(0) − x∗‖2
Q,r
� x∗ fp0 (5.2) U^k�� ‖x‖Q = (xTQx)1/2.

(ii) j>�
‖x(k) − x∗‖Q ≤

(

√
κ− 1√
κ+ 1

)2k

‖x(0) − x∗‖Q,r
� κ = λn/λ1 f Q U:d��
11. �m����B��U FR ��Æ�	9Ut5�p0

min f(x) =
1

2
x2

1 + x2
2 − x1x2 − x1.��\`` x(0) = (0, 1)T .
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12. Gz� f nOCZ�	�� ∇f Lipschitz nO� {x(k)} �m����B��U FR ���L�J θk W`
−∇f(x(k)) � d(k) ZUQr�
(i) j>�

‖d(k)‖ = sec θk‖∇f(x(k))‖, k = 0, 1, . . . .

(ii) j>�
tan2 θk+1

‖∇f(x(k+1))‖2
=

1

‖∇f(x(k))‖2
+

tan2 θk

‖∇f(x(k))‖2
, k = 0, 1, . . . .

13. G f : Rn → R f	1nOCZUk�Gz�� {x(k)} f�m����B��U PRP ���LU`~�
(i) j>�9B�� C > 0 ZS

|βPRP
k | ≤ C

‖∇f(x(k))‖
‖d(k−1)‖ .

(ii) j>�
‖d(k)‖

‖∇f(x(k))‖ ≤ 1 + C.

(iii) j>� {x(k)} op�t5�p0 min f(x) U^k��
14. G f : Rn → R f	1nOCZUk�Gz�� {x(k)} f�m����B��U FR ���LU`~�

(i) j>�9B�� C1 > 0 ZS
|βFR

k − 1| ≤ C1
‖∇f(x(k))‖ + ‖∇f(x(k−1))‖

‖d(k−1)‖ .4�
‖d(k) − d(k−1)‖ ≤ (1 + C1)‖∇f(x(k))‖ +C1‖∇f(x(k−1))‖.

(ii) j>�9B�� C2 > 0 ZS
‖d(k)‖ ≤ C2‖d(k−1)‖.

15. j>�m� Wolfe-Powell <�B��U DY ��f	l���
16. j>� MFR ���LU�"� DY ���LU�"i��
17. j>�� k ≥ 1, .B BFGS VDhU^ (4.18) 
� Hk−1 = I `Fi&a�J�	US Newton �" d(k) CW``>* (5.30) U>^�A d(k) CW``�" −∇f(x(k)), d(k−1) � y(k−1) U�B=��
18. j>�. f(x(k))T d(k) < 0, JdW^ (5.23) ����!(U αk > 0 6Æi�
19. GVG:d 5.2.1 Æi�`~ {x(k)} � MPRP ���L�r
 αk '8DhU Armijo <�B��:d (5.23).

(i) j>�.9B�� ǫ > 0 ZS ‖∇f(x(k))‖ ≥ ǫ ���U k ≥ 0 Æi�JM~ {d(k)} ���
(ii) j>� {x(k)} '8 (5.29).

20. Gz� f `	1nOCZUk�Gz��`~ {x(k)} � MPRP ���L�r
 αk '8 Armijo <�B��:d (2.6). j>� {x(k)} op� f U^k?(w`�
21. Gz� f f	1nOCZUk�Gz��`~ {x(k)} �m� Goldstein �B��0 Wolfe-Powell <�B��U

CG Descent ���L�
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(i) j>	9UdW^�

∞
∑

k=0

‖∇f(x(k))‖4

‖d(k)‖2
<∞.

(ii) j>9B�� C > 0 ZS
|βHZ

k | ≤ C
‖∇f(x(k))‖
‖d(k−1)‖ .

(iii) j>�M~ {x(k)} op� f U^k:(w`�
22. GVG 5.2.1 U:dÆi�gim����B��U n g�49\U FR WJ,y�U�$opBk_�



��E n;�kWN� (IV) — 	{5N�|8CP�?
�s4�o/CZ��TV>_e2��!�f��jfB_} {x(k)}, �AJ|_ x(k) #�q
%WD��℄�jjG�k�! d(k) ()>��k�!�[��!V), �	3 x(k)�
�^�! d(k) �?�A���jf� αk, RO�jGfB_ x(k+1) = x(k) +αkd
(k). q3�\Z��_�A��;���?Pq3�?
�s4�o/

min f(x), x ∈ Rn (6.1)T	jZ�� — 7U"���7U"��T2?
�e�AJ|fB_ x(k) T3��jG\Ey��
GTy� f . �4�
y�A x(k) TDG�"MT9&v_B_�jGfB_���A��;��Bu�7U"��A00fB>R�j���!�f��
§6.1 
|6O��ES_-��7U"��� f TDG�
y�A x(k) �"T9&v_B_�jGfB_��.�FG7U"��Ee;�)��eo/�

• GTy� f T (\E) �
=℄�
• _ x(k) T�" (�_7U") >&T�j�
• y�vL}T�kA[u�
• �
o/ (�_7U"0o/) T
���8_�\�Go/ z�℄fh7U"��T2?�X�;�Oj-��Ay�A#�_T�"MrBu��0y��
����0y�T9&vo/��(w
���.�A7U"����<�q3l��0y�B_GTy� f T�
��4�0y�A x(k) D�"MT9&v_B_�jGfB_�� x(k+1) _�8o/T��

min f(x(k)) +∇f(x(k))T (x− x(k)) + 1
2 (x − x(k))TBk(x− x(k))

s.t. ‖x− x(k)‖ ≤ ∆k,q�� Bk ∈ Rn×n e f A x(k) #T Hessian `/q�
�p� ∆k > 0 I� x(k) T�">&�-

d = x− x(k), I:8To/B60_)�VWT�0y�9&vo/�

min f(x(k)) +∇f(x(k))Td+ 1
2d

TBkd
△
= qk(d),

s.t. ‖d‖ ≤ ∆k.
(6.2)F d(k) eo/ (6.2) T��I�jGfB__ x(k+1) = x(k) + d(k). o/ (6.2) �TB?"

D = {d ∈ Rn | ‖d‖ ≤ ∆k}

93
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 (IV) — w5	`
�_7U"�p� ∆k > 0 �_7U"0��o/ (6.2) �_7U"0o/�q���B#yQ��A?P��)s)X	=�q3l� Euclid ���7U"0o/ (6.2) e
�jG
V℄4�T�0y�9&�o/�q3hA?PT §4 ��?
�40o/T������y�T�z TaylorN8q3nQ�J ∆k � &R��0y� q A7U" D �e f TjG�{T�
�	j�8�J f ?HejG�0y�/�
��0y�R� q BOADjGu>T�\Mge f TjG�{T�
�)��j7U"0�e7U"��TjG�e�~�j�8�q3�XA D� q � f T�
�x{�	j�8�q3�X7U"�BOT>�_z�^Z�j7U"0��q3j{ ∆fk _ f A[ k fTVM�kv��
∆fk = f(x(k))− f(x(k) + d(k)), (6.3)q� d(k) e7U"0o/ (6.2) T��
 ∆qk _��T&u�kv��

∆qk = f(x(k))− qk(d(k)). (6.4)j{Bv
rk =

∆fk

∆qk
. (6.5) yO rk 3D�qx�Æz�0y� qk(d(k)) �GTy� f(x(k) + d(k)) T�
�x�- rk x�� 1,IBu%_�0y� qk(d(k)) A7U" D :�GTy� f(x(k) + d(k)) T�
�x�{��p�- rk\ 1 u3�q3%_ qk(d(k)) A7U" D :�GTy� f(x(k) + d(k)) T�
�x
{�2�:}gz�q3B� rk � 1 T�
�xB_�7U"0�e&�gT,I���B<t)��℄de7U"0��Kj�� η, η1, η2 ∈ (0, 1) &7 η < η1 < η2 (j-Z η x��/V� 0, η2 x�� 1, ) η2 = 3/4V). - rk ≥ η2, q3B%_ q A D �e f TjG�{T�
�/Z	ROjG��
QTfB_

x(k+1) = x(k) + d(k). .R� q �BOAjGN>j_T�"Mge f TjG�{T�
��.�q3Bh7U"T0�R>��
 ∆k+1 > ∆k. - η1 < rk < η2, q3B% q A D �e f TjG{T�
�/Z	ROjG{TfB_ x(k+1) = x(k) + d(k). .RB8�7U"0�
P��
 ∆k+1 = ∆k (_zA�j0fBROjGN
QT_�gB℄=7U"0���
 ∆k+1 < ∆k). - rk ≤ η, q3B% qA D �e f T�
�x
{�/Z	 x(k) + d(k) ejG

QTfB_�	=7U"0�t>�.RE℄=7U"0���
 ∆k+1 < ∆k.A:8T2 :�q3K�
� (6.1) T7U"��)��M� 6.1 (�z4M�)\ 0 (�&}) 
�&6 x(0) ∈ Rn, ∆̄ > 0, ∆0 ∈ (0, ∆̄), η ∈ [0, 1
4 ), 0= ǫ > 0. ^ k := 0.\ 1 (/Uy��) � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�V~ 2.\ 2 (YaN�() (uI%YaN (6.2) -( d(k).



§6.2 w5	`
}Y7{ 95\ 3 (uI%{=) � (6.3), (6.4)) u (6.5) �A rk.� rk >
3
4 , 1^ ∆k+1 = min{2∆k, ∆̄}.� η < rk <

1
4 , 1^ ∆k+1 = 1

2∆k.� 1
4 ≤ rk ≤ 3

4 , 1^ ∆k+1 = ∆k.\ 4 (D$1��) � rk ≤ η, ^ x(k+1) = x(k), k := k + 1, V~ 2 �V1^ x(k+1) = x(k) + d(k), k := k + 1. V~ 1.[: �� 6.1 Tf 3 �T�� 1
4 , 3

4 � 2 eM+�`Q�T�VMG�R�BM+o/�!3�?de���0o/ (6.2) TB?"����.��� 6.1 f 2 �T d(k) 8A��8Tj^	=�- x(k) 
eo/ (6.1) Tmj_�I&\�kv ∆qk(d(k)) > 0. �.���egjT��} 6.1.1 � d(k) *aN (6.2) /(�� ∇f(x(k)) 6= 0, 1
∆qk(d(k)) = f(x(k))− qk(d(k)) > 0.I�  yO d = 0 e0o/ (6.2) TB?_��. qk(d(k)) ≤ qk(0) = f(x(k)), � ∆qk(d(k)) ≥ 0. -

∆qk(d(k)) = 0, � qk(d(k)) = f(x(k)) = qk(0). b 0 e0o/ (6.2) T>���G 0 eB?"TM_��. ∇qk(0) = 0, � ∇f(x(k)) = 0. IVd�j^ 6.1.1 
Li=y�vL} {f(x(k))} eEd�KT�
V:��#y k, - rk ≤ η, I
x(k+1) = x(k), .R� f(x(k+1)) = f(x(k)). - rk > η, �j^ 6.1.1 u> rk Tj{�

f(x(k))− f(x(k+1)) = f(x(k))− f(x(k) + d(k)) ≥ η∆qk(d(k)) > 0.�.� f(x(k+1)) < f(x(k)). :8Tt�i=z)�L��d� 6.1.1 � {x(k)} �AJ 6.1 ���1}Z {f(x(k))} '7Q3�
§6.2 
|6O��=��_z z7U"��TnoA�q3�+AfB_ x(k) #T>|_ pc

k (Cauchy Point):

pc
k = −τk

∆k

‖∇f(x(k))‖∇f(x(k)), (6.6)q�
τk =











1, )r ∇f(x(k))TBk∇f(x(k)) ≤ 0,

min

{

‖∇f(x(k))‖3
∆k∇f(x(k))TBk∇f(x(k))

, 1

}

, q!� (6.7)
L`i
‖pc

k‖ = τk∆k ≤ ∆k.�.�>|_ pc
k A7U"0o/T4��"M�!h?� f A x(k) #T>��k�!��8�^K�z>|_TjG�eA��
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 (IV) — w5	`
%} 6.2.1 Ce6 pc
k fZ

f(x(k))− qk(pc
k) ≥ 1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

. (6.8)I� q
;� ∇f(x(k))TBk∇f(x(k)) ≤ 0 T�O�.R� τk = 1 �
f(x(k))− qk(pc

k) =
∆k

‖∇f(x(k))‖‖∇f(x(k))‖2 − ∆2
k

2‖∇f(x(k))‖2∇f(x(k))TBk∇f(x(k))

≥ ∆k‖∇f(x(k))‖ ≥ ‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

.b (6.8) 
h�?;� ∇f(x(k))TBk∇f(x(k)) > 0 T�O�-
‖∇f(x(k))‖3

∆k∇f(x(k))TBk∇f(x(k))
≤ 1, (6.9)I τk = ‖∇f(x(k))‖3/(∆k∇f(x(k))TBk∇f(x(k))), �

f(xk)− qk(pc
k) =

1

2

‖∇f(x(k))‖4
∇f(x(k))TBk∇f(x(k))

≥ 1

2

‖∇f(x(k))‖2
‖Bk‖

≥ 1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

,� (6.8) 
h�- (6.9) 

h�I τk = 1 �
∇f(x(k))TBk∇f(x(k)) <

‖∇f(x(k))‖3
∆k

.�.�
f(x(k))− qk(pc

k) =
∆k

‖∇f(x(k))‖‖∇f(x(k))‖2 − 1

2

∆2
k

‖∇f(x(k))‖2∇f(x(k))TBk∇f(x(k))

≥ ∆k‖∇f(x(k))‖ − 1

2

∆2
k

‖∇f(x(k))‖2
‖∇f(x(k))‖3

∆k

≥ 1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

,� (6.8) g
h� IV yO>|_e0o/TB?_�- d(k) e0o/T�_�I� qk(pc
k) ≥ qk(d(k)). �.��:8T�^BsxR�8TL��d� 6.2.1 � d(k) *uI%YaN (6.2) /(�1

f(x(k))− qk(d(k)) ≥ 1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

. (6.10)



§6.2 w5	`
}Y7{ 97�8sGj^ XK�z�� 6.1 � η = 0 � η > 0 s��vTno�r�q
�q3i= η = 0R��� 6.1 T)�noAj^��} 6.2.1 �s5 f T~D\�h)�� -�5 β > 0, $- ‖Bk‖ ≤ β. �-AJ 6.1 N

η = 0, 1

lim inf
k→∞

‖∇f(x(k))‖ = 0. (6.11)I� � rk Tj{q3�
|rk − 1| =

∣

∣

∣

∣

qk(d(k))− f(x(k) + d(k))

f(x(k))− qk(d(k))

∣

∣

∣

∣

.���vj^BR
|qk(d(k))− f(x(k) + d(k))| =

∣

∣

∣

∣

1

2
d(k)TBkd

(k) −
∫ 1

0

[∇f(x(k) + td(k))−∇f(x(k))]T d(k)dt

∣

∣

∣

∣

≤ β

2
‖d(k)‖2 + ‖d(k)‖

∫ 1

0

‖∇f(x(k) + td(k))−∇f(x(k))‖dt

△
=

β

2
‖d(k)‖2 + C(d(k))‖d(k)‖. (6.12).# C(d(k)) &7 lim

d→0

C(d)
‖d‖ = 0.�F (6.11) 

h�I8A ǫ > 0, YR��� k ≥ 0 � ‖∇f(x(k))‖ ≥ ǫ. � (6.10) � Bk T��A���� k ≥ 0 �

f(x(k))− qk(d(k)) ≥ 1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖
‖Bk‖

}

≥ 1

2
ǫmin

{

∆k,
ǫ

β

}

. (6.13):℄�� (6.12) > d(k) T7U"��BR
|rk − 1| ≤ ∆k(β∆k + 2C(d(k)))

ǫmin(∆k, ǫ/β)
. (6.14)� C(d(k)) TA�n�8A ∆̃ ∈ (0, ∆̄), J ∆k ≤ min{∆̃, ǫβ−1} R�

β∆k + 2C(d(k)) ≤ ǫ

4
.�.> (6.14) LR

|rk − 1| ≤ ǫ∆k/4

ǫ∆k
=

1

4
.�. rk >

3
4 . ��� 6.1 n7U0� ∆k ℄=|BO
KA ∆k ≥ min{∆̃, ǫβ−1}. �.�

∆k ≥
1

4
min{∆̃, ǫβ−1} ∀k ≥ 0. (6.15)-�jGs�xT< K YR rk ≥ 1

4 , k ∈ K. I� (6.13) ��� 6.1 �f 3, � k ∈ K, k ≥ k0 q3M�
f(x(k))− f(x(k+1)) = f(x(k))− f(x(k) + d(k)) ≥ 1

4
[f(x(k))− qk(d(k))] ≥ 1

8
ǫmin(∆k, ǫ/β).
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� {f(x(k))} Ed�K����:℄�w.
lim

k∈K,k→∞
∆k = 0.� (6.15) *���.����� >T k, H� rk <

1
4 . 	j�8���� 6.1 �f 3, J rk <

1
4 R�

∆k % 1/2 B��&�b� limk→∞ ∆k = 0, � (6.15) *���.UF9
 ‖∇f(x(k))‖ ≥ ǫ 

h��
(6.11) 
h� IVq3K� η > 0 R��� 6.1 T)�noAj^��} 6.2.2 �:M 6.2.1 /R�fZ� ∇f Lipschitz T~��-AJ 6.1 N
 η > 0, 1

lim
k→∞

‖∇f(x(k))‖ = 0. (6.16)�8Tj^K�z Newton ;7U"�� (�A�� 6.1 �� Bk = ∇2f(x(k))) Tno�x\G�qi=_ [27] �j^ 3.6.2 �j^ 3.6.3.�} 6.2.3 � f ∈ C2 �h)��� Newton vuI%AJ��/6Z {x(k)} �)�1 - {x(k)}/86 x∗ fZ�}aN (6.1) /�%u	R�uF%u	R���,��- x∗ � f / Hessian :=:�1
lim

k→∞
rk = 1, lim

k→∞
x(k) = x∗, inf ∆k > 0,D��) k �S#!� ‖d(k)‖ < ∆k. �[� {x(k)} /�ky/U+ x∗. �-�~�� ∇2f - x∗ �

Lipschitz T~�1 {x(k)} //U�=*F%/�
§6.3 
|6 — {�IR�O�7U"��TjG�e)_eq�4A����7U"0o/jj���GA00fBR7U"��BOEe
��00o/kO-R
QfB_���7U"0o/ejG4�o/�
���/>�	j�8��A��;��sE�0
�0o/�B~KjGYRGTy��kT_�_z8�7U"��T�_�>R℄=G�v�Bl�7U"��A��;�����T�℄��7U"— �A��;��
� (6.1). q2?
�)��AJ|fB_ x(k) #�
�7U"0o/ (6.2)R�! d(k).�	d��A���jf� αk, ℄
 x(k+1) = x(k) + αkd

(k). ��^	=7U"0o/ (6.2) T�e fA x(k) #TjG�k�! (i=�Bq�).%} 6.3.1 � f T~D\�1uI%YaN (6.2) /( d(k) fZ
∇f(x(k))Td(k) ≤ −1

2
‖∇f(x(k))‖min

{

∆k,
‖∇f(x(k))‖

2‖Bk‖
}

. (6.17)A:8T2 :�q3fh
�s4�o/ (6.1) T7U" — �A��;��)� (�_k�
[20]).M� 6.2 ( �z4 - y�GPa9M� )



§6.3 w5	 — r{^ax`
 99\ 0 (�&}) 
�&6 x(0) ∈ Rn, ∆0 > 0, η ∈ (0, 1), �
�5 0 < c2 < c3 < 1 < c1, ρ ∈ (0, 1); ^
k := 0.\ 1 (/Uy��) � ‖∇f(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k).\ 2 (YaN�() (uI%YaN (6.2) -( d(k).\ 3 (h!�.uky>E) � f(x(k) + d(k)) < f(x(k)), ^ x(k+1) = x(k) + d(k), V~ 4. V1�^
αk * {ρi | i = 0, 1, · · · } N$-h'
R/_#8

f(x(k) + ρid(k)) < f(x(k)).^ x(k+1) = x(k) + αkd
(k). 
 ∆k+1 ∈ {‖x(k+1) − x(k)‖, c3∆k}. V~ 5\ 4 (uI%{=) �A

rk =
f(x(k))− f(x(k+1))

qk(0)− qk(d(k))
.� rk > η � ‖d(k)‖ < ∆k, ^ ∆k+1 = ∆k. V1:�

∆k+1 =







[c2‖d(k)‖, c3∆k], � rk < η,

[∆k, c1∆k], � rk > η � ‖d(k)‖ = ∆k.\ 5 (��) 
: Bk+1, ^ k := k + 1. V~ 1.[: f 2 T0o/Bl����
��q�
� d(k) &7�8Ag�� τ > 0, YR
qk(0)− qk(d(k)) ≥ τ‖∇f(x(k))‖min{∆k, ‖∇f(x(k))‖/‖Bk‖} (6.18)�
∇f(x(k))T d(k) ≤ −τ‖∇f(x(k))‖min{∆k, ‖∇f(x(k))‖/‖Bk‖}. (6.19)�8Tj^K��� 6.2 T�#noA (i=p_ [20, j^ 3.7]).�} 6.3.1 �s5 f F�T~D\� ‖∇2f(x)‖ �)��AJ 6.2 ��/6Z�)�� Bk fZ

∞
∑

k=1

1

1 + max
1≤i≤k

‖Bk‖
=∞,1�

lim inf
k→∞

‖∇f(x(k))‖ = 0.
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§6.4 
|6^lX�$b7U"���0o/T
�e��VÆTea�0o/ (6.2) ejGGT_�0y�T4���o/�Jl� ‖ · ‖∞ ��R�Bd�[QjP�?T�+<��
���8�?l� Euclid ��R���
�����
�0o/ (6.2) T)t���_�Ov_�N�fBxT�� x ∈ Rn V_J|fB_�.R7U"0o/_�

min f(x) +∇f(x)T d+ 1
2d

TBd
△
= q(d),

s.t. ‖d‖ ≤ ∆.
(6.20)

§6.4.1 k(#`��
L
Æ�- B gj� d̄
△
= −B−1∇f(x) &7 ‖d̄‖ ≤ ∆, �s4�o/

min f(x) +∇f(x)T d+
1

2
dTBdT�eo/ (6.20) TB?_�I d̄ eo/ (6.20) T��j-�O�0o/ (6.20) T��)����qi=�Bq���} 6.4.1 d∗ *YaN (6.20) /�6_�()�,) d∗ Dx� -�5 λ∗ ≥ 0 fZ (B + λ∗I)o=:���

{

(B + λ∗I)d∗ = −∇f(x),

λ∗(∆− ‖d∗‖) = 0.
(6.21)j^ 6.4.1K�z7U"0o/ (6.20)�TjGVWA9
�d�.9
�q3BXE
�0o/���F%` B + λ∗I gj�-�A��<

Bd+∇f(x) = 0T� d̄ &7 ‖d̄‖ ≤ ∆, I d∗ = d̄. .�=��� λ∗ = 0 � B gj�&I�H� λ∗ > 0. .R
�7U"0o/ (6.20) VW��)���<
{

(B + λI)d = −∇f(x),

‖d‖ = ∆.
(6.22)� λ > 0 � >YR B + λI gj�� (6.22) n
 (6.20) T�B<t�)�e� λ Tj(��A��

φ1(λ) = ‖(B + λI)−1∇f(x)‖ −∆ = 0 (6.23)RO� λ∗. �	� (6.22) T[jG��<R0o/T� d∗ = d(λ∗) = −(B + λ∗I)−1∇f(x).2���A�� (6.23) 
7U"0o/T���_0o/T�����d�%`T�q� �Bn (_ [19, [�P]), φ1(λ) ej��A�x>T�B�_z\���TG��j{
φ2(λ) =

1

∆
− 1

‖d(λ)‖ . (6.24)
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φ2(λ) �
_�A���B����< (6.23) VW���
φ2(λ) = 0.4���BB��[�fB�fhqfBG�℄_�

λl+1 = λl −
φ2(λl)

φ′2(λl)
= λl +

(‖dl‖
‖ql‖

)2(‖dl‖ −∆

∆

)

. (6.25)M+): zBfh7U"0o/��
�TG�f�)��M� 6.3 (�z4℄jV}k(M�)\ 0 a: λ0 > 0, ∆ > 0. ^ l := 0.\ 1 � λl *aN (6.24) /(�1(kyaN (6.22) -( d(l). V1�V~ 2.\ 2 a Cholesky S( B + λ(l)I = RTR. (N�^
RTRdl = −∇f(x), RT ql = dl-( dl, ql.\ 3

λl+1 = λl +

(‖dl‖
‖ql‖

)2(‖dl‖ −∆

∆

)

. (6.26)\ 4 ^ l := l + 1, V~ 1.[: :8T��|g��%` B + λ∗I gjRT�O�J B + λ∗I �gjR�0o/ (6.20) T
�u_/>�.R�0o/T
���Bp: [24] � §2.4.

§6.4.2 Fy�� (Dogleg Method):&~�?T7U"0o/��
�G�vu>���J B+λ∗I �gjR�0o/ (6.20)T
�u_/>�	j�8�3j^ 6.2.1 Ti=B_��� 6.1 �#noTeae>|�kA9
 (6.8). .9
_8i��T�#noA-Rz����TjGT,��.�q3B;����
�0o/ (6.2),-Rq�
� d(k) &7h >|�kv��
 d(k) ∈ D YR�DG c ∈ (0, 1],

f(x(k))− f(x(k) + d(k)) ≥ c[f(x(k))− f(x(k) + pc
k)], (6.27)q� pc

k _� (6.6) j{T>|_��8q3�?���
�7U"0o/TX�����7U"0o/ (6.20) nq� d∗ e7U"0� ∆ Ty��I_ d∗(∆). C�:_j9����q_>���� (_I 6.1) .X��T
�e�j9X�B3����� d∗(∆). _zXE�gTX��q
 z0o/�T)A�- B gj� ‖ −B−1∇f(x)‖ ≤ ∆, I (6.20) T���_
d∗(∆) = −B−1∇f(x)

△
= dB. (6.28)



102 �:� n�[md`
 (IV) — w5	`


I 6.1: >�����X��
I_�&I�q3BB)� z�J ∆ �&R�7U"0o/�GTy�T�0�TB�
>��.�B�y� f(x) Tj0 (�A) �
�.RA4� ‖d‖ ≤ ∆ �0o/T�
�_ d∗(∆) ≈ −∆ ∇f(x)
‖∇f(x)‖ . \
_Bl�>��k�!B_���T�
�2�>��k�!T;��N�7U"4��q3�0o/�T=℄_ d = −τ∇f(x). <tGTy�9&�B�j0o/^>��k�!T�_

dU = − ∇f(x)T∇f(x)

∇f(x)TB∇f(x)
∇f(x). (6.29)	j�8�_zROnoAON{T���!�q3BQG[��! dB. �s�! dU � dB B {XEX����! (_I 6.1) . I�I 6.1 �℄XE�TX�_ d̃(τ), �S:Tj{℄_�

d̃(τ) =







τdU , 0 ≤ τ ≤ 1,

dU + (τ − 1)(dB − dU ), 1 ≤ τ ≤ 2.
(6.30):℄	=J τ u&R�!Q�>��k�! dU , &I� dU � dB T<��!�^):XETX��! d̃(τ), A7U"4��
0o/ (6.20) T��^�:Bi= (6.30) XETX�-�)�A��%} 6.4.1 � B A�=:�1

(1) ‖d̃(τ)‖ k τ ^'73s5�
(2) q(d̃(τ)) k τ ^'7�s5�:8T�^	=�J^ d̃(τ) 
0o/T9&_R��A7U"K�:;O�� τ &7

‖dU + (τ − 1)(dB − dU )‖2 = ∆2.:℄_e� τ T�0B����
�.��BROX��T��A� (2) 	=%X��!�
�T�
�&7�kA9
 (6.27), 3�B8i7U"��T�#noA�



§6.4 w5	�md}K+ 103� 6.4.1 
�&6^ x(0) = (−1, 2)T , �&uIo3 ∆0 = 5, η = 1/8, ��uI%AJ 6.1 u�AYaN/7kJ�(_�}aN
min f(x) = 100(x2 − x2

1)
2 + (1− x1)

2.` A�� 6.1 �� ǫ = 1.0e− 5. G��r)V 6.1.W 6.1. 8V#��H��s
k ik x(k) d(k) ‖∇f(x(k))‖
0 1 (−1, 2)T (−0.0101,−0.9799)T 443.6395

1 1 (−1.0101, 1.0201)T (1.9702,−3.9800)T 4.0610

2 1 (0.9602,−2.9599)T (0.0001, 3.8820)T 1.6809e + 003

3 1 (0.9602, 0.9221)T (0.0398, 0.0763)T 0.0795

4 1 (1.0000, 0.9984)T (0.0000, 0.0016)T 0.7067

5 (1.0000, 1.0000)T 1.0009e − 008AV 6.1 �� k V_fB0�� ik V_���[ k 0fBBxsT7U"f�EG�0o/T0�� x(k) _~KTfB_� d(k) V_[ k 0fBRBxsT0o/T�� ‖∇f(x(k))‖ _GTy�T+xAfB_T���
§6.4.3 ^
*hS	�|8�?T�����X��
��O8i7U"��T�#noA���VMG�t��C>Ou B / B + λI _��`T�A��<T
��J B ∈ Rn×n Ta�u>R�\-��BM�G�:T>$��?&~�?���
�0o/T	j��� — |}VI+x��!B��
�>mB7U"0o/�4��e��A��<VI+x�Tj�P=�qG�f�)��M� 6.4 (^
*hS	�)\ 0 a: ǫ > 0. � d0 = 0, r0 = ∇f(x), p0 = −r0. ^ j := 0.\ 1 � ‖rj‖ ≤ ǫ, 
 d = dj ^aN (6.24) /(�AJPF�V1�V~ 2.\ 2 � pT

j Bpj ≤ 0, 
: τ $- d = dj + τpj fZ ‖d‖ = ∆, d a^YaN/.<(�TF�A�V1��A
αj = rT

j rj/(p
T
j Bpj), dj+1 = dj + αjpj .\ 3 � ‖dj+1‖ ≥ ∆, 
: τ ≥ 0 $- d = dj + τpj fZ ‖d‖ = ∆, 
 d ^YaN/.<(�TF�A�V1� rj+1 = rj + αjBpj.\ 4 � ‖rj+1‖ < ǫ‖r0‖, � d = dj+1 ^YaN/.<(�TF�A�V1�

βj+1 = rT
j+1rj+1/r

T
j rj , pj+1 = rj+1 + βj+1pj .
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\ 5 � j := j + 1, V~ 1.�%BTVI+x��Bu�|}VI+x�KSzsG�J�qje���! pj _��!/^
B T1���!R (f 2) �q�e dj+1 k�z7U"4�R (f 3) . s��O��
�5A4�TK�:;O�8i7U"��noT9
e7U"0o/ (6.20) T�
�&79
 (6.27). 3�� 6.4 f 2 �
j = 0 sxG��

d1 =







− ∆
‖∇f(x)‖∇f(x), - pT

0 Bp0 ≤ 0

− rT
0 r0

(pT
0 Bp0)

p0 = − ∇f(x)T ∇f(x)
∇f(x)T B∇f(x)

∇f(x), q!�:℄V_ d1 _��T>|_�I d1 &70o/�
�T9
 (6.27). 	j�8�VI+x�-��f℄= q(d) vTA���.��� 6.4 �
0o/T�
�&77U"��TnoAe
�sY 6

1. G&a Bk ∈ Rn×n ��hk� d(k) fp0 (6.2) U��j>� d(k) fz� f B x(k) $U	l�"�
2. j>'8 (6.7) ^U τk f qk(d) B8V# D 
_2,y�" −∇f(x(k)) U:(`�r
 qk(d) � (6.2) ^k|�
3. �8V#�� 6.1 N�Æ�*	?��p0

min f(x) = 10(x2 − x1)
2 + (1 − x1)

2,r
8V#1p0UH������ 6.3.

4. �8V#�� 6.1 �1p0U}~WJ,y�� 6.4 N�H�*	?��p0 (� n = 10) U��
min f(x) =

n
∑

i=1

[

(1 − x2i−1)
2 + 10(x2i − x2

2i−1)
2
]

.

5. G��� 6.2 �LU`~���^Gz� f 	1nOCZ�'8 ‖∇2f(x)‖ ≤ M (M > 0 `��). J8V#1p0U�` d(k). j>�.���gC k, � ‖∇f(x(k))‖ > δ > 0 (δ `��), J	^Æi
lim

k→∞
min{∆k, 1/Mk} = 0,r
 Mk = 1 + max1≤i≤k ‖Bi‖.

6. .��&aB ∈ Rn×n C�r!�`B = QΛQT ,r
Q = (q1, q2, · · · , qn)`hn&a�Λ = diag(λ1, λ2, · · · , λn),j>��= (6.22) U�CW``
d(λ) = −

n
∑

j=1

qT
j ∇f(x)

λj + λ
qj .�kgj>

d

dλ

(

‖d(λ)‖2
)

= −2

n
∑

j=1

(qT
j ∇f(x))2

(λj + λ)3
.

7. e�;0U� �j>B8V#1p0UH�
�\�gC^ (6.25) � (6.26) UWXB�
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8. j>_�" d = −τ∇f(x), ��8V#1p0 (6.2) 
U8V#5��J1p0_5�" d U?��`
dU = − ∇f(x)T∇f(x)

∇f(x)TB∇f(x)
∇f(x).

9. j>�_ 6.4.1.

10. �Y��� (double-dogleg method) v8V#
6``w`�\��" dB `�`�_1:�|YFY������r
�Hl�``
• 8V#
6` (x(k) `) �
• t5�?}g pc = −(gTg)/(gTBg)g (CP `) �
• i!\�g γ̄dB = −γ̄B−1g (N̂ `) , /$ γ̄ ∈ (γ, 1] �

γ ≤ ‖g‖4

(gTBg)(gTB−1g)
≤ 1;

• \�g dB = −B−1g (xk+1 `) ./$ g = ∇f(x). ���Y���U����J�^j>�
(i) 4 x(k) P CP `�P N̂ `�P xk+1 `U/℄FeLT�
(ii) K4 x(k) " CP `� N̂ `� xk+1 `ppS�	1C< qk(x(k) + d) UwFe	l�
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��E n;�kWN� (V) — MZ�
§7.1 gZ�A�K!$hF e(i), i = 0, . . . , n− 1 eDT��!��jDT� �"e3�[_ x(0) �
�l0^DT�T�!�?�A���R_ x(i), i = 1, . . . , n. ?u x(0) := x(n) _�[_��/:}t��s�ROo/T��4��TVÆt�)I 7.1 �_�

x(0) x(1)

x(2)

d(n)=xn−x0

I 7.1 DT� ���I 7.1 Bu:��DT� �T+��Y�Z
�l����A��T>��k��DT� ���s0���!�Æ*s��.���Tno�x(�_->��T+��q3�DT� �Su6��)I 7.1 �_�A^DT��?j���p	�~KzjG�! d(n) △
= x(n) − x(0). �p_S��!�-3 x(n) �
�^S��!?��j0�I��T+�BRO68�%\��℄�DT� ��?6�	~KT���_+[ Powell ���qf�)��M� 7.1 ( 97 Powell M� )\ 1 a: n `ky
knW d(i), i = 0, 1, . . . , n− 1, 
�&6 x(0) ∈ Rn, 0= ǫ > 0. ^ k := 0.\ 2 � x(0) �H�
�� d(0), d(1), . . ., d(n−1) -x0
ky>E- x(1), x(2), . . ., x(n), �

x(i+1) = x(i) + αid
(i), i = 0, 1, . . . , n− 1,

107
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 (V) — �)
�N~	 αi �0
ky>E-+�� αi *hl/�__�}aN/(�
min
α∈R

f(x(i) + αd(i)). (7.1)\ 3 (��>E) ^ d(n) = x(n) − x(0). � ‖d(n)‖ ≤ ǫ, 1-( x(n). V1�� x(n) �H�� d(n) -x0
ky>E
:~	 αn. ^ x(n+1) = x(n) + αnd
(n).\ 4 ^ d(i) := d(i+1), i = 0, 1, . . . , n− 1, x(0) := x(n+1), k := k + 1. V~ 2.vR yTe�+[ Powell �����! d(i) j-
O8iey� f A x(i) #T�k�!��.����A�� (7.1) AeGV�� R :�?������~KTf� αi BO_1v�� 7.1.1 �'& Powell AJ�(�h
)4aN�

min f(x) =
3

2
x2

1 +
1

2
x2

2 − x1x2 − 2x1.

(I) 
�&6 x(0) = (−2, 4)T , �&Nn d(0) = (1, 0)T , d(1) = (0, 1)T . (II) 
�&6 x(0) = (−2,−8)T , �&Nn d(0) = (1, 0)T , d(1) = (0, 1)T . [aN/_�(^ x∗ = (1, 1)T .` �G�R f T+xu>���A��f��
∇f(x) =

(

3x1 − x2 − 2

−x1 + x2

)

, α = −3x1d1 − x2d1 − 2d1 − x1d2 + x2d2

3d2
1 + d2

2 − 2d1d2
.

(I) � x(0) = (−2, 4)T , d(0) = (1, 0)T , d(1) = (0, 1)T , ��� 7.1 
��G��r_V 7.1.V 7.1 f 7.1.1 (I) TG��r�0 i x(i) d(i) αi ‖x(n) − x(0)‖
1 0 (−2, 4)T (1, 0)T 4

1 (2, 4)T (0, 1)T −2

2 (2, 2)T (4,−2)T − 2
17 2

√
5

2 0 (26
17 ,

38
17 )T (0, 1)T − 12

17

1 (26
17 ,

26
17 )T (4,−2)T − 18

289

2 (370
289 ,

478
289 )T −( 72

289 ,
168
289 )T 9

8
24
289

√
58

3 0 (1, 1)T (4,−2)T 0

1 (1, 1)T −( 72
289 ,

168
289 )T 0

2 (1, 1)T 0��Æz�o/T>�� x∗ = (1, 1)T .

(II) � x(0) = (−2,−8)T , d(0) = (1, 0)T , d(1) = (0, 1)T , ��� 7.1 
��G��r_V 7.2.



§7.1 �i=�
"J�. 109W 7.2 g 7.1.1 (II) UH��s�1 i x(i) d(i) αi ‖x(n) − x(0)‖
1 0 (−2,−8)T (1, 0)T 0

1 (−2,−8)T (0, 1)T 6

2 (−2,−2)T (0, 6)T 0 6

2 0 (−2,−2)T (0, 1)T 0

1 (−2,−2)T (0, 6)T 0

2 (−2,−2)T 0��Æz��>�� x̄ = (−2,−2)T .+[ Powell ��-�)�A���} 7.1.1 � Q ∈ Rn×n A�=:� q ∈ Rn. 1AJ 7.1 � �(aN
min f(x) =

1

2
xTQx+ qTx!��/��Nnk Q VVf
�I� �� 7.1 TG�t�)V 7.3.W 7.3 �� 7.1 UH�u��1 �\` ���" �1�` T��"

1 x(0) d(0), . . . , d(n−1) x(n) d(n) = x(n) − x(0)

2 x(n+1) d(1), . . . , d(n−1), d(n) x(2n+1) d(n+1) = x(2n+1) − x(n+1)

...
...

...
...

...

m x((m−1)(n+1)) d(m−1), . . . , d(n+m−2) x((m−1)(n+1)+n) d(n+m−1) = x((m−1)(n+1)+n) − x((m−1)(n+1))�8� m �oJ�i=j^�J m = 2 R���~KsGS��!� d(n) � d(n+1). q3Ei=
d(n+1)TQd(n) = 0,/VWZi=

(x(2n+1) − x(n+1))TQd(n) = 0.�� ∇f(x) = Qx+ q, :℄BVWZ0_
[∇f(x(2n+1))−∇f(x(n+1))]Td(n) = 0. (7.2) yO x(2n+1) � x(2n) ^ d(n) ���A��RO� x(n+1) � x(n) ^ d(n) ���A��RO�b�

∇f(x(2n+1))T d(n) = 0, ∇f(x(n+1))Td(n) = 0.



110 �I� n�[md`
 (V) — �)
s℄�℄�R (7.2), �j^� m = 2 
h�Fj^� m = t 
h (.R�� 7.1 ~KTS��!_ d(n), d(n+1), . . . , d(n+t−1)) , �
d(n+i)TQd(n+j) = 0, 0 ≤ i < j ≤ t− 1. (7.3)q3i=j^� m = t + 1 
h (.R�� 7.1 ~KTS��!_ d(n), d(n+1), . . . , d(n+t−1), d(n+t)), �i
d(n+i)TQd(n+t) = 0, i = 0, 1, . . . , t− 1. (7.4)I[ t+ 1 �fB~KTfB_��!l0_

y(0) α̃0−−→
d̃(0)

y(1) α̃1−−→
d̃(1)

. . . ,
α̃n−2−−−−→
d̃(n−2)

y(n−1) α̃n−1−−−−→
d̃(n−1)

y(n), d̃(n) = y(n) − y(0),q� y(i) = x(t(n+1)+i), i = 0, 1, . . . , n, d̃(i) = d(t+i), i = 0, 1, . . . , n. d� ∇f TV;℄�VIe� (7.3)� (7.4) B XVWZ0

d̃(n−t+i)TQd̃(n−t+j) = 0, 0 ≤ i < j ≤ t− 1 (7.5)�

d(n+t)TQd(n+i) = [∇f(y(n))−∇f(y(0))]T d̃(n−t+i) = 0, i = 0, 1, . . . , t− 1. (7.6)d�oJUF (7.5), ∇f TV;℄u>���A��9
BR�#� 0 ≤ i ≤ t− 1,

∇f(y(n))T d̃(n−t+i) =
n−1
∑

j=n−t+i+1

[∇f(y(j+1))−∇f(y(j))]T d̃(n−t+i) +∇f(y(n−t+i+1))T d̃(n−t+i)

=

n−1
∑

j=n−t+i+1

α̃j d̃
(j)TQd̃(n−t+i) = 0, (7.7)q�� α̃j V_� y(j) �
^ d̃(j) ���A��ROTf��	j�8� y(0) = x(t(n+1)) B_[ t ���TÆ_�q~Kt�)��

x((t−1)(n+1)) := ȳ(0) ᾱ0−−→
d̄(0)

ȳ(1) ᾱ1−−→
d̄(1)

. . . ,
ᾱn−2−−−−−−−−−→

d̄(n−2)=d̃(n−3)

ȳ(n−1) α̃n−1−−−−−−−−−→
d̄(n−1)=d̃(n−2)

ȳ(n) α̃n−−−−−−−−→
d̄(n)=d̃(n−1)

ȳ(n+1) = y(0).Z
�|8TLMBR��#� 0 ≤ i ≤ t− 1,

∇f(y(0))T d̃(n−t+i) = ∇f(ȳ(n+1))T d̄(n−t+i−1) = 0.:℄u> (7.7) 6wz (7.6). /VWZ� (7.4) 
h��oJ+^�j^
h� IV:8Tj^	=�-0�fBT| n G�!�Ase�I�� 7.1 ���0y�9&�o/T
�R~KTS��!e��0y�T Hessian %`�ÆVI�3����-��0ÆzA�GJfB�!�A�eR�f 7.1.1(II) 	=��� 7.1 ~KT_}BO
no�o/T��\e+[ Powell ��TjG����.��He��� 7.1 Su6��
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§7.2 Powell N[�+[ Powell����-ADj�0T n G���!�A�e�I��~KT_}BO
no�o/T��_zD)+[ Powell ��T\j����HeA����+D�E{�YR��A0j�0T n G���!5�Ase�FA�[fKj�[_ x(0) � n G�AseT�! d(0), d(1), . . . , d(n−1). 3�[_ x(0) �
�l0^\-�!�?��	R_ x(1), x(2), . . . , x(n). ℄~KjGS��! d(n) = x(n) − x(0). +[ Powell���� d(n) 3B d(0) T�℄�j�j����!���j�T���!<_ d(1), d(2), . . . , d(n). \�2�T3 �℄��z!v< d(1), d(2), . . . , d(n) BO�Æ�A�eT�O�_zJ7�Æ�j����!<�A�e�J!v< d(1), d(2), . . . , d(n) �A�eR�B;�� d(n) 3 d(0), d(1), . . . , d(n−1) �TDG!v d(t), 0 ≤ t < n, YR!v< d(i), i = 0, . . . , n, i 6= t �Ase����h.!v<B_�j�T���!<�- d(n) 3 !v< d(0), d(1), . . . , d(n−1) �T#�!v	~KT!v<5�A�e�I�>dT!v< (� d(n) 
3 !v< d(0), d(1), . . . , d(n−1) �T#�!v) B_�j����!<�
��d�:8T�℄�j�j�G�T���!Hj�Ase�_zVÆ:8Tt��q3EeK�jG3 ,I��AT,9
�� d(n) 3 d(t), 0 ≤ t ≤ n−1.AT,9
�� d(n) 
3 !v< d(0), d(1), . . . , d(n−1) �T#�!v�_.�q3
�+gm�x�VI�xT8Y��} 7.2.1 � p(1), . . . , p(n) * Rn N'`nW��
D

△
= D(p(1), . . . , p(n)) = (p(1), · · · , p(n)).1

| det(D)| ≤ 1. (7.8)D��1'
R)�,) p(1), . . . , p(n) mz="�I� -!v< p(1), . . . , p(n) �A�e�I det(D) = 0. .R (7.8) 
h�ÆF!v< p(1), . . . , p(n)�Ase�

A = DTD =









p(1)T p(1) · · · p(1)T p(n)

...
...

p(n)T p(1) · · · p(n)T p(n)









.��!v< p(1), . . . , p(n) �Ase��. A ��gj�I λi, i = 1, . . . , n V_ A T)bv�I
(det(D))2 = det(A) =

n
∏

i=1

λi ≤
( 1

n

n
∑

i=1

λi

)n

=
( 1

n
tr(A)

)n

=
( 1

n

n
∑

i=1

p(i)T p(i)
)n

= 1.bR (7.8). ����C�
V℄�V℄
hT�e9
n (7.8) 
hV℄T�e9
e λi = λj , ∀i, j =

1, . . . , n, /VWZ� A T��)bvre 1. G A ����.� A = I _Eh%`�/VWZ�!v< p(1), . . . , p(n) �Ægm� IV
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3:8Tj^Bu:��� Rn ���!v< p(1), · · · , p(n), ?}℄ D(p(1)/‖p(1)‖, · · · , p(n)/‖p(n)‖)T4�v
δ(p(1), · · · , p(n))

△
=
∣

∣

∣det(
p(1)

‖p(1)‖ , · · · ,
p(n)

‖p(n)‖ )
∣

∣

∣T>&�Æz!v< p(1), · · · , p(n) pYTgm�x�q3� δ(p(1), · · · , p(n))_��!v< p(1), · · · , p(n)Tgm�x�Z
Z�B�+VI�xT8Y�F A ∈ Rn×n ��gj�� Rn �T��!v< p(1), · · · , p(n), 

q(i) = A1/2p(i). 
��q(i) � q(j) gmJ�
J p(i) � p(j) e� A�ÆVI��.�!v< p(1), · · · , p(n)e� A TVIAVW�!v< q(1), . . . , q(n) TgmA�A.2 :�q3Bj{!v< p(1), · · · , p(n)e�%` A TVI�x_!v< q(1), . . . , q(n) Tgm�x�� p(1), · · · , p(n) e�%` A TVI�x_

∆(p(1), . . . , p(n))
△
=
∣

∣

∣det(
q(1)

‖q(1)‖ , · · · ,
q(n)

‖q(n)‖)
∣

∣

∣ = | detA1/2|
∣

∣

∣det(
p(1)

‖A1/2p(1)‖ , · · · ,
p(n)

‖A1/2p(n)‖)
∣

∣

∣. (7.9)d�j^ 7.2.1, (wi=�8Tj^��} 7.2.2 � A ∈ Rn×n A�=:� p(1), . . . , p(n) * Rn NnW^�1
∆(p(1), · · · , p(n)) ≤ 1.D��1'
R)�,) p(1), . . . , p(n) k 7: A mzf
�d�:8Tj^�q3Bu�j� d(n) 3 d(0), . . . , d(n−1) �DG!vT,I�;z
�)��0y�9&vo/T+[ Powell ���

min f(x) =
1

2
xTQx+ qTx,q�� Q ��gj�F��ADj�~KT_}u>��T (�Ase) ���! X_

y(0), . . . , y(n−1), y(n) � d(0), . . . , d(n−1).A4���RD	~KS��! d(n) = y(n) − y(0). .R�V� n+ 1 G�!� d(0), . . . , d(n−1), d(n). q3A. n+ 1 G�!�QG n G�!B_�j�T���!<��j���!<TjG+Ie4�!<HH�Ase�q3BA�!< d(0), . . . , d(n−1), d(n) �QG n G!v�YR4 n G!vX
T!v<e�%` Q TVI�x>>�
 d̃(i) = ‖Q1/2d(i)‖−1d(i), i = 0, 1, . . . , n,

Di = (d̃(0), · · · , d̃(i−1), d̃(i+1), · · · , d̃(n)), i = 0, 1, . . . , n− 1,

D = (d̃(0), · · · , d̃(n−1)).�.�� (7.9), � d(n) 3 DG d(t), 0 ≤ t ≤ n− 1 T9
e�8T
V℄
h�
| det(D)| < max{| det(Di)|

∣

∣

∣
i = 0, 1, . . . , n− 1} = | det(Dt)|.



§7.2 Powell �)
 113�p�-:℄

h��
| det(D)| ≥ max{| det(Di)|

∣

∣

∣ i = 0, 1, . . . , n− 1}, (7.10)IsE3 ���j�T���!<&�e d(i), i = 0, 1, . . . , n− 1.�8�q3�jYR | det(Di)| �O>>T�T t, �
| det(Dt)| = max{| det(Di)|

∣

∣

∣ i = 0, 1, . . . , n− 1}. (7.11) yO
y(n) = y(n−1) + α̃n−1d̃

(n−1) = y(n−2) + α̃n−2d̃
(n−2) + α̃n−1d̃

(n−1) = · · · = y(0) +

n−1
∑

i=0

α̃id̃
(i),q�� α̃i V_3 y(i) �
�^�! d̃(i) �?���A��ROTf��4���~KTS��!_

d(n) = y(n) − y(0) =

n−1
∑

i=0

α̃id̃
(i).�.R

d̃(n) = ‖Q1/2d(n)‖−1d(n) = ‖Q1/2(y(n) − y(0))‖−1
n−1
∑

i=0

α̃id̃
(i) △

= β−1
n−1
∑

i=0

α̃id̃
(i).d�?}℄TA�R

| det(Di)| = β−1|α̃i|| det(D)|. (7.12)�� β > 0 � i se��.�Y | det(Di)| �O>>VW�Y α̃i T4�v�O>>��� f e�0y��q3�
f(y(i)) = f(y(i+1)) +∇f(y(i+1))T (y(i) − y(i+1)) +

1

2
(y(i) − y(i+1))TQ(y(i) − y(i+1))

= f(y(i+1))− α̃i∇f(y(i+1))T d̃(i) +
1

2
α̃2

i d̃
(i)TQd̃(i)

= f(y(i+1)) +
1

2
α̃2

i . (7.13)�.�YR (7.11) 
hT�T t �YR�℄
hT�T t �>�
f(y(t))− f(y(t+1)) = max

0≤i≤n−1
{f(y(i))− f(y(i+1))}, (7.14)� t _;O>>�kvT�T��8q3M�YR
V℄ (7.10), �

| det(Dt)| ≤ | det(D)|
hT9
�� (7.12), :℄VW� β−1|α̃t| ≤ 1, d� (7.13), BVWZRO
β2 ≥ α̃2

t = 2(f(y(t))− f(y(t+1))).
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� β Tj{R�
β2 = ‖Q1/2d(n)‖2 = (d(n))TQd(n) = (y(n) − y(0))TQ(y(n) − y(0))

= ∇f(y(n))T (y(0) − y(n)) +
1

2
(y(0) − y(n))TQ(y(0) − y(n))

+∇f(y(n))T (y(n) − y(0)) +
1

2
(y(n) − y(0))TQ(y(n) − y(0))

= f(y(0))− f(y(n)) + f(2y(n) − y(0))− f(y(n))

= f(y(0))− 2f(y(n)) + f(2y(n) − y(0)),q�[0GV℄� f(y(0)) � f(2y(n)− y(0)) A y(n) #B TaylorN8RO��.R (7.10) 
hVW��
f(y(0))− 2f(y(n)) + f(2y(n) − y(0)) ≥ 2(f(y(t))− f(y(t+1))). (7.15):℄�_ d(n) 
3 d(i), i = 0, 1, . . . , n− 1 �#�jG�!T9
�A:8T2 :�q3K� Powell sx�Tf�)��M� 7.2 (Powell LY� )\ 1 
�&6 x(0) ∈ Rn, 0= ǫ > 0. a: n `ky
knW d(i), i = 0, 1, . . . , n− 1. ^ k := 0.\ 2 � x(0) �H�
�� d(0), d(1), . . ., d(n−1) -x0
ky>E- x(1), x(2), . . ., x(n), �

f(x(i) + αid
(i)) = min

α∈R
f(x(i) + αd(i)), x(i+1) = x(i) + αid

(i), i = 0, 1, . . . , n− 1.\ 3 ^ d(n) = x(n) − x(0). � ‖d(n)‖ ≤ ǫ, 1-( x(n). V1�� x(n) �H�� d(n) -x0
ky>E- x(n+1).\ 4 � (7.14) �A_#h!WF
:/Ex t.\ 5 � (7.15) 
R�1 x(0) := x(n), k := k + 1. V~ 2.\ 6 ^ d(t+i) := d(t+i+1), i = 0, 1, . . . , n− t− 1, x(0) := x(n+1), k := k + 1. V~ 2.� 7.2.1 �AJ 7.2 �(
min f(x) = x2

1 + x2
2,
 x(0) = (1, 1)T , d(0) = (1,−1)T , d(1) = (0, 1)T .` G��r_V 7.4. W 7.4 g 7.2.1 UH��s�2 i x(i) d(i) αi f(x(i)) f(x(i)) − f(x(i+1)) f(x(0)) − 2f(x(n)) + f(2x(n) − x(0))

1 0 (1, 1)T (1,−1)T 0 2 0

1 (1, 1)T (0, 1)T −1 2 1 2 = 2(f(x(i)) − f(x(i+1)))

2 (1, 0)T (0,−1)T 0 1

2 0 (1, 0)T (1,−1)T − 1
2 1 1

2

1
2 < 2(f(x(i)) − f(x(i+1)))

1 ( 1
2 , 1

2 )T (0, 1)T − 1
2

1
2

1
4

2 ( 1
2 , 0)T (− 1

2 , 0)T 1 1
4

3 0 (0, 0)T (0, 1)T 0 0 0

1 (0, 0)T (− 1
2 , 0)T 0 0 0

2 (0, 0)T (0, 0)T 0
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 115�� 7.2 TnoAj^)� (qi=_ [2, L� 9.7]) .�} 7.2.3 � f *T~D\/�IYs5�{�8|

Ω(x(0)) = {x | f(x) ≤ f(x(0))}�)�1AJ 7.2 ��/6Z {x(k)} /U f - Ω(x(0)) N/℄�	qC6�

§7.3 X�IR��!���� Hooke-Jeeves(1961) -��b��_ Hooke-Jeeves ���4��T2?
�e3DG�[_ x(0) �
�l�djf� δ > 0, l0^DT� e(i), i = 0, 1, . . . , n − 1 Tg!/�!�?l&�~K_}
y(1), y(2), . . . , y(n).-
f(y(n)) < f(x(0)),I�4�l&
Q�-l&
Q�I��#+�j�l&��3 x(1) = y(n) �
�l�djf� δ > 0,?l0^DT� e(i), i = 0, 1, . . . , n− 1 Tg!/�!�?l&�-l&

Q��
f(y(n)) ≥ f(x(0)), (7.16)I�&l&f� δ, �
 δ := βδ, q� β ∈ (0, 1), �3�?l&��/:}t��s�4�l&
Q���T�~)��3�[_ x(0) �
�^DT� e(0) (Tg�!) �?l&R_ y(1) = x(0) + δe(0). -
f(y(1)) < f(x(0)) (7.17)

h�I3 x(0) �
^ e(0) T��!�3l&R_ y(1) = x(0) − δe(0). - (7.17) &

h�I?�3.v y(1) = x(0). �	�3 y(1) �
^ e(1) Tg�!/1�!R3Tl&_ y(2) = y(1) ± δe(1). �/:}t�s�^��DTTg�!/��!r�?zj0l&�.R�R_}

y(1), y(2), . . . , y(n).- (7.17) 
h�I4�l&
Q�
 x(0) := y(n), #+�j�l&�- (7.17) 

h�I
 δ := βδ, q� β ∈ (0, 1). 3�[_ x(0) �
��/:}l&t��R3T_}
y(1), y(2), . . . , y(n).- (7.17) &

h�I?
 δ := βδ. �/:}l&t��s�4�l&
Q��!����Tf�)��M� 7.3 ( W}GP� )
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\ 1 
�&6 x(0) ∈ Rn, �&~	 δ > 0, ~	D��Y β ∈ (0, 1), ~	���Y α ≥ 0, 0=
ǫ > 0. a: n `bxSnW e(i), i = 0, 1, . . . , n− 1. ^ y(0) := x(0), k := 0, j := 0.\ 2 �

f(y(j) + δe(j)) < f(y(j)),1^
y(j+1) = y(j) + δe(j).V~ 4. V1�V~ 3.\ 3 �

f(y(j) − δe(j)) < f(y(j)),1^
y(j+1) = y(j) − δe(j).V~ 4. V1�^ y(j+1) := y(j). V~ 4.\ 4 � j < n− 1, ^ j := j + 1 {V~ 2. V1�V~ 5.\ 5 � f(y(n)) < f(x(k)), ^

x(k+1) := y(n), y(0) := x(k+1) + α(x(k+1) − x(k)), k := k + 1, j := 0,{V~ 2. V1�V~ 6.\ 6 � δ ≤ ǫ, 1-( x(k). V1�^
δ := βδ, y(0) := x(k), x(k+1) := x(k), k := k + 1, j := 0.V~ 2.� 7.3.1 �Sn>EJ�(

min f(x) = (1− x1)
2 + 5(x2 − x2

1)
2.
 x(0) = (2, 0)T , e(0) = (1, 0)T , e(1) = (0, 1)T , δ = 1

2 , α = 1, β = 1
2 ǫ = 0.2.` G��r_V 7.5. W 7.5 g 7.3.1 UH��s
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x(k) j y(j) f(y(j)) y(j) + δe(j) f(y(j) + δe(j)) y(j) − δe(j) f(y(j) − δe(j)) δ

x(0) 0 (2, 0)T 81 ( 5
2 , 0)T 197 9

16 ≈ 197.56 ( 3
2 , 0)T 25 9

16 ≈ 25.56
1
2

1 ( 3
2 , 0)T 25.56 ( 3

2 , 1
2 )T 15 9

16 ≈ 15.56

2 ( 3
2 , 1

2 )T 15.56 2x(1) − x(0) = (1, 1)T

x(1) 0 (1, 1)T 0 ( 3
2 , 1)T 8 1

16 ≈ 8.06 ( 1
2 , 1)T 3 1

16 ≈ 3.06 1
2

1 (1, 1)T 0 (1, 3
2 )T 1 1

4 = 1.25 (1, 1
2 )T 1 1

4 = 1.25

2 (1, 1)T

x(2) 0 (1, 1)T 0 ( 5
4 , 1)T 1 165

256 ≈ 1.64 ( 3
4 , 1)T 1 5

256 ≈ 1.02 1
4

1 (1, 1)T 0 (1, 5
4 )T 5

16 ≈ 0.31 (1, 3
4 )T 5

16 ≈ 0.31

2 (1, 1)T

x(3) 0 (1, 1)T 0 ( 9
8 , 1)T 1509

4096 ≈ 0.37 ( 7
8 , 1)T 1189

4096 ≈ 0.29 1
8

1 (1, 1)T 0 (1, 9
8 )T 5

64 ≈ 0.08 (1, 7
8 )T 5

64 ≈ 0.08

2 (1, 1)T

x∗ = x(3) = (1, 1)T sY 7

1. �,\ Powell ��Æ�*	t5�p0�
min f(x) = x2

1 + x2
2.��\` x(0) = (1, 1)T , d(0) = (1, 0)T , d(1) = (1, 1)T . 5p0U?��` x∗ = (0, 0)T .

2. � Powell ty�Æ�t5�p0
min f(x) = 10(x1 + x2 − 5)2 + (x1 − x2)

2.��\` x(0) = (0, 0)T , �\���" d(0) = (1, 0)T , d(1) = (0, 1)T . m�k	t�U�����"v?�LUgC`�
3. G f fZEG	1z��j>� Powell ��
Ud4!-J (7.10) WX�

|αt| ≤
∣

∣

∣

f(x(0)) − f(x(n+1))

f(x(t)) − f(x(t+1))

∣

∣

∣

1/2

,r
� t `??	lw�"�A'8 (7.14), αt `���B���LUg��
4. ��"���Æ�\ 1 0�\ 2 0
Up0�Æ�t���
UgC`�
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�OE �z��lb3e��ikW��A��<�>&��o/�l�T��;��?P\e�?�e��A��<�>&��o/T2?�v
����
§8.1 �{��m
�p_O�

§8.1.1 n^ Newton �F F : Rn → Rn mNBY�;z)���A��<�
F (x) = 0. (8.1)- F eDGy� f : Rn → R T+x�I�j^ 2.1.2 n���< (8.1) V_s4�o/ min f(x) T>��TjzHe9
�I F ′(x) _y� F A x#T Jacobian%`�
���< (8.1)T#h Newton�TfBD℄)��

x(k+1) = x(k) + d(k), d(k) e�A��<
F ′(x(k))d+ F (x(k)) = 0 (8.2)T��Bu (8.2) � (3.3) 
L
Æ�- F ey� f : Rn → R T+x�I
���A��< (8.1) T#h

Newton ��
�s4�o/ min f(x) T`a Newton �j���.�
���A��<T Newton �e
�s4�>��o/ Newton �Tj�Ll�Z
�j^ 2.5.2, Bui=)�e�#h Newton �T��AnoAj^ (i=�Bq�) .�} 8.1.1 � F : Rn → Rn T~D\� x̄ *N�^ (8.1) /�`(�F ′(x̄) Q���1 - x̄ /�`[% U(x̄), $-) x(0) ∈ U(x̄) !�6� Newton J��/6Z {x(k)} pr [[%N�D� {x(k)}�ky/U x̄. �,�� F ′ Lipschitz T~�1 {x(k)} F�/U x̄.

§8.1.2 n^� Newton �
� (8.1) T#hR Newton �TfBD℄_� x(k+1) = x(k) + d(k), d(k) e�A��<
Bkd

(k) + F (x(k)) = 0 (8.3)T��q��%` Bk e F ′(x(k)) T�
�!&7�8TR Newton(B�) ���
Bk+1s

(k) = y(k), (8.4)q� y(k) = F (x(k+1)) − F (x(k)), s(k) = x(k+1) − x(k).  yO y(k) ≈ F ′(x(k+1))s(k), �.� Bk+1 �
F ′(x(k+1)) ^�! s(k) �x��Z
�[�P�R Newton%` Bk+1 Bu<t� Bk TY�Cg~K�)���jCgT℄ (4.10),

DFP CgT℄ (4.19), BFGS CgT℄ (4.13) V�\-CgT℄~KT%`������j-Z���
119



120 �e� �r{�p���u�omd��A��< (8.1), F ′(x(k)) BO
e��%`�.R�Bl��8T����jCgT℄ — Broyden�jCgT℄�
Bk+1 = Bk +

(y(k) −Bks
(k))s(k)T

‖s(k)‖2 . (8.5)l� Broyden �jCgT℄TR Newton ��_ Broyden �j��/\� Broyden ���I
Ak+1 =

∫ 1

0

F ′(x(k) + τs(k))dτ. (8.6)�!vvy�T�vj^ (1.8) n y(k) = Ak+1s
(k). d�.A��q3BuM� Broyden �jCgT℄T)�e�℄�

Bk+1 −Ak+1 =
(

Bk −Ak+1

)(

I − s(k)s(k)T

‖s(k)‖2
)

. (8.7)A.2 :�d�[jP�/T���(wLR Broyden �jCgT℄T)�A���} 8.1.2 � F : Rn → Rn T~D\�1� Broyden L�{=e' (8.5) ��/7: Bk fZ
‖Bk+1 −Ak+1‖2F = ‖Bk −Ak+1‖2F −

‖y(k) −Bks
(k)‖2

‖s(k)‖2 , (8.8)�N� ‖ · ‖F y)7:/ Frobenius M5��8q3 z#h Broyden ��TnoA�F F ′ Lipschitz mN�- B−1
k 8A�I�

‖x(k+1) − x̄‖ = ‖x(k) + d(k) − x̄‖ ≤ ‖B−1
k ‖‖Bk(x(k) − x̄) +Bkd

(k)‖
≤ ‖B−1

k ‖(‖Bk − F ′(x̄)‖ ‖x(k) − x̄‖+ ‖Bkd
(k) + F ′(x̄)(x(k) − x̄)‖)

= ‖B−1
k ‖(‖Bk − F ′(x̄)‖ ‖x(k) − x̄‖+ ‖F (x(k))− F (x̄)− F ′(x̄)(x(k) − x̄)‖)	j�8�� (8.8), q3�

‖Bk+1 − F ′(x̄)‖F ≤ ‖Bk+1 −Ak+1‖F + ‖Ak+1 − F ′(x̄)‖F
≤ ‖Bk −Ak+1‖F + ‖Ak+1 − F ′(x̄)‖F
≤ ‖Bk − F ′(x̄))‖F + 2‖Ak+1 − F ′(x̄)‖F .- F ′ Lipschitz mN�I�

‖Ak+1 − F ′(x̄)‖ ≤ L(‖x(k+1) − x̄‖+ ‖x(k) − x̄‖),q�� L > 0 e F ′ T Lipschitz ���A:8T2 :�d��SoJ��Bui=�8Te�#h Broyden ��TnoAj^��} 8.1.3 � F : Rn → Rn T~D\�� F ′ Lipschitz T~�,�-N�^ (8.1) /( x̄ � F ′(x̄)Q���1 - x̄ /�`[% U(x̄), $-) x(0) ∈ U(x̄), � B0 " F ′(x̄) �S$.!�6� BorydenAJ��/6Z {x(k)} pr [[%N�D� {x(k)} �ky/U x̄.
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§8.2 �{��m
�'p�O�:j~�?z
���A��<T#h Newton ��#hR Newton ��?~�q3�?��T�#����
§8.2.1 `� Newton �F F (x) = (F1(x), F2(x), · · · , Fn(x))T . �+y�

θ(x) =
1

2
‖F (x)‖2 =

1

2

n
∑

i=1

Fi(x)
2.q3� θ e��< (8.1) Trvy�/By���G��(wRO θ T+x-�)�=℄�

∇θ(x) =

n
∑

i=1

Fi(x)∇Fi(x) = F ′(x)TF (x).F d̄ e�8T�A��<T��
F ′(x)d + F (x) = 0.I�

∇θ(x)T d̄ = −‖F (x)‖2 < 0.� d̄ ey� θ A x#TjG�k�!�d�.A��q3BXE
���A��< (8.1)T�A��;
Newton ���p_;Q Newton ��M� 8.1 ��y��ka}`� Newton ��\ 1 a:�&6 x(0) ∈ Rn, �5 ρ ∈ (0, 1), σ1 ∈ (0, 1/2), 0= ǫ > 0. ^ k := 0.\ 2 � ‖F (x(k))‖ ≤ ǫ, 1PFAJ�-( x(k). V1�V~ 3.\ 3 (kyN�^ (8.2) -Nn d(k).\ 4 
:~	 αk ^
w {ρi | i = 0, 1, 2, . . .} N$-hl/|1'
R/_#8�

θ(x(k) + αkd
(k)) ≤ (1 − 2σ1αk)θ(x(k)). (8.9)\ 5 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.[� :8Tf 4 VM:e Armijo ;�A���
V:��� Newton �! d(k), q3�
∇θ(x(k))T d(k) = −‖F (x(k))‖2 = −2θ(x(k)).�.� (8.9) � (2.6) j���8Tj^fhz;Q Newton �T�#noA>q��AnoA�



122 �e� �r{�p���u�omd�} 8.2.1 � F : Rn → Rn T~D\�Aj�` x ∈ Rn, F ′(x) Q��� {x(k)} *�℄u NewtonJ��/6Z���8|

Ω = {x ∈ Rn | θ(x) ≤ θ(x(0))}�)�1

(1) }Z {x(k)} /U QkyN�^ (8.1) /℄�(�D�/U�=*�ky/�
(2) �,�� F ′ Lipschitz T~�1 {x(k)} F�/U�I� ��y�vL} {θ(x(k))} Ed℄℄��. {x(k)} ⊂ Ω e��L}����� (8.9) n

lim
k→∞

αkθ(x
(k)) = 0. (8.10)�8�q3
i=8A {x(k)}T9�_e��A��< (8.1)T��I ᾱ = lim sup

k→∞
αk. I ᾱ ∈ [0, 1].�= (I): ᾱ > 0. F0L} {αk}k∈K no� ᾱ. � (8.10) n

lim
k∈K, k→∞

θ(x(k)) = 0..R8A {x(k)}k∈K T9�_e (8.1) T���= (II): ᾱ = 0. � limk→∞ αk = 0. J k � >R�H� αk < 1. ��A��,I� α′
k

△
= αkρ

−1
&7�A��9
 (8.9), ��
θ(x(k) + α′

kd
(k))− θ(x(k)) > −2σ1α

′
kθ(x

(k)).F x̄ e {x(k)} TjG9�_� {x(k)}k∈K1 → x̄. A:℄sz>�u α′
k ℄
 k →∞, k ∈ K1, �9�R

∇θ(x̄)T d̄ ≥ −2σ1θ(x̄),q�� d̄ = −F ′(x̄)−1F (x̄) e Newton �!L} {d(k)}k∈K1 T9�� yO σ1 ∈ (0, 1/2), :℄6wz
θ(x̄) = 0. � x̄ e��< (8.1) T��:8Tt�i=z8A {x(k)} T9�_e��< (8.1) T����y�vL} {θ(x(k))} Ed℄℄��.�q9�_ 0. 3��{x(k)}T0G9�_re (8.1)T��G (8.1)T�℄j��.L} {x(k)}no� (8.1) T℄j��Z
�j^ 2.5.2 Ti=�Bui=�J k � >R αk = 1. ��.R;Q Newton ��+_#h
Newton ������j^ 8.1.1, {x(k)} ��Ano / �0no� IV
§8.2.2 y�GP�� Newton M�?&~�q3�?j�-��#noATR Newton ���[�P�
�s4�>��o/TR
Newton �
>��Y Bk ��gj�� (8.3) �jTR Newton �! d(k) g
O8ieBy� θ A x(k)#T�k�!��.�_z�#�R Newton ��Ee3T�A��E{��8T�Ed��E{�
[14] K��Kj�� σ1 ∈ (0, 1), η > 0 �g�L} {ηk} &7

∞
∑

k=0

ηk ≤ η.
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f� αk YR
‖F (x(k) + αkd

(k))‖ ≤ ‖F (x(k))‖ − σ1‖αkd
(k)‖2 + ηk‖F (x(k))‖. (8.11)��:8T
V℄�z�jG� αk seT���.�
V℄���� &T αk > 0 r
h����

αk Bu<tZ
� Armijo ;�A��T�℄-R�d�:8T�Ed�A���q3K�
���A��< (8.1)T�#� Broyden�j��)��M� 8.2 ��y��ka}%n> Broyden M��\ 1 a:�&6 x(0) ∈ Rn, �5 ρ ∈ (0, 1), σ2 > 0, 0= ǫ > 0. ^ k = 0.\ 2 � ‖F (x(k))‖ ≤ ǫ, 1PFAJ�-( x(k). V1�V~ 3.\ 3 (kyN�^ (8.3) -Nn d(k).\ 4 �
‖F (x(k) + d(k))‖ ≤ ρ‖F (x(k))‖ − σ2‖d(k)‖2,1^ αk = 1. V~ 6.\ 5 
:~	 αk ^
w {ρi | i = 0, 1, 2, . . .} N$-|1' (8.11) 
R/_#8�\ 6 ^ x(k+1) = x(k) + αkd

(k).\ 7 � Broyden L�{=e' (8.5) {= Bk - Bk+1. ^ k := k + 1. V~ 2. �A:8T����f 4 TB�eYRJ k � >R�Ehf�Bu�O��� 8.2 -�)�A��%} 8.2.1 ��6} Broyden AJ��/6Z {x(k)} pr hl/8|
N�
Ω = {x ∈ Rn | ‖F (x(k))‖ ≤ eη‖F (x(0))‖}.I� d�C�
V℄��#� k, q35�

‖F (x(k+1))‖ ≤ (1 + ηk)‖F (x(k))‖ ≤ (1 + ηk)(1 + ηk−1)‖F (x(k−1))‖

≤ · · · ≤ ‖F (x(0))‖
k
∏

i=0

(1 + ηi) ≤ ‖F (x(0))‖
( 1

k + 1

k
∑

i=0

(1 + ηi)
)k+1

= ‖F (x(0))‖
(

1 +
1

k + 1

k
∑

i=0

ηi

)k+1

≤ ‖F (x(0))‖
(

1 +
η

k + 1

)k+1

≤ eη‖F (x(0))‖. IV�� 8.2 T�#noAj^)� (i=�Bq�).�} 8.2.2 � (1) ��M 8.2.1 :�/8|
 Ω �)�(2) s5 F - Ω NT~D\� F ′ LipschitzT~� (3) A�v x ∈ Ω, F ′(x) Q���1�AJ 8.2 ��/6Z {x(k)} /U N�^ (8.1) /℄�(�D�/U�=*�ky/�
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§8.2.3 �z4M�g)[�P�x�T��#� Newton ��R Newton �T	j9K�el�7U"���?&~�?
���A��< (8.1) T7U"���Z
�[�P
�s4�o/T7U"���q3XE
���A��< (8.1) T7U"���q0o/_







min mk(d)
△
=

1

2
‖F (x(k)) + F ′(x(k))d‖2

s.t. ‖d‖ ≤ ∆k,
(8.12)q� ∆k > 0 e7U"0��I4o/T�_ d(k).y� mk e θ T�
y��!�A θ �� F A�A�
~K�Z
�[�P�q3�&\�kv

mk(0)−mk(d(k)) �VM�kv θ(x(k))− θ(x(k) + d(k)). d�VM�kv�&\�kvTBv
rk =

θ(x(k))− θ(x(k) + d(k))

mk(0)−mk(d(k))
(8.13)� 1 T�
�xB_de7U"0�T,I�A:8T2 :�q3K�
���A��< (8.1) T7U"��)��M� 8.3 ��y��ka} Newton — �z4M��\ 0 
�&6 x(0) ∈ Rn, ∆̄ > 0, ∆0 ∈ (0, ∆̄), η ∈ [0, 1

4 ), 0= ǫ > 0. ^ k := 0.\ 1 � ‖∇θ(x(k))‖ ≤ ǫ, 1AJPF�-aN/( x(k). V1�V~ 2.\ 2 (uI%YaN (8.12) -( d(k).\ 3 � (8.13) �A rk. � rk >
3
4 , 1^ ∆k+1 = min{2∆k, ∆̄}. � η < rk <

1
4 , 1^ ∆k+1 = 1

2∆k �� 1
4 ≤ rk ≤ 3

4 , 1^ ∆k+1 = ∆k.\ 4 � rk ≤ η, ^ x(k+1) = x(k), k := k+1. V~ 2. V1^ x(k+1) = x(k) +d(k), k := k+1. V~ 1.[: �� 8.3 Tf 3 �T�� 1
4 , 3

4 � 2 VeM+�`Q�T�VMG�R�BM+o/�!3�?de�-h7U"0o/�T F ′(x(k)) �DGR Newton %` Bk B3�I��T��_
���A��<TR Newton ;7U"���Z
�j^ 6.2.1 � 6.2.2 Ti=�Bui= Newton — 7U"��-�)�noAj^��} 8.2.3 �s5 F : Rn → Rn T~D\�8|
 Ω = {x ∈ Rn | θ(x) ≤ θ(x(0))} �)��-AJ
8.3 N
 η = 0, 1

lim inf
k→∞

‖∇θ(x(k))‖ = 0.�} 8.2.4 �:M 8.2.3 /R�fZ� ∇f Lipschitz T~��-AJ 8.3 N
 η > 0, 1
lim inf
k→∞

‖∇θ(x(k))‖ = 0.
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§8.3 f��jlX?~�q3;z)�)t=℄Ts4�o/�
min f(x) =

1

2

m
∑

i=1

Fi(x)
2, (8.14)q�� Fi : Rn → R, i = 1, 2, . . . ,m mNBY�q3�4o/_>&��o/���A>&��o/6w��A��<B_q)t�=�� m = n, �o/ (8.14) T>��#TGTy�v_ 0. J Fi,

i = 1, 2, . . . ,m re�Ay�R�o/ (8.14) �_�A>&��o/�
§8.3.1 y�d��hjVF Fi(x), i = 1, 2, . . . ,m _�Ay��

Fi(x) = aT
i x− bi, i = 1, 2, . . . ,m,q�� ai ∈ Rn, bi ∈ R, i = 1, 2, . . . ,m. ;z)��A>&��o/�

min f(x) =
1

2

m
∑

i=1

(aT
i x− bi)2. (8.15)(wi=�o/ (8.15) ejGF�0m�o/��s4�o/�T>�A9
�o/ (8.15) VW��8T�A��<�

∇f(x) =

m
∑

i=1

(aT
i x− bi)ai = 0.-I A = (a1, · · · , am)T , b = (b1, · · · , bm)T . I:8T�A��<B0_

ATAx −AT b = 0. (8.16)�A��< (8.16) �_o/ (8.15) Tgm��<���gm��<T��%`T��qKl%`T��V��.���<���
§8.3.2 �y�d��hjVJ (8.14) �T�=�jG Fi e��Ay�e�o/�_��A>&��o/�F F �0mNBY��sxG�BR

∇f(x) =
m
∑

i=1

Fi(x)∇Fi(x) = F ′(x)TF (x),

∇2f(x) = F ′(x)TF ′(x) +
m
∑

i=1

Fi(x)∇2Fi(x),q��
F ′(x) = (∇F1(x),∇F2(x), · · · ,∇Fm(x))T



126 �e� �r{�p���u�omdV_y� F A x #T Jacobian %`���A>&��o/ (8.14) ejGs4�>��o/��.�Bud�
�s4�>��o/T��
�� yO4o/T)t�X�q3Bu_�4o/FG)XT����8q3�?
� (8.14)Ts������ Gauss-Newton �� Levenberg-Marquardt���
���A>&��o/ (8.14) T Gauss-Newton �� d(k) e�8T�A��<T��
F ′(x(k))TF ′(x(k))d+ F ′(x(k))TF (x(k)) = 0. (8.17)/VWZ� d(k) e�A>&��o/

min
1

2
‖F (x(k)) + F ′(x(k))d‖2T�� yO ∇2f(x) TV;℄��A��< (8.17) T��%`VM:eA ∇2f(x(k)) ��
z>zM�� m

∑

i=1

Fi(x)∇2Fi(x) 	T��h �- ‖F (x)‖ �&�I (8.17) �jT d(k) ej��
 Newton �!/��� Newton �!��8Tj^V=�- ∇f(x(k)) 6= 0, I d(k) e f A x(k) #TjG�k�!��} 8.3.1 �s5 F = (F1, F2, . . . , Fm)T : Rn → Rm T~D\�s5 f : Rn → R � (8.14) :��� ∇f(x(k)) 6= 0, 1� (8.17) 
:/ d(k) fZ
∇f(x(k))T d(k) < 0.I� � ∇f TV;℄> (8.17), q3�

∇f(x(k))Td(k) = (F ′(x(k))TF (x(k)))T d(k) = −(F ′(x(k))TF ′(x(k))d(k))T d(k) = −‖F ′(x(k))d(k)‖2.- F ′(x(k))d(k) 6= 0, I� ∇f(x(k))T d(k) < 0. - F ′(x(k))d(k) = 0, � (8.17), � F ′(x(k))TF (x(k)) = 0, �
∇f(x(k)) = 0. �.�j^T��
h� IV�� d(k) e f A x(k) #TjG�k�!��.�Bd�[�P��?T�k��XE
� (8.14)T���M� 8.4 ��y�d��hjV} Gauss-Newton ��\ 1 a:�&6 x(0) ∈ Rn, �5 ρ ∈ (0, 1), σ1 ∈ (0, 1/2), 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1PFAJ�-( x(k). V1�V~ 3.\ 3 (kyN�^ (8.17) -Nn d(k).\ 4 
:~	 αk ^
w {ρi | i = 0, 1, 2, . . .} N$-hl/|1'
R/_#8�

f(x(k) + αkd
(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k). (8.18)\ 5 ^ x(k+1) = x(k) + αkd

(k), k := k + 1. V~ 2.
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Gauss-Newton �T�#noAj^)���} 8.3.2 �s5 F = (F1, F2, . . . , Fm)T : Rn → Rm T~D\�s5 f : Rn → R � (8.14) :�� -�5 γ > 0 $-
‖F ′(x)d‖ ≥ γ‖d‖, ∀x, d ∈ Rn.� {x(k)} *� Gauss-Newton J��/6Z�8|


Ω = {x ∈ Rn | f(x) ≤ f(x(0))}�)�1
lim

k→∞
‖∇f(x(k))‖ = 0. (8.19)I�q3d�j^ 2.4.3i=?j^T���q
�� ∇f(x)TV;℄u> (8.17)(wLR (2.17).F θk V_ d(k) � −∇f(x(k))pYTPq��� {x(k)} ⊂ Ω���b8A β > 0YR ‖F ′(x(k))‖ ≤ β.� (8.17) �

cos θk =
−∇f(x(k))T d(k)

‖∇f(x(k))‖ ‖d(k)‖ =
‖F ′(x(k))d(k)‖2

‖F ′(x(k))TF ′(x(k))d(k)‖ ‖d(k)‖ ≥
γ2‖d(k)‖2
β2‖d(k)‖2 = γ2β−2.�j^ 2.4.3 �R (8.19). IVe� Gauss-Newton �Tno�x�q3�)�j^ (i=�Bq�).�} 8.3.3 �:M 8.3.2 /R�
R�,�� Gauss-Newton J��/6Z {x(k)} /U x∗ �

F (x∗) = 0. 1 {x(k)} ;��ky/U�=��-�~�� F ′ Lipschitz T~�1 {x(k)} F�/U x∗.

Levenberg-Marquardt ��e
���A>&��o/T	j������4��� d(k) e�8T�A��<T��
(F ′(x(k))TF ′(x(k)) + µkI)d+ F ′(x(k))TF (x(k)) = 0, (8.20)q��I ∈ Rn×n V_Eh%`�µk > 0. - µk = 0,I Levenberg-Marquardt���+_ Gauss-Newton���3\�y{�
� Levenberg-MarquardtBB_ej�CgT Gauss-Newton �� yO�A��< (8.20) �T��%`��gj����q�8A℄j�d�s4�o/�T>�A9
�
L
Æ��A��< (8.20) ��8Ts4�F�0m�o/VW�

min
1

2
‖F (x(k)) + F ′(x(k))d‖2 +

1

2
µk‖d‖2.

Levenberg-Marquardt���7U"��pYg�5�Te��
V:�q3�)�j^ (i=�Bq��_�jP�/).�} 8.3.4 kyN�^ (8.20) /( d(k) *o`uI%YaN
min

1

2
‖F ′(x(k))d+ F (x(k))‖2, s.t. ‖d‖ ≤ ∆k (8.21)/(/�	R�*HfZ - λk ≥ 0 $-

{

(F ′(x(k))TF ′(x(k)) + λkI)d
(k) + F ′(x(k))TF (x(k)) = 0,

λk(‖d(k)‖ −∆k) = 0.



128 �e� �r{�p���u�omd���A��< (8.20) T��%`��gj� ∇f(x(k)) = F ′(x(k))TF (x(k)), �.��j^ 2.1.1n��A��< (8.20)�jT�! d(k) ey� f A x(k) #TjG�k�!��8�q3K� Levenberg-

Marquardt ��TG�f��M� 8.5 ��y�d��hjV} Levenberg-Marquardt M��\ 1 a:�&6 x(0) ∈ Rn, �5 ρ ∈ (0, 1), σ1 ∈ (0, 1/2), 0= ǫ > 0. ^ k := 0.\ 2 � ‖∇f(x(k))‖ ≤ ǫ, 1PFAJ�-( x(k). V1�V~ 3.\ 3 (kyN�^ (8.20) -Nn d(k).\ 4 
:~	 αk ^
w {ρi | i = 0, 1, 2, . . .} N$-hl/|1'
R/_#8�
f(x(k) + αkd

(k)) ≤ f(x(k)) + σ1αk∇f(x(k))Td(k). (8.22)\ 5 ^ x(k+1) = x(k) + αkd
(k), k := k + 1. V~ 2.

Levenberg-Marquardt��� Gauss-Newton ��T℄j�XA��j�k�!T0o/��8Tj^K�z�� 8.5 T�#noA��} 8.3.5 � F T~D\��8|

Ω = {x ∈ Rn | f(x) ≤ f(x(0))}�h)�{x(k)}�AJ 8.5���� (x∗, µ∗)*}Z {(x(k), µk)}/�`	j6$-7: F ′(x∗)TF ′(x∗)+

µ∗I =:�1 x∗ fZ ∇f(x∗) = 0.Z
�j^ 8.3.3, e� Levenberg-Marquardt��Tno�x�q3�)�j^��} 8.3.6 �:M 8.3.5 /R�
R�,�� Levenberg-Marquardt AJ��/6Z {x(k)} /U 
x∗ � F (x∗) = 0, F ′(x∗) fL�� {µk} → 0, 1 {x(k)} ;��ky/U�=��-�~�� F ′ LipschitzT~�� -�5 C > 0 $- µk ≤ C‖F (x(k))‖, 1 {x(k)} F�/U x∗.sY 8

1. G&a A ∈ Rm×n, m ≥ n. j>� A ~'�U�f:df&a ATA hk�
2. G F : Rn → Rn nOCZ��1kH x ∈ Rn, F ′(x) �t��

(i) j>��$� x̄ ∈ Rn, 9Br�# U(x̄) ZS F ′(x) B U(x̄) ;k��t��A9B�� m > 0 ZS
‖F ′(x)d‖ ≥ m‖d‖, ∀x ∈ U(x̄), ∀d ∈ Rn.

(ii) j>� ‖F ′(x)−1‖ B$���F= D ⊂ Rn ;���
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3. Lkz� F : Rn → Rn nO�j>�. F �Fe�A9B�� m > 0 ZS
(F (x)− F (y))T (x− y) ≥ m‖x− y‖2, ∀x, y ∈ Rn.J�$� α ∈ Rn, �i=

Ω = {x ∈ Rn | ‖F (x)‖ ≤ α}f��F=�
4. j>$i Newton �UopBk_�Ak_ 8.1.1.

5. Gz� F : Rn → Rn nOCZ�x∗ f��= (8.1) U�� F ′(x∗) �t��G {x(k)} f*	$i��� NewtongCE^�LU`~�
x(k+1) = x(k) + d(k).

‖F ′(x(k))d(k) + F (x(k))‖ ≤ ηk‖F (x(k))‖,r
� ηk ∈ (0, η), η < 1. j>�
(i) K�� η > 0 �!(S� {x(k)} $i�Bop� x∗.

(ii) . ηk → 0, J {x(k)} $i��Bop� x∗.

(iii) . ηk = O(‖F (x(k))‖) � F ′ Lipschitz nO�J {x(k)} $i	1op� x∗

6. LkM~ {x(k)} ⊂ Rn.

(i) .9B�� ρ ∈ (0, 1) v?yU k̄ ZSdW^
‖x(k+1) − x(k)‖ ≤ ρ‖x(k) − x(k−1)‖��� k ≥ k̄ 6Æi�j>� {x(k)} op�EH` x∗, ��9B�� C > 0, β ∈ (0, 1) ZSK k �!?S�

‖x(k) − x∗‖ ≤ Cβk.

(2) .9B�� M > 0, t > 1 v?yU k̄, ZS M1/(t−1)‖x(k̄+1) − x(k̄)‖ < 1, �
‖x(k+1) − x(k)‖ ≤M‖x(k) − x(k−1)‖t, ∀k ≥ k̄ + 1.j>� {x(k)} op�EH x∗, ��

lim
k→∞

‖x(k) − x∗‖1/t = 0.

7. G	9U:dÆi�
(1) F : Rn → Rn nOCZ� F ′ Lipschitz nO�r Lipschitz ��` L > 0.

(2) �$� x ∈ Rn, F ′(x) �t��9B�� M > 0 ZS ‖F ′(x)−1‖ ≤M .j>�.�\` x(0) '8
‖F ′(x(0))−1F (x(0))‖ ≤ 2LM−1,Jab Newton ��LU`~ {x(k)} op���= (8.1) U����op�yf	1U�

8. Bk_ 8.2.1 U:d	�j>K k �!?S��� 8.1 �LUg� αk = 1.

9. j> Broyden �kDhU^�LU&aU?(7QB�A� Broyden �kDhU^ (8.5) �LU Bk+1 '8
‖Bk+1 −Bk‖F ≤ ‖B −Bk‖F , ∀B : Bs(k) = y(k).
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10. Gh�M~ {ak}, {bk} � {ζk} '8

a2
k+1 ≤ (ak + bk)2 − ζ2

k .

(i) j>�.
∞
∑

k=0

b2k <∞,J�
lim

k→∞

1

k

k−1
∑

i=0

ζ2
i = 0.

(ii) j>�.
∞
∑

k=0

bk <∞,J�
∞
∑

k=0

ζ2
i <∞.

11. G (1) ��_ 8.2.1 k|U�i= Ω ���(2) z� F B Ω 
nOCZ� F ′ Lipschitz nO�(3) �$� x ∈ Ω,

F ′(x) �t��G {x(k)} W`��$ Broyden �� (�� 8.2) �LU`~�J ζk = ‖y(k) −Bks
(k)‖/‖s(k)‖. j>�

(i) M~ {s(k)} '8
∞
∑

k=0

‖s(k)‖2 <∞.

(ii) M~ {ζk} '8
lim

k→∞

1

k

k−1
∑

i=0

ζ2
i = 0.

(iii) M~ {x(k)} op���= (8.1) U^k��
12. G;k0U:dÆi�j>�9B�� ζ > 0 ?yU k̄ ZSK ζk ≤ ζ � k ≥ k̄ S αk = 1, ��dW^

‖F (x(k) + d(k))‖ ≤ ρ‖F (x(k))‖ − σ2‖d(k)‖2���'8 ζk ≤ ζ U k ≥ k̄ Æi�
13. G;k0U:dÆi�j>�

(i) M~M~ {‖F (x(k))‖}, {‖x(k) − x̄‖} � {s(k)} '8
∞
∑

k=0

‖F (x(k))‖ <∞,
∞
∑

k=0

‖x(k) − x̄‖ <∞,
∞
∑

k=0

‖s(k)‖ <∞.

(ii) M~ {ζk} '8
∞
∑

k=0

ζ2
k <∞.

(iii) M~ {x(k)} ��Bop���= (8.1) U^k��
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14. G F : Rn → Rn Fe�A'8
(F (u) − F (v))T (u− v) ≥ 0, ∀u, v ∈ Rn.G x, y ∈ Rn '8 F (y)T (x− y) > 0. �

x+ = x− F (y)T (x− y)

‖F (y)‖2
F (y).j>����= (8.1) U$�� x̄, 	9UdW^Æi�

‖x+ − x̄‖ ≤ ‖x− x̄‖2 − ‖x+ − x‖2.

15. j>�B?(	�p0 (8.15) fkHGn�p0�
16. Gk_ 8.3.2 U:dÆi�Jm� Wolfe-Powell <�B��U Gauss-Newton ��LU`~ {x(k)}h'8 (8.19).

17. j>k_ 8.3.3.

18. G&a A ∈ Rn×n ��1hk� a ∈ Rn. j>�
(i) z�

φ(t) = ‖(A+ tI)−1a‖2f� t > 0 Fe^^�
(ii) &a A+ tI U:d�f� t > 0 Fe^^�

19. j>k_ 8.3.5.

20. j>k_ 8.3.6.
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�mE ;�kWa~e.�\TFy� f, gi, hj : Rn → R, i = 1, . . . ,m1, j = m1 + 1, . . . ,m mNBY�;z4�>��o/
min f(x)

s.t. gi(x) ≥ 0, i ∈ I △
= {1, . . . ,m1}, (9.1)

hj(x) = 0, j ∈ E △
= {m1 + 1, . . . ,m}.o/ (9.1) TB?"_

D = {x ∈ Rn | gi(x) ≥ 0, i ∈ I, hj(x) = 0, j ∈ E}.
��B?" D _E<�_zM�4�o/>��THe9
�q3
�+B?�!T8Y�
§9.1 v����# 9.1.1 � x ∈ D, d ∈ Rn. � -5 δ > 0 $-

x+ αd ∈ D, ∀α ∈ (0, δ],1� d * D - x �/�`DxNn� D - x �/�ODxNnh
/
w�^ FD(x,D).y� f A x #TB?T�k�!�_ f A x #TB?�k�!�\�_ f TB?�k�!��j^ 2.1.1 n�- x ∈ D, d ∈ FD(x,D) � ∇f(x)T d < 0, I d ey� f A x #TjGB?�k�!��# 9.1.2 � x ∈ D, d ∈ Rn. � -}Z {d(k)} ⊂ Rn u=5}Z {δk} $-
x+ δkd

(k) ∈ D, ∀k,�� lim
k→∞

d(k) = d, lim
k→∞

δk = 0, 1� d * D - x �/�`}ZDxNn� D - x �/�O}ZDxNnh
/
w�^ SFD(x,D).�B?�!�L}B?�!Tj{
L:���#KT x ∈ D, FD(x,D) ⊆ SFD(x,D). C�:�B?�!ex!B?"MhT�!�L}B?�!6wzB?�!�1>q9� (_I 9.1).

���1 M~C��"6

C��"I 9.1 B?�!�L}B?�!.�8Tj^K�z4�o/>��TjGHe9
�
133



134 �0� �[md+}��{f'�} 9.1.1 � x∗ ∈ D *aN (9.1) /�`6�_�(�1
∇f(x∗)Td ≥ 0, ∀d ∈ SFD(x∗, D).I� #K d ∈ SFD(x∗, D), 8A!vL} {d(k)} → d �g�L} {δk} → 0 YR x∗ + δkd

(k) ∈ D.�� x∗ eo/ (9.1) T#h>���bJ k � >R�H�
f(x∗) ≤ f(x∗ + δkd

(k)) = f(x∗) + δk∇f(x∗)Td(k) + o(δk).3�� ∇f(x∗)Td(k) ≥ 0 + o(1). 
 k →∞ �R
∇f(x∗)T d ≥ 0. IV[ (1) d�j^ 2.1.1, j^ 9.1.1 B6�Z^�_�- x∗ eo/ (9.1) T#h>���I4_#T#�L}B?�!r
ey� f T�k�!�)X�y� f A x∗ #
8AB?T�k�!� (2) s4�o/>��TjzHe9
BB_e:8j^TjG)t�O��} 9.1.2 � x∗ ∈ D �fZ

∇f(x∗)Td > 0, ∀d ∈ SFD(x∗, D), d 6= 0.1 x∗ *aN (9.1) /�`�_6�_�(�I� �F x∗ 
eo/ (9.1) TYD#h>���I8A {x(k)} ⊂ D YR f(x(k)) ≤ f(x∗) �
{x(k)} → x∗, x(k) 6= x∗. 
 d(k) = (x(k) − x∗)/‖x(k) − x∗‖. IL} {d(k)} ���bH�noT0}�
�Fq?Hno�DG!v d. 
� d 6= 0. 
 δk = ‖x(k) − x∗‖. I δk → 0, k →∞. � SFD(x∗, D) Tj{n d ∈ SFD(x∗, D). G

f(x(k))− f(x∗)

‖x(k) − x∗‖ ≤ 0.:℄�
 k → ∞ R ∇f(x∗)Td ≤ 0. �j^TUF*���.� x∗ eo/ (9.1) TYD#h>���IVj^ 9.1.2 	=�-Ao/ (9.1) TB?_ x∗ #T��L}B?�!rey� f A x∗ #T:M�!�I x∗ Heo/ (9.1) TYD#h>���j^ 9.1.1 � 9.1.2 �_4�o/ (9.1) TC�>�A9
�� x ∈ D, I
I(x) = {i ∈ I | gi(x) = 0}, A(x) = E ∪ I(x).<� A(x) �_B?_ x #T�+</59<�- i ∈ A(x), ���T4�_ x #T�+4��.R�

gi(x) = 0 / hi(x) = 0, � x h�B?"K� gi(x) = 0 / hi(x) = 0 :�q!4��_��+4����+4�Tj{Bn��#� x ∈ D, V℄4�5_�+4��j-Z�
>TB?_�
>T�+4��



§9.1 3z�s 135� 9.1.1 A��h)4aN�
min f(x) = x2

1 + x2
2

s.t. x1 + 2x2 ≤ 8,

0 ≤ x1 ≤ 4,

0 ≤ x2 ≤ 3.-Dx6 x(0) = (0, 0)T �/�r
^ A(x(0)) = {2, 4}, m�/�r)4^ x1 ≥ 0 u x2 ≥ 0. D-Dx6 x(1) = (4, 2)T �/�r
^ A(x(1)) = {1, 3}, m�/�r)4^ x1 + 2x2 ≤ 8 u x1 ≤ 4. �Z 9.2.

x1

x2

q

x
(1)C�# HHHH

q

x
(0)

-

6

I 9.2 �+4�.�# 9.1.3 
w
LFD(x,D) = {d ∈ Rn | dT∇gi(x) ≥ 0, dT∇hj(x) = 0, ∀i ∈ I(x), j ∈ E}N/nW d �^ D - x �/ky}DxNn�d�j{ 9.1.1, 9.1.2 � 9.1.3 Bui=��#yT x ∈ D, �8T6we�e
h�

FD(x,D) ⊆ SFD(x,D) ⊆ LFD(x,D).
V:�[jG6we�
���i SFD(x,D) ⊆ LFD(x,D). �#� d ∈ SFD(x,D), �!vL}
{d(k)} → d u>g�L} {δk} → 0, YR x+ δkd

(k) ∈ D. �.�
0 ≤ gi(x+ δkd

(k)) = δk∇gi(x)
T d(k) + o(δk), ∀i ∈ I(x),

0 = hj(x + δkd
(k)) = δk∇hj(x)

T d(k) + o(δk), ∀j ∈ E .:8T
V℄�V℄sz>�u δk ℄
 k →∞ �R d ∈ LFD(x,D).�8Tj^K�zB?�!�L}B?�!��A�B?�!VWTjG� 9
��} 9.1.3 � gi, hj, i ∈ I, j ∈ E ;*kys5�1
FD(x,D) = SFD(x,D) = LFD(x,D).



136 �0� �[md+}��{f'I� |Ei= LFD(x,D) ⊆ FD(x,D). 

gi(x) = aT

i x+ bi, i ∈ I, hj(x) = aT
j x+ bj , j ∈ E .� LFD(x,D) Tj{n

LFD(x,D) = {d ∈ Rn | aT
i d ≥ 0, aT

j d = 0, i ∈ I(x), j ∈ E}.#� d ∈ LFD(x,D). � x TB?A> I(x) Tj{��#y α ≥ 0, �
gi(x+ αd) = aT

i (x+ αd) + bi = αaT
i d ≥ 0, ∀i ∈ I(x)>

hj(x+ αd) = aT
j (x+ αd) + bj = αaT

j d = 0, j ∈ E .- I\I(x) 6= ∅, 

ᾱ = min{−gi(x)

aT
i d

∣

∣

∣
i ∈ I\I(x), aT

i d < 0}.I ᾱ ≥ 0 � α ∈ [0, ᾱ] R�
gi(x + αd) = aT

i (x + αd) + bi = gi(x) + αaT
i d ≥ 0, i ∈ I\I(x).:8Tt�i=z d ∈ FD(x,D). IV�# 9.1.4 � x ∈ D. �nW^ {∇hj(x),∇gi(x), i ∈ I(x), j ∈ E} ky
k�1�- x �ky
k)4{y
R����^- x � LICQ (linear independence constraint qualification) 
R�%} 9.1.1 �- x ∈ D � LICQ 
R�1 SFD(x,D) = LFD(x,D).

∗ I� |Ei= SFD(x,D) ⊇ LFD(x,D). #� d ∈ LFD(x,D). - d = 0, I
�� d ∈
SFD(x,D). - d 6= 0, 
�F I(x) = {1, . . . ,m′

1}. j{y� c : Rn → Rme )��
ci(x) =

{

gi(x), i ∈ I(x),
hi(x), i ∈ E ,q� me = m′

1 +m−m1. 
%` Z ∈ Rn×(n−me) }&��!T}X
 c′(x) T~GYTj<2��
Z ∈ Rn×(n−me), Z }&�� c′(x)Z = 0.;z�8Te�Pv (u, t) T��A��<

R(u, t)
△
=

(

c(u)− tc′(x)d
ZT (u− x− td)

)

= 0. (9.2)<tG�R4��<�zy� R(u, t) A (x, 0) #Te� u T Jacobi%`_ R′
u(x, 0) = (c′(x)T , Z)T . �

c′(x) � Z Tj{�4%`�s���.���y�j^n�J t = tk > 0 � &R���< (9.2) �℄j� u = x(k) 6= x � x(k) → x. b�
gi(x

(k)) = ci(x
(k)) = tk∇ci(x)T d ≥ 0, ∀i ∈ I(x),

hi(x
(k)) = ci(x

(k)) = tk∇ci(x)T d = 0, ∀i ∈ E .



§9.1 3z�s 137��#� i ∈ I\I(x), � gi(x) > 0,bJ x(k) � x� xR�� gi(x
(k)) > 0. 3� x(k) ∈ D. d� TaylorN8R

0 = R(x(k), tk) =

(

c′(x)(x(k) − x) + o(‖x(k) − x‖)− tkc′(x)d
ZT (x(k) − x− tkd)

)

=

(

c′(x)

ZT

)

(x(k) − x− tkd) + o(‖x(k) − x‖).:℄�
 k →∞ ℄ yO��%`T�s�A�BR
lim

k→∞

( x(k) − x
‖x(k) − x‖ −

tk
‖x(k) − x‖d

)

= 0.�.�
lim

k→∞

tk‖d‖
‖x(k) − x‖ = 1.b

lim
k→∞

tk = lim
k→∞

(‖x(k) − x‖)‖d‖ = 0,�
‖d‖ lim

k→∞

( x(k) − x
‖x(k) − x‖ −

tk
‖x(k) − x‖d

)

= lim
k→∞

[‖x(k) − x‖
tk

·
( x(k) − x
‖x(k) − x‖ −

tk
‖x(k) − x‖d

)]

= 0,�
lim

k→∞

x(k) − x
tk

= d.
 d(k) =
x(k) − x

tk
. I x+ tkd

(k) = x(k) ∈ D � d(k) → d, lim
k→∞

tk = 0, � d ∈ SFD(x,D). IV�8T�^3D�y{: (J SFD(x,D) = LFD(x,D) R) K�zC�>�AHe9
Tj�VW=℄�%} 9.1.2 |1' ∇f(x)T d ≥ 0 AF�/ d ∈ LFD(x,D) ?
R/�	R�*� - λi, µj,

i ∈ I(x), j ∈ E $-
∇f(x)−

∑

i∈I(x)

λi∇gi(x)−
∑

j∈E
µj∇hj(x) = 0, λi ≥ 0, ∀i ∈ I(x). (9.3)I� � A�F (9.3) 
h��#� d ∈ LFD(x,D) �

dT∇f(x) =
∑

i∈I(x)

λid
T∇gi(x) +

∑

j∈E
µjd

T∇hj(x) =
∑

i∈I(x)

λid
T∇gi(x) ≥ 0.HeA�I

S = {s
∣

∣

∣ s =
∑

i∈I(x)

λi∇gi(x) +
∑

j∈E
µj∇hj(x), λi ≥ 0, ∀i ∈ I(x)}.
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h�� ∇f(x) 6∈ S. �8q3VT d ∈ LFD(x,D), YR dT∇f(x) < 0. 
 ŝ e ∇f(x) O<� S TC��� ŝ e�8o/T��
min ‖s−∇f(x)‖2 △

= ψ(s), s.t. s ∈ S.�� ψ ej�F (�0) y��<� S eEF(�:8To/8A℄j� ŝ. 

φ(t) = ψ(tŝ) = ‖tŝ−∇f(x)‖2.�� S eEF(� tS ⊆ S, ∀t ≥ 0, b t = 1 eo/ mint≥0 φ(t) TjG>����.� φ′(1) = 0, ��

ŝT (ŝ−∇f(x)) = 0. (9.4)	j�8� yO S eF<��#� s ∈ S, �! s− ŝ e S A ŝ #TB?�!��j^ 9.1.1 >
(9.4) n

0 ≤ (s− ŝ)T∇ψ(ŝ) = 2(s− ŝ)T (ŝ−∇f(x)) = 2sT (ŝ−∇f(x)). (9.5)� d = ŝ−∇f(x). �� ∇f(x) 6∈ S, b d 6= 0. � S Tj{�
��
∇gi(x) ∈ S, ∇hj(x) ∈ S, ∀i ∈ I(x), j ∈ E .:℄�� (9.5) 
L`i d ∈ LFD(x,D). Ge�q3�

dT∇f(x) = dT (ŝ− d) = dT ŝ− ‖d‖2 = (ŝ−∇f(x))T ŝ− ‖d‖2 = −‖d‖2 < 0.\�UF*���.� (9.3) 
h� IV
§9.2 <AlX�f/�℄Uq3�y� L : Rn+m → R:

L(x, λ, µ) = f(x)− λT gI(x) − µThE(x) = f(x)−
∑

i∈I
λigi(x)−

∑

j∈E
µjhj(x)_o/ (9.1) T Lagrange y��q�� λ ∈ Rm1 , µ ∈ Rm−m1 �_ Lagrange �0��8Tj^<��_4�o/ (9.1) Tjz>�A9
� K-K-T(Karush-Kuhn-Tucker)9
��} 9.2.1 � x∗ *aN (9.1) /6�_�(�{�- x∗ �

SFD(x∗, D) = LFD(x∗, D). (9.6)1 - Lagrange �YnW λ∗ ∈ Rm1 , µ∗ ∈ Rm−m1 $-hl/R�
R�














∇xL(x∗, λ∗, µ∗) = 0,

hj(x
∗) = 0, j ∈ E ,

λ∗i ≥ 0, gi(x
∗) ≥ 0, λ∗i gi(x

∗) = 0, i ∈ I.
(9.7)Jz��- x∗ � LICQ 
R��s5 gi, hj, i ∈ I, j ∈ E ;*kys5�1�l/ K-K-T R� (9.7)
R�



§9.2 �[md}��{f' 139I� �j^ 9.1.1 > (9.6) n��#� d ∈ LFD(x∗, D), � dT∇f(x∗) ≥ 0. d��^ 9.1.2, 8A
λ∗i ≥ 0, µ∗

j , i ∈ I(x∗), j ∈ E , YR
∇xL(x∗, λ∗, µ∗) = ∇f(x∗)−

∑

i∈I(x∗)

λ∗i∇gi(x
∗)−

∑

j∈E
µ∗

j∇hj(x
∗) = 0.
 λ∗i = 0, ∀i ∈ I\I(x∗) �R (9.7). IV9
 (9.6)�_4�o/ (9.1)T4�fA/4�mD� (9.7) �_4�o/ (9.1) T K-K-T9
�q��_ K-K-T _� K-K-T 9
 (9.7) Bu0
)��5=℄�

H(x, λ, µ)
△
=









∇xL(x, λ, µ)

hE(x)

min{λI , gI(x)}









= 0,q��!vvy�T9&v% v�?�� 9.2.1 �hlaN/ K-K-T 6�
min f(x) = x1

s.t. g(x) = 16− (x1 − 4)2 − x2
2 ≥ 0,

h(x) = x2
1 + (x2 − 2)2 − 4 = 0.` o/T Lagrange y�_

L(x, λ, µ) = x1 − λ[16− (x1 − 4)2 − x2
2]− µ[x2

1 + (x2 − 2)2 − 4].

K-K-T 9
_






















∇xL(x, λ, µ) =

(

1

0

)

+ 2λ

(

x1 − 4

x2

)

− 2µ

(

x1

x2 − 2

)

=

(

0

0

)

,

h(x) = x2
1 + (x2 − 2)2 − 4 = 0,

g(x) = 16− (x1 − 4)2 − x2
2 ≥ 0, λ ≥ 0, λ[16− (x1 − 4)2 − x2

2] = 0.�. K-K-T �BR K-K-T _
z(1) = (x(1), λ1, µ1)

T = (0, 0, 1/8, 0)T ,

z(2) = (x(2), λ2, µ2)
T = (8/5, 16/5, 3/40, 1/5)T ,

z(3) = (x(3), λ3, µ3)
T = (2, 2, 0, 1/4)T .�I 9.3 
L:� x(1) eo/T#h>���G x(2) � x(3) r
eo/T#h>�� (x(3) eo/T#h9>v_) .�8�?4�o/T�z>�A9
�F x∗ eo/ (9.1) TjG��A_ x∗ #4�fA (9.6) 
h��j^ 9.2.1 n8A Lagrange �0 λ∗i , µ
∗
j , i ∈ I, j ∈ E YR (9.7) 
h�I z∗ = (x∗, λ∗, µ∗), S(z∗)
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x(1)

x(2)

x(3)

*

x
1

x
2

*

*

I 9.3: K-K-T _�e&7)�9
T d ∈ Rn X
T<��














dT∇hj(x
∗) = 0, ∀j ∈ E ,

dT∇gi(x
∗) = 0, ∀i ∈ I(x∗) �λ∗i > 0,

dT∇gi(x
∗) ≥ 0, ∀i ∈ I(x∗) �λ∗i = 0.wn S(z∗) ⊆ LFD(x∗, D).�8Tj^K�z x∗ e4�o/ (9.1) T#h>��T�zHe9
��} 9.2.2 � f , gi, hj, i ∈ I, j ∈ E F�T~D\� x∗ *aN (9.1) /�`6�_�(�-[6� LICQ 
R�� λ∗ ∈ Rm1 , µ∗ ∈ Rm−m1 fZ (9.7). 1

wT∇2
xL(z∗)w ≥ 0, ∀w ∈ S(z∗), (9.8)�N z∗ = (x∗, λ∗, µ∗).

∗ I� � w ∈ S(z∗) ⊆ LFD(x∗, D), Z
��^ 9.1.1 Ti=�BXE d(k) ∈ SFD(x∗, D), tk > 0,YR d(k) → w, tk → 0 � x(k) = x∗ + tkd
(k) ∈ D &7

gi(x
(k)) = tk∇gi(x

∗)Tw ≥ 0, ∀i ∈ I(x∗),
hj(x

(k)) = tk∇hj(x
∗)Tw = 0, ∀j ∈ E .



§9.2 �[md}��{f' 141� w � L(x, λ, µ) Tj{R
L(x(k), λ∗, µ∗) = f(x(k))−

∑

i∈I
λ∗i gi(x

(k))−
∑

j∈E
µ∗

jhj(x
(k))

= f(x(k))−
∑

i∈I(x∗)

λ∗i gi(x
(k))

= f(x(k))− tk
∑

i∈I(x∗)

λ∗iw
T∇gi(x

∗).�� w ∈ S(x∗), � λ∗iw
T∇gi(x

∗) = 0. 3�:℄yg. L(x(k), λ∗, µ∗) = f(x(k)). b� Taylor N8R
0 ≤ f(x(k))− f(x∗) = L(x(k), λ∗, µ∗)− f(x∗)

= L(x∗, λ∗, µ∗) +∇xL(x∗, λ∗, µ∗)T (x(k) − x∗)

+
1

2
(x(k) − x∗)T∇2

xL(x∗, λ∗, µ∗)(x(k) − x∗) + o(‖x(k) − x∗‖2)− f(x∗)

=
1

2
t2kd

(k)T∇2
xL(x∗, λ∗, µ∗)d(k) + o(t2k‖d(k)‖2).:℄sz>�u t2k ℄
 k →∞ �R (9.8). IV4�o/T�z� 9
)���} 9.2.3 � x∗ ∈ D, λ∗ ∈ Rm1 , µ∗ ∈ Rm−m1 fZ (9.7). �
wT∇2

xL(z∗)w > 0, ∀ 0 6= w ∈ S(z∗), (9.9)�N z∗ = (x∗, λ∗, µ∗), 1 x∗ *aN (9.1) /�`�_6�_�(�I� q3��i�i=j^�F x∗ 
eo/ (9.1) TYD#h>���I8A {x(k)} ⊂ D &7
x(k) → x∗ � f(x(k)) ≤ f(x∗). 
 d(k) = (x(k) − x∗)/‖x(k) − x∗‖. 
�F d(k) → d. wn d 6= 0, �
h
d ∈ SFD(x∗, D) ⊆ LFD(x∗, D) > dT∇f(x∗) ≤ 0. d� K-K-T 9
 (9.7) R

0 ≥ dT∇f(x∗) =
∑

i∈I
λ∗i d

T∇gi(x
∗) +

∑

j∈E
µ∗

jd
T∇hj(x

∗) =
∑

i∈I(x∗)

λ∗i d
T∇gi(x

∗) ≥ 0.�� d ∈ LFD(x∗, D), :℄T>	jG�℄�T0j�5�1�bR dT∇gi(x
∗) = 0, ∀i ∈ I(x∗) �

λ∗i > 0, � d ∈ S(z∗). G.R�
0 ≥ f(x(k))− f(x∗) ≥ L(x(k), λ∗, µ∗)− f(x∗)

= L(z∗) + (x(k) − x∗)T∇xL(z∗) +
1

2
(x(k) − x∗)T∇2

xL(z∗)(x(k) − x∗) + o(‖x(k) − x∗‖2)− f(x∗)

=
1

2
(x(k) − x∗)T∇2

xL(z∗)(x(k) − x∗) + o(‖x(k) − x∗‖2).:℄sz>�u ‖x(k) − x∗‖2 ℄
 k →∞ R
dT∇2

xL(z∗)d ≤ 0.�UF9
 (9.9) *���. x∗ eo/ (9.1) TYD#h>��� IV



142 �0� �[md+}��{f'� 9.2.2 P�:M 9.2.2 u 9.2.3 y�Q 9.2.1 N/ K-K-T 6*V^6�_�(�` Lagrange y� L T Hessian `_
∇2

xL(x, λ, µ) =

(

2(λ− µ) 0

0 2(λ− µ)

)

.�G�BR
∇2

xL(z(1)) =

(

1/4 0

0 1/4

)

, ∇2
xL(z(2)) =

(

−1/4 0

0 −1/4

)

, ∇2
xL(z(3)) =

(

−1/2 0

0 −1/2

)

.��%` ∇2
xL(z(1)) gj�b�j^ 9.2.3 n x(1) eo/T#h>���%` ∇2

xL(z(2)) � ∇2
xL(z(3))re1j%`�b�j^ 9.2.2 n x(2) � x(3) r
eo/T#h>����8Tj^V=��Fm�o/� K-K-T 9
ge� 9
��} 9.2.4 � f *Ys5� gi, i ∈ I ;*ls5� hj, j ∈ E ;*kys5���- x∗ ∈ D �

K-K-T R� (9.7) 
R�1 x∗ *aN (9.1) /�6_�(�I� �#K x ∈ D, �y� f , −gi, i = 1, . . . ,m1 TFABR
f(x) ≥ f(x∗) +∇f(x∗)T (x− x∗),
gi(x) ≤ gi(x

∗) +∇gi(x
∗)T (x− x∗), i ∈ I.)X��

0 ≤ gi(x) ≤ ∇gi(x
∗)T (x− x∗), ∀i ∈ I(x∗).�� hj , j ∈ E re�Ay��b

∇hj(x
∗)(x − x∗) = 0, ∀j ∈ E .3��� K-K-T 9
 (9.7) R

f(x) ≥ f(x∗) +∇f(x∗)T (x− x∗)
= f(x∗) +

∑

i∈I
λ∗i∇gi(x

∗)T (x− x∗) +
∑

j∈E
µ∗

j∇hj(x
∗)T (x− x∗)

= f(x∗) +
∑

i∈I(x∗)

λ∗i∇gi(x
∗)T (x− x∗) ≥ f(x∗).� x∗ eo/T�#>��� IVsY 9

1. G D ⊂ Rn fG=� x ∈ D.

(i) j>� d ∈ FD(x,D) U�f:df9B y ∈ D, ZS d = y − x.
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(ii) j>� FD(x,D), SFD(x,D) � LFD(x,D) sfG)�
2. G D fp0 (9.1) UC�#� x∗ ∈ D fkHC�`�nOCZz� x(t) : R → Rn '8� x(0) = x∗, ��$��!(U t > 0, x(t) ∈ D. j>� x′(0) f D B x∗ $UkHM~C��"�A x′(0) ∈ SFD(x∗,D).

3. G f : Rn → R nOCZ� ai ∈ Rn, bi ∈ R, i = 1, . . . ,m. <{*	5�p0�
(∗)















min f(x)

s.t. aT
i x− bi ≥ 0, i ∈ I = {1, 2, . . . ,m1},
aT

i x− bi = 0, i ∈ E = {m1 + 1, . . . ,m}.G d fp0






















min ∇f(x)Td

s.t. aT
i d ≥ 0, i ∈ I(x),

aT
i d = 0, i ∈ E ,

‖d‖ ≤ 1U��j>�
(i) . ∇f(x)Td 6= 0, J d f f B x $UkHC�	l�"�
(ii) ∇f(x)T d = 0 U�f:df x f5�p0 (∗) U K-K-T `�

4. Lk5�p0�






















min f(x) = x2
1 + (x2 − 1)2

s.t. g1(x) = (x1 − 2)2 − x2 ≥ 0,

g2(x) = −2x1 + x2 + 1 ≥ 0,

h(x) = x1 + x2 = 0.aj x = (0, 0)T fp0UkHC�`^y��	U�,5��p�B5`$ LICQ f'Æi�
5. G f, gi : Rn → R, i ∈ I nOCZ�J5�p0�

{

min f(x)

s.t. gi(x) ≥ 0, i ∈ IUC�#` D. G x ∈ D, d ∈ Rn '8
∇gi(x)

Td > 0, i ∈ I(x).j>� d f5�;~p0UkHC��"�
6. G f : Rn → R nOCZ� A ∈ Rm×n �'�� b ∈ Rm. <{*	W^5�p0�

min f(x), s.t. Ax = b.G x∗ fp0UkH$i:(w`�N��	U Lagrange �1U�{W<^�
7. G x∗ f5�p0 (9.1) UkH$i?����B5` LICQ Æi�j>�	U Lagrange �1^k�
8. G (x∗, λ∗, µ∗) f5�p0 (9.1) UkH K-K-T `�J I+ = {i ∈ I(x∗) | λ∗

i > 0}.

(i) j>�."w= ∇hj(x
∗), j ∈ E �B�f�JB x∗ $U Lagrange �1"wYÆU=�t��

(ii) j>�."w= ∇hj(x
∗), ∇gi(x

∗), j ∈ E , i ∈ I+ �B�f�JB x∗ $U Lagrange �1d^k�
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9. j>	9U Fakas �_� � A ∈ Rm×n, b ∈ Rm. 2BG�g[ Ay ≥ 0 0 y ÆS}2( bT y ≥ 0 0�
S�+!. u ∈ Rm, u ≥ 0 %. ATu = b.

10. G D fp0 (9.1) UC�#� x∗ ∈ D fkHC�`�k|=�
S = {d ∈ Rn | ∇f(x∗)Td < 0}.j>� LFD(x∗,D) ∩ S = ∅ U�f:df�9B λ∗ ∈ Rm1 , µ∗ ∈ Rm−m1 ZS















∇f(x∗) − ∑

i∈I
λ∗

i ∇gi(x
∗) − ∑

i∈E
µ∗

i ∇hj(x
∗) = 0,

λ∗
i ≥ 0, λ∗

i gi(x
∗) = 0.�/N� K-K-T :d (9.7).

11. G x∗ f5�p0 (9.1) UkHC�`��B5`$ LICQ Æi�j>B5`$ MFCQ Æi�A ∇hj(x
∗), j ∈ E�Bui�9B w ∈ Rn, ZS

{

∇gi(x
∗)Tw > 0, i ∈ I(x∗),

∇hj(x
∗)Tw = 0, j ∈ E .

(9.10)

12. G x∗ fp0 (9.1) UkH$i?���B5`$ MFCQ Æi�A ∇hj(x
∗), j ∈ E �Bui�9B w ∈ Rn �

(9.10) Æi�j>9B λ∗ ∈ Rm1 , µ∗ ∈ Rm−m1 ZS K-K-T :d (9.7) Æi�
13. G x∗ f (9.1) UkH$i:(w`�j> MFCQ WX�B x∗ $'8 K-T-T :dU Lagrange �1YÆU=����
14. G fi : R → R, i = 1, 2, . . . , n nOCZ�<{	9U5�p0



































min f(x) =
n
∑

i=1

fi(xi)

s.t.
n
∑

i=1

xi = 1,

xi ≥ 0, i = 1, 2, . . . , n.G x∗ = (x∗
1, x

∗
2, . . . , x

∗
n)T fp0UkH$i?���j>�9B� α ZS

f ′
i(x

∗
i ) ≥ α, (f ′

i(x
∗
i ) − α)x∗

i = 0, i = 1, 2, . . . , n.

15. Lkh� ai, b, ci, i = 1, 2, . . . , n. <{*	5�p0


































min f(x) =
n
∑

i=1

ci
xi
,

s.t.
n
∑

i=1

aixi = b,

xi ≥ 0, i = 1, 2, . . . , n.Æ�5p0U K-K-T `�^j>"fp0U�$?���
16. G f : Rn → R nOCZ�j>� d∗ f8V#1p0 (6.20) U�$?��K�ÆK d∗ C���9B�� λ∗ ≥ 0ZS (B + λ∗I) 1hk^'8

{

(B + λ∗I)d∗ = −∇f(x),

λ∗(∆ − ‖d∗‖) = 0.
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17. j>k_ 8.3.4.

18. Æ5�p0�














min f(x) = (x1 − 2)2 + (x2 − 3)2

s.t. g(x) = (x1 − 2)2 − x2 ≥ 0,

h(x) = 2x1 − x2 − 1 = 0U K-K-T `�^�	{?�B:db~�ÆSU K-K-T `f'fp0U$i?���
19. �kJ9i��EUi9�Ny�M�

x2
1

a2
+
x2

2

b2
+
x2

3

c2
≤ 1Ui��92U??26�

20. G f : Rn → R fnOCZUGz��j>� x ∈ Rn f5�p0
min f(x), x ≥ 0U�U�f:df"'8�

x ≥ 0, ∇f(x) ≥ 0, xT∇f(x) = 0.

21. G gi, i ∈ I f(z�� hj , j ∈ E `�Bz���p0 (9.1) ZEC��A=�
{x ∈ Rn | gi(x) > 0, i ∈ I, hj(x) = 0, j ∈ E}�H (5:d�` Slater 5�gB).

(i) . hj , j ∈ E `�Bz��j>��$�C�` x, 9B'8	9:dU d ∈ Rn:

dT∇gi(x) > 0, ∀i ∈ I(x), dT∇hj(x) = 0, ∀j ∈ E .

(ii) j>�'8 (i) U d f D B x $UC��"�A d ∈ FD(x,D), r
 D fp0 (9.1) UC�#�
(iii) j>�. x∗ fp0 (9.1) UkH$i?���J K-K-T :d (9.7) Æi�
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�6E z�2<
§10.1 {�3=lX�Z\�A>��o/ (1.5) ��Jy� f �4�y� hi, i ∈ I, hj , j ∈ E re�Ay�R�o/ (1.5) �_�Am�o/��Am�o/TT,=℄)��

min
n
∑

j=1

cjxj

s.t. aT
i x = bi, i = 1, . . . ,m,

xj ≥ 0, j = 1, . . . , n.

(10.1)
 x = (x1, . . . , xn)T ∈ Rn, c = (c1, . . . , cn)T ∈ Rn, A = (a1, · · · , am)T ∈ Rm×n, b = (b1, . . . , bm)T ∈ Rm,I�Am�o/TT,;B0_)�\�=℄�
min cTx

s.t. Ax = b,

x ≥ 0,

(10.2)q�!v
V℄ x ≥ 0 % v��#�jG�Am�o/rBu�
T,;�
V:�-o/TGTe
�Ay�T9>v��
max cTx, Bd�e�℄ max cTx = −min(−cTx) hq#�_
�Ay�T9&v��
V℄4�

n
∑

j=1

αjxj ≥ β,B�+��Pv xn+1, hqVWZ#�_V℄4�
n
∑

j=1

αjxj − xn+1 = β.>R�KS�14� xn+1 ≥ 0. >^��
V℄4�
n
∑

j=1

αjxj ≤ β,B�+��Pv xn+1, hqVWZ#�_V℄4�
n
∑

j=1

αjxj + xn+1 = β.>R�KS�14� xn+1 ≥ 0. ��2�Pv (�.��1Ae
TPv) xi, B�+sG�1Pv ui1� ui2, ℄
 xi = ui1 − ui2.
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148 �S� r{��� 10.1.1  �hkyn{aN}^xXv�
min x1 − 2x2 + 5x3

s.t. x1 − x3 ≥ 6,

2x2 + x3 ≤ 2,

x1 ≥ 0, x2 ≥ 0.` �+�1��Pv x4 � x5 ℄
 x3 = x6 − x7, x6 ≥ 0, x7 ≥ 0. I+�Am�o/�_)�VWTT,=℄�
min x1 − 2x2 + 5x6 − 5x7

s.t. x1 − x4 − x6 + x7 = 6,

2x2 + x5 + x6 − x7 = 2,

xi ≥ 0, i = 1, 2, 4, 5, 6, 7.A�Am�TT,; (10.2) ��q35%_��%` A e?&�T�&I�B<t$(��
��T4����>R�Aj-�O��q34j b e�1!v�&I�BA��TV℄4�sz>�u −1.q3I
S = {x | Ax = b, x ≥ 0}_�Am�o/TB?"�
� S ejGF<�
V:� S ejG�81�"��[jPe�F<TA�q3nQ� S s�T�e9
e!��!��8Tj{� S T�!�?z�jf:}��} 10.1.1 d ∈ Rn *kyn{aN (10.2) /Dx% S /�`Nn/�	R�*HfZ
d ≥ 0 � Ad = 0.I� �j{� d ∈ Rn e S T�!T�e9
e��#� x ∈ S �
{x+ αd | α ≥ 0} ⊆ S,��

A(x+ αd) = b, x+ αd ≥ 0, ∀x ∈ S, ∀α ≥ 0./VWZ� Ad = 0, d ≥ 0. IV�8Tj^�_V_j^�!E�z�Am�o/ (10.2) TB?"T�X��} 10.1.2 �[;�}� �kyn{aN (10.2) /Dx% S QF�1
(1) S ��j`96 x(1), x(2), . . . , x(r).

(2) S �	Nn/�	R�* S 
)�D��� S 
)�1 -�j`	Nn d(1), d(2), . . . , d(t).

(3) x ∈ S /�	R�*� -QZ5 αi ∈ R, i = 1, . . . , r uQZ5 βj ∈ R, j = 1, 2, . . . , t $-
x =

r
∑

i=1

αix
(i) +

t
∑

j=1

βjd
(j).
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r
∑

i=1

αi = 1.

§10.2 {�3=lX�ES%�8ES~
�Am�o/TGTy��4�y�re�Ay��4Zo/-�J�t�T)_�q
�
L:��Am�o/ (10.2) TB?" D = {x | Ax = b, x ≥ 0} ejGF<�
V:� D ejGF�81��8q33B�TqxT:}4�81TA��q
�+)�8Y��# 10.2.1 kyn{aN (10.2) /f57: A / m×m %Q��Y7:�^kyn{aN/�^���=�:�kyn{aN/�*�7: A / m `ky
kZ^
/Y7:�h
�/ZnW�^�nW�m�/wW�^�wW��HwW�^Q�wW��:8Tj{
L:��jG�Am�o/Bu��<2����
>T2�
>T2Pv��Am� (10.2) >�Bu� (

n

m

) <2�� 10.2.1 kyn{aN
min −x1 − 3x2

s.t. x1 + x2 + x3 = 3,

−x1 + 2x2 + x4 = 3,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x4 ≥ 0N���
B1 =

(

1 1

−1 2

)

, B2 =

(

1 1

−1 0

)

, B3 =

(

1 0

0 1

)1�m�/�wWSz^ x1, x2 � x1, x3 u x3, x4.�# 10.2.2 kyn{aN (10.2) /Dx6�^Dx(�^Q�wW^ 0 F-+/Dx(�^kyn{aN/��Dx(��Am�Bu��G2 B?���Am�o/ (10.2)>�Bu� (

n

m

)G2 B?��f)�Af 10.2.1 ��� (1, 2, 0, 0)T � (0, 0, 3, 3)T V2 B?����T2 X_ B1 � B3 V��8Tj^B�2 B?�Tj{sxRO��} 10.2.1 kyn{aN/Dx(^��Dx(/�	R�*H/=SWFA�/f5h
/ZnW^ky
k��8Tj^w_z2 B?�TC�y{��} 10.2.2 kyn{aN/��Dx(A� Dx%/96�



150 �S� r{��I� F x = (xT
B , x

T
N )T = (xT

B , 0)T eo/ (10.2) TjG2 B?��℄F A = (B,N), q� B e��T2�� x &7
BxB = (B,N)

(

xB

0

)

= b.�F x
eB?" D Th_�I8A x(1), x(2) ∈ D, x(1) 6= x(2) u>� α ∈ (0, 1), YR x = αx(1) +(1−
α)x(2). � x(1), x(2) TB?AR

Bx
(1)
B +Nx

(1)
N = b, Bx

(2)
B +Nx

(2)
N = b.�� xN = αx

(1)
N + (1 − α)x

(2)
N = 0, � x

(1)
N ≥ 0, x

(2)
N ≥ 0, α ∈ (0, 1), bBR x

(1)
N = x

(2)
N = 0. �.BR�

Bx
(1)
B = b, Bx

(2)
B = b. G B �s���.� xB = x

(1)
B = x

(2)
B , � x = x(1) = x(2). *��3� x eB?" D Th_�ÆF x e D TjGh_�q3i= x He (10.2) T2 B?��
�F x = (x1, . . . , xt, 0, . . . , 0)T� xi > 0, i = 1, . . . , t. 
 A = (α(1), . . . , α(n)). I

x1α
(1) + · · ·+ xtα

(t) = b. (10.3))r x 
e (10.2) T2 B?��I α(1), . . . , α(t) �A�e��8A
�_�T� k1, . . . , kt YR
k1α

(1) + · · ·+ ktα
(t) = 0. (10.4)F� ǫ � &�YR xi ± ǫki ≥ 0, ∀i = 1, . . . , t. �� (10.4) sz>�u ±ǫ 	?��� (10.3) �SR

(x1 ± ǫk1)α
(1) + · · ·+ (xt ± ǫkt)α

(t) = b.� i = 1, . . . , t, 
 yi = xi + ǫki, zi = xi − ǫki, ℄
 yj = zj = 0, j = t+ 1, . . . , n. wn y, z ∈ D, y 6= z �
x = 1

2 (y + z). \� x eh_*��3�� x e2 B?�� IV�8Tj^�_�Am�2?j^��} 10.2.3 (y�1;DR�})

(1) kyn{aN��Dx(�1u���Dx(�
(2) kyn{aN��_�(�1u�_���Dx(�
(3) �kyn{aN/Dx%�)�1kyn{aNu�_�(�I� (1) F x eo/ (10.2) TjGB?��
�F x = (x1, . . . , xt, 0, . . . , 0)T , q�� xi > 0,

i = 1, . . . , t. 
��
x1α

(1) + · · ·+ xtα
(t) = b. (10.5)- α(i), i = 1, . . . , t �A�e�I8A
�_�T� ki, i = 1, . . . , t YR

k1α
(1) + · · ·+ ktα

(t) = 0. (10.6)
�F�=�jG ki, i = 1, . . . , t _g�&I�BA:℄sz>�u −1. 
 β = (k1, . . . , kt, 0, . . . , 0)T ,

ǫ = min
1≤i≤t

{xi

ki
| ki > 0

}

.
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△
= x − ǫβ eo/ (10.2) TjGB?���qg v�GB x Tg v�G=�- A T���

y(ǫ)Tg vT}!v�Ase�I y(ǫ)ejG2 B?��&I��/:}f��BR	jB?��qg vT�GB y(ǫ) Tg v�G=�).�?���>ÆBRo/ (10.2) TjG2 B?��
(2) F x eo/ (10.2) TjG>���-!
e2 B?��I�#y� &T� ǫ, y(ǫ) B?�b cTx ≤ cT y(ǫ) = cTx − ǫcTβ. � ǫ T#yAwn� cTβ = 0. 3�� cT y(ǫ) = cTx, � y(ǫ) geo/

(10.2) T>���Z
� (1) Ti=�BgJQ� ǫ > 0, Y y(ǫ) e>�B?���qg vT�GB
x Tg vT�G=��/.t��BRj>�2 B?��

(3) mNy� cTx A��E< D :;O>&v�bo/ (10.2) 8A>��� IV�j^ 10.2.2 � 10.2.3 wn��Am�o/-�>���IH�B?"Th__>������Am�eFm��q>��<�eF<��.�-GTy�A�Gh_;O>��IA\-_TF<�#g;O>��.Ro/�s
�G���8Tj^K�z�Am�o/��T�e9
��} 10.2.4 �kyn{aN (10.2) /Dx%QF�1[aN�_�(/�	R�*�A�v	Nn d(j), � cTd(j) ≥ 0.I� F x(i), i = 1, . . . , r � d(j), j = 1, . . . , t  Xeo/ (10.2) TB?"Th_�9�!��j^
10.1.2 nB?" D BV__

D = {x =

r
∑

i=1

αix
(i) +

t
∑

j=1

βjd
(j)
∣

∣

∣ αi ≥ 0, i = 1, . . . , r,

r
∑

i=1

αi = 1, βj ≥ 0, j = 1, . . . , t}.�.�o/ (10.2) BVWZ0_
min f(α, β) =

r
∑

i=1

αic
Tx(i) +

t
∑

j=1

βjc
Td(j)

s.t.
r
∑

i=1

αi = 1,

αi ≥ 0, i = 1, . . . , r,

βj ≥ 0, j = 1, . . . , t.-o/ (10.2) ����:8To/���I��� j = 1, . . . , t, H� cT d(j) ≥ 0. &I�8ADG jYR cTd(j) < 0. .R�:8To/s��*��bHeA
h��p�F cTd(j) ≥ 0, ∀j = 1, 2, . . . , t. I:8To/VW�
min f(α) =

r
∑

i=1

αic
Tx(i)

s.t.
r
∑

i=1

αi = 1,

αi ≥ 0, i = 1, . . . , r.I:T p &7
cTx(p) = min

1≤i≤r
cTx(i).



152 �S� r{��I��#� x ∈ D, �
cTx =

r
∑

i=1

αic
Tx(i) +

t
∑

j=1

βjc
Td(j) ≥

r
∑

i=1

αic
Tx(p) = cTx(p),�� x = x(p) eo/ (10.2) T>��� IV�:8Tj^Ti=t�gBuRO��Am�T>��HBAB?"Th_;O��8�q3<tI����Am�2?j^B�jfT^��� 10.2.2 UqaZ�(hl/kyn{aN�

min f(x) = −2x1 − 3x2

s.t. x1 + 2x2 ≤ 8,

0 ≤ x1 ≤ 4,

0 ≤ x2 ≤ 3.` 4o/TB?"_�K=�"�_I 10.1.

x
1

x
2

 D

 1

 2

 3

 1  2  3  4 0
x

1

x
2

 D

 1

 2

 3

 1  2  3  4 0 I 10.1 �Am�o/TB?"�GTy�V>�TP��O)I 10.2 V_��I 10.2 
L:��
o/T>��_ x∗ = (4, 2)T . !eB?"TjGh_�
§10.3 |uÆ�?~�?
��Am�o/Tj����� — E+=�����Am�2?j^n��Am�o/ (10.2) -�>���IH�>�2 B?����Am�o/ (10.2) T2 B?�|���G��



§10.3 zuy
 153

x

x
2

 D

 1

−2x
1
−3x

2
=−10

−2x
1
−3x

2
=−14

2
=02
=−−22
=−−6

x
1

x
2

 D

 1

−2x
1
−3x

2
=−10

−2x
1
−3x

2
=−14

2

 3

 0  1 2  3  4

−2x
1
−3x

2
=0

−2x
1
−3x

2
=−−2

−2x
1
−3x

2
=−−6

I 10.2 GTy�V>�P��d���
��Am�o/|Ee
�2 B?��GTy�v>&Z�E+=�"ed�\GA�
��Am�Tj��+���E+=�T2?
�e3jG2 B?��
�-42 B?�
eo/T>���I%D��IVT	jG2 B?��).���s�
Ro/TjG>�2 B?���8
<tjGf0�?E+=�T2?f�����Am�o/
min f(x) = −3x1 − 2x2

s.t. x1 + x2 + x3 = 35,

2x1 + x2 + x4 = 60,

x1 + 3x2 + x5 = 90,

xi ≥ 0, i = 1, 2, . . . , 5.
L:��4�Am�o/�j<2_Eh%`���T2Pv_ x3, x4, x5. �o/TB?"P=�Y2Pvh���<T�K��2Pvh���<T�K�R
min f(x) = −3x1 − 2x2

s.t. x3 = 35− x1 − x2,

x4 = 60− 2x1 − x2,

x5 = 90− x1 − 3x2,

xi ≥ 0, i = 1, 2, . . . , 5.
�2Pv x1 = 0, x2 = 0 R2 B?� x(0) = (0, 0, 35, 60, 90)T . ��TGTy�v_ f(x(0)) = 0.

x(0) 
�
eo/T>����_J x1 / x2 �gvR�GTy�TvBu℄&�d��Am�2?j^�q3VTjG3T2 B?��Y x1 / x2 �gv� yOA2 B?����gvTPvH



154 �S� r{��_2Pv��.�A�j3T2 B?�R��h�2Pv x1 / x2 (�_ +Pv) �B+TT2Pv x3, x4 / x5 (�_ �Pv) �TjG�q3� x1 B_ +Pv��8�? �PvT�j��j �PvT+IeYR3T2 �B?��&7�1A9
���A3T2 B?��� x2 &�e�2Pv�q�v_ 0, �.��j �PvR|E8i














x3 = 35− x1 ≥ 0, ⇐⇒ x1 ≤ 35,

x4 = 60− 2x1 ≥ 0, ⇐⇒ x1 ≤ 60/2 = 30,

x5 = 90− x1 ≥ 0, ⇐⇒ x1 ≤ 90.�:℄Bu:��J x4 = 0 R��1A9
RO8i��.�q3B�j �Pv_ x4, �R3T2Pv x3, x1 � x5.h+�Am�o/�_)�VWTo/ (2Pvh���<T�K��2Pvh���<T�K):

min f(x) = −3x1 − 2x2

s.t. x1 + x3 = 35 − x2,

2x1 = 60 − x2 − x4,

x1 + x5 = 90 − 3x2,

xi ≥ 0, i = 1, 2, . . . , 5.VWZ�
min f(x) = −90− 1

2x2 + 3
2x4

s.t. x3 = 5− 1
2x2 + 1

2x4,

x1 = 30− 1
2x2 − 1

2x4,

x5 = 60− 5
2x2 + 1

2x4,

xi ≥ 0, i = 1, 2, . . . , 5.
�2Pv x2 = 0, x4 = 0 R2 B?� x(1) = (30, 0, 5, 0, 60)T . ��TGTy�v_ f(x(1)) = −90 <

f(x(0)). �� x2 T�� − 1
2 _1���.�J!�gvR�GTy�v�(℄&�� x(1) 
eo/T>���_.�q3?�jjG3T2 B?��YR x2 
_ +Pv��B+TT2Pv x1, x3 /

x5 �TjG�Z
�:8Tt����8Te��j �Pv�














x3 = 5− 1
2x2 ≥ 0, ⇐⇒ x2 ≤ 10,

x1 = 30− 1
2x2 ≥ 0, ⇐⇒ x2 ≤ 60,

x5 = 60− 5
2x2 ≥ 0, ⇐⇒ x2 ≤ 24.�.� �Pv_ x3. �4�9
BVWP �Y2Pvh���<T�K��2Pvh���<T�K�>RhGTy�0
�2PvTy�RVWT�Am�o/�

min f(x) = −95 + x3 + x4

s.t. x2 = 10− 2x3 + x4,

x1 = 25 + x3 − x4,

x5 = 35 + 5x3 − 2x4,

xi ≥ 0, i = 1, 2, . . . , 5.
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�2Pv x3 = 0, x4 = 0R2 B?� x(2) = (25, 10, 0, 0, 35)T . ��TGTy�v_ f(x(2)) = −95 <

f(x(1)). ���GTy���2Pv x3, x4 T��5_g���.�J x3 / x4 TvP>R�GTy�v
(?℄&�� x(2) eo/T>���:8Tf0�?z
��Am�TE+=�T
���8q3�E+=�Tf�Bj-A:}�F A = (I,N), q� I eEh%`�!X
j<2�F xB � xN  Xe���42T2Pv��2Pv�wn� x̄ = (bT , 0T )T ejG2 B?��
 cT = (cTB, c
T
N ).q
�q3K�a}jG2 B?�_>��T9
��Am�o/ (10.2) T#�B?� x 5&7

xB = b−NxN .3��GTy�BV__
f(x) = cTx = cTBxB + cTNxN = cTBb+ (cTN − cTBN)xN . (10.7)�.Bn�- cTN − cTBN ≥ 0, I�#�B?� x 5� f(x) ≥ f(x̄) = cTBb, � x̄ eo/ (10.2) TjG>����.�q3�)�j^��} 10.3.1 � x *kyn{ (10.2) /�`��Dx(�m�/�*'`7: I. 1 x *_�(/�	R�*

σN
△
= cTN − cTBN ≥ 0.q3�
σN = cTN − cTBN_[`� (/aX�) .�8q3K��j +� �PvT���F x = (bT , 0T )T e�Am�o/TjG2 B?����T2eEh%` I. -8ADG j YR[`� (σN )j < 0, I x 
eo/T>���.R�q3EVTjG3T2 B?� x(1), YR f(x(1)) < f(x). E+=�VT3T2 B?�T��eh xB �TjGPv xi (�p_ �Pv) � xN �TDGPv xj (�p_ +Pv) � ��j +PvT+IeYR3~KT2 B?�TGTy�vu+2 B?�#TGTy�v&�� (10.7) wn� xN �#�&7 (σN )j < 0 TPv xj 5BB_ +Pv��j �PvT+IeYR3~KT�B?��8K��j �Pv xi T,I�I αj = (a1j , . . . , amj)

T _ N T[ j }�J xi � xj � 	�q!T�2Pv&_�2Pv��.�3T2 B?�|E&7
xB = b− xjαj ≥ 0,�

xj ≤ min{ bk
αkj
| αkj > 0, 1 ≤ k ≤ m}.� i _Y:℄�z;O>&T�T k. IRj3T2 B?� x(1). 42 B?�TGTy�v_

f(x(1)) = cTx(1) = cTBxB + (σN )jx
(1)
j = cTBxB + (σN )j

bi
αij

< cTBxB = f(x).A:8T2 :�q3K�E+=�TG�f�)��



156 �S� r{��M� 10.1 �{t
�� A = (I,N) �\ 1 
�&��Dx( x = (xT
B , x

T
N )T = (bT , 0T )T .\ 2 �AQ�wW/��5 σN = cTN − cTBN . � σN ≥ 0, 1TF�A�-( x. V1-Q�wWN
:��wW xj $ σj = min{σk, k ∈ N}.\ 3 ^ αj = (αij)

m
i=1 y) N /3 j Z�� αj ≤ 0, 1TF�A��!�aN/(| -�V1Vh�~�\ 4 
:hx i $

bi
αij

= min{ bk
αkj
| αkj > 0}.\ 5 � αij ^T&�-N�^ Ax = b N-x Gauss p&� 3 j Zw^'`nW�V~ 2.[�E+=���Tf 5 TGTe_zYR3~KT2 B?�T2Pv��T2&�eEh%`�:8TE+=��B5�_V 10.1. W 10.1 F,>W

cj → c1 · · · cm cm+1 · · · cn

cB xB b x1 · · · xm xm+1 · · · xn
θ

c1 x1 b1 1 · · · 0 α1,m+1 · · · α1n θ1

c2 x2 b2 0 · · · 0 α2,m+1 · · · α2n θ2

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

cm xm bm 0 · · · 1 αm,m+1 · · · αmn θm

f(x)
m
∑

i=1

cibi 0 · · · 0 cm+1 −
m
∑

i=1

ciαi,m+1 · · · cn −
m
∑

i=1

ciαinE+=V�T[j?_GTy�T��!v�>	j? Xe2 B?���TGTy�v�[`��(w:��2PvT[`��h_��V�T[j��} XV_2Pv>qAGTy�������[0}V_�z!v�x�TTI} XV_2Pv>q��}!v (X
Eh`) ��2Pv>q��}!v�E+=VT>	j}}�zE+=��Tf 4��j �PvTIBv�� θk = bk

αkj
.d�E+=VBu��(wZA�)�a}� (1) �j2 B?���
V�T[�}�T2Pv X�[0}�Tv��2Pv�v_�� (2)�T>�Aa}�->	j?�T[`�r�1�I��T2 B?�_>��� (3)  +� �PvT�j� +Pv_>	j?T>&[`� (1�)��T�2Pv� �Pv_>	j}�>&Tg���T2Pv� (4) 2 B?���TGTy�v��>	j?T[�G��� 10.3.1 P�'�wyH�(hl/kyn{aN�

min f(x) = −2x1 − 3x2

s.t. x1 + 2x2 + x3 = 8,

4x1 + x4 = 16,

4x2 + x5 = 12,

xi ≥ 0, i = 1, 2, 3, 4, 5.
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 157` G�t�_V 10.2. W 10.2 g 10.3.1 UF,>W
cj → −2 −3 0 0 0

cB xB b x1 x2 x3 x4 x5
θ

0 x3 8 1 2 1 0 0 4

0 x4 16 4 0 0 1 0 -

0 x5 12 0 4 0 0 1 3

f(x) 0 −2 -3 0 0 0

0 x3 2 1 0 1 0 −1/2 2

0 x4 16 4 0 0 1 0 4

−3 x2 3 0 1 0 0 1/4 -

f(x) −9 -2 0 0 0 3/4

−2 x1 2 1 0 1 0 −1/2 -

0 x4 8 0 0 −4 1 2 4

−3 x2 3 0 1 0 0 1/4 12

f(x) −13 0 0 2 0 -1/4

−2 x1 4 1 0 0 1/4 0

0 x5 4 0 0 −2 1/2 1

−3 x2 2 0 1 1/2 −1/8 0

f(x) −14 0 0 3/2 1/8 0��E+=>ÆV�T[`�5_�1��bR>�� x∗ = (4, 2, 0, 0, 4)T , >�GTy�v_
f(x∗) = −14.

§10.4 p8Eqv�b�)� — �℄�|uÆ�|j~�?TE+=�e
snjG�[2 B?���q��T2eEh%`����Aj-�O��\��[2 B?�
(wgzO�?~�?j�
�[2 B?�T���A�Am�o/ (10.1) ��+"OPv xi, i = n+ 1, . . . , n+m. ;z)�4�9
�


































a11x1 + a12x2 + . . .+ a1nxn + xn+1 = b1,

a21x1 + a22x2 + . . .+ a2nxn + xn+2 = b2,

. . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + . . .+ amnxn + xn+m = bn,

xi ≥ 0, i = 1, 2, . . . , n+m.

(10.8)wn�- x = (x1, . . . , xn, . . . , xn+m)T e:84�TjG2 B?�� xi = 0, i = n+ 1, . . . , n+m, I
x e�Am�o/ (10.8) TjG2 B?��XE)�+��Am�o/�

min f(x) =
n+m
∑

i=n+1

xi, x ∈ Ω, (10.9)



158 �S� r{��q�� Ω ⊆ Rn+m e&7 (10.8) T�1 x X
T<��
L
Æ��Am�o/ (10.1) �B?�J�
J�Am�o/ (10.9) T>��8A��>�GTy�v_��A.2 :�q3ROsz{E+=�T2?f���

�o/ (10.9); �	?
�+�Am�o/ (10.1). �8�jGf0�?4��TVÆt��� 10.4.1 �V%?'�wJ�(�hkyn{aN�
min f(x) = −3x1 + x2 + x3

s.t. x1 − 2x2 + x3 + x4 = 11,

−4x1 + x2 + 2x3 −x5 = 3,

−2x1 + x3 = 1,

xi ≥ 0, i = 1, 2, 3, 4, 5.

(10.10)` �+"OPv x6, x7. XE+��Am�o/�
min f(x) = x6 + x7

s.t. x1 −2x2 +x3 +x4 = 11,

−4x1 +x2 +2x3 −x5 +x6 = 3,

−2x1 +x3 +x7 = 1,

xi ≥ 0, i = 1, 2, 3, 4, 5.
��:}�Am�o/�2 B = I, ��T2Pv_ x4, x6, x7. ���Bd�E+=�
���r_V 10.3.



§10.5 r{��md}�G6> 159W 10.3 \k{|F,>W
cj → 0 0 0 0 0 1 1

cB xB b x1 x2 x3 x4 x5 x6 x7
θ

0 x4 11 1 -2 1 1 0 0 0 11

1 x6 3 -4 1 2 0 -1 1 0 3/2

1 x7 1 -2 0 1 0 0 0 1 1

f(x) 4 6 -1 -3 0 1 0 0

cj → 0 0 0 0 0 1 1

cB xB b x1 x2 x3 x4 x5 x6 x7
θ

0 x4 10 3 -2 0 1 0 0 -1 -

1 x6 1 0 1 0 0 -1 1 -2 1

0 x3 1 -2 0 1 0 0 0 1 -

f(x) 1 0 -1 0 0 1 0 3

0 x4 12 3 0 0 1 -2 2 -5

0 x2 1 0 1 0 0 -1 1 -2

0 x3 1 -2 0 1 0 0 0 1

f(x) 0 0 0 0 0 0 1 1bR�[2 B?� x(0) = (0, 1, 1, 12, 0)T . 3�R[�z{�[E+=V��
�o/ (10.10) T�[E+=V����Bd�E+=�
�+o/�G��r_V 10.4.W 10.4 \	{|F,>W
cj → -3 1 1 0 0

cB xB b x1 x2 x3 x4 x5
θ

0 x4 12 3 0 0 1 -2 4

1 x2 1 0 1 0 0 -1 -

1 x3 1 -2 0 1 0 0 -

f(x) 2 -1 0 0 0 1

-3 x1 4 1 0 0 1/3 -2/3

1 x2 1 0 1 0 0 -1

1 x3 9 0 0 1 2/3 -4/3

f(x) -2 0 0 0 1/3 1/3�
o/T>��_ x∗ = (4, 1, 9, 0, 0)T . ��TGTy�v_ f(x∗) = −2.

§10.5 {�3=lX���~
��#�jG�Am�o/�8A�p5��eT	jG�Am�o/��_4o/T�℄o/�?~�?�e�Am�T�℄m�>�e2?^��



160 �S� r{���# 10.5.1 a: Rn Nkyn{aN�














min f(x) = cTx

s.t. Ax ≥ b,
x ≥ 0,

(10.11)�N A = (aij) ∈ Rm×n, b = (b1, b2, . . . , bm)T , c = (c1, c2, . . . , cn)T . bk�kyn{aN














max g(y) = bT y

s.t. AT y ≤ c,
y ≥ 0,

(10.12)^aN (10.11) /AxaN��aN (10.11) ^'aN�q3 XI DP � DD _+o/ (10.11) ��℄o/ (10.12) TB?"��8Tj^K��Am�+o/�q�℄o/pYTj�5�e���} 10.5.1 �'aN (10.11) uAxaN (10.12) ;�Dx6�1
(1) A�v x ∈ DP , �v y ∈ DD ?�

cTx ≥ bT y. (10.13)

(2) �6 x∗ ∈ DP , y∗ ∈ DD fZ cTx∗ = bT y∗, 1 x∗ u y∗ Sz*'aN (10.11) uAxaN (10.12)/_�(�I� (1) �#� x ∈ DP , y ∈ DD, q3� Ax ≥ b,  yO y ≥ 0, x ≥ 0 bR
bT y ≤ yTAx = (AT y)Tx ≤ cTx.

(2) � (1) n�#� x ∈ DP , cTx re�℄o/ (10.12) TjG:��-4:�ADG y ∈ DD ;O�I y eo/ (10.12) TjG>����px�� IV�8Tj^�_�Am�o/T�℄j^��} 10.5.2 (y�1;Æ��})

(1) �kyn{aN (10.11) ��AxaN (10.12) ���_�(�1V`aN;�_�(�D��VaN/_�pxs5Cm1�
(2) �kyn{aN (10.11) ��AxaN (10.12) ��/pxs5C
)�1℄�aN
Dx(�I�(1) UF (10.11) �>�� x∗. ���Am�ejGFm���j^ 9.2.4 n x∗ e>��T�e9
e8A Lagrange �0!v λ∗ ∈ Rm, µ∗ ∈ Rn YR























c−ATλ∗ − µ∗ = 0,

λ∗ ≥ 0, Ax∗ − b ≥ 0, λ∗T (Ax∗ − b) = 0,

µ∗ ≥ 0, x∗ ≥ 0, µ∗Tx∗ = 0.
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L:�� λ∗ ∈ DD. ���
bTλ∗ = λ∗TAx∗ = cTx∗.�j^ 10.5.1 n λ∗ e (10.12) T>���Z
ZBui=�- (10.12) �>���I��T Lagrange�0e (10.11) T>���

(2) B�j^ 10.5.1 (1) sxRp� IV�j^ 10.5.2(1)Ti=Bu:��+o/T>����T Lagrange�0eq�℄o/T>����px��	j�8�gBu3E+=�Tqxh+o/��℄o/k�vT�
V:�- x∗ e+o/T>��� B e��T2�I B−T c eq�℄o/T>����:8TsGj^�BuRO�8T����} 10.5.3 kyn{aN (10.11) ��AxaN (10.12) �_�(/�	R�* DP u DD ;|*F
��8Tj^V=��℄e�-�2�A��} 10.5.4 AxaN/AxaN*'aN�d��℄o/Tj{�Bui= (B_q�) �Am�o/ (10.1) T�℄o/_)��Am�o/�
g(y) = min bT y, s.t. AT y ≤ c. (10.14)jG�Am�o/BuK}
+o/T=℄�gBuK}
�℄o/T=℄��.�q3BuM+G�T+��QG�gTo/
��j-	T�4�TG�$�(KSG�T/>A��_4�TG�3jz_-�2?B?���EeT2!vTG���.�)r+o/w�>vT4���2PvTG���=T��<t
��℄o/(AG�:AT{#�sY 10

1. G D ⊂ Rn f�HF=� f(x) = cTx f�Bz��j>�
(i) . f B D ;�	��JIC<Pr	���Ap0 minx∈D f(x) �?���
(ii) . f B D ;�;��JIC<Pr;���Ap0 maxx∈D f(x) �?���

2. G x∗ f�Bn�p0 (10.2) UkHC���J"f?��U�f:df�9B u ∈ Rm ZS
ATu ≤ c, (c− ATu)Tx∗ = 0.

3. G�Bn�p0 (10.2) UC�# S �H�j>�
(i) . S 9B:�"�J1kH:�"Uh!w�	U A U~"w�Btf�
(ii) d ∈ Rn f S UkH:�"U�f:df� A Cv!�` A = (B,N), ZS� N UEH~"w a(j) '8

B−1a(j) ≤ 0, ��� d �"w (

B−1a(j)

e(j)

) ?"�r
� e(j) f\ j H n−m bEU"w�
4. j>�Bn�p0C�#UW`k_�Ak_ 10.1.2.
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5. j>�.�Bn�p0�?��3!C���J�Bn��>�tH?�3!C��0}�kH3!C����=�t��
6. G&a A = (aij) ∈ Rn×n ��hk�j>Fi&af	9U�Bn�p0U��







































max
n
∑

i=1

n
∑

j=1

aijxij

s.t.
n
∑

i=1

xij = 1, j = 1, 2, . . . , n,

n
∑

j=1

xij = 1, i = 1, 2, . . . , n,

xij ≥ 0, i, j = 1, 2, . . . , n.

7. Lk*	�Bn�p0�
{

max cTx

s.t. Ax ≤ b,r
� A = (aij) ∈ Rn×n f n { Hilbert &a� b = (b1, b2, . . . , bn)T , c = (c1, c2, . . . , cn)T ∈ Rn:

aij =
1

i+ j
, bi =

n
∑

j=1

1

i+ j
, cj =

2

j + 1
+

n
∑

j=2

1

j + i
, i, j = 1, 2, . . . , n.j>5p0�^k� x∗ = (1, 1, . . . , 1)T .

8. i	~�Bn�p0�`U-<�
(i) min f(x) = −3x1 + 4x2 − 3x3 + 5x4

s.t. 4x1 − x2 + 2x3 − x4 = −2,

−2x1 + 3x2 − x3 + 2x4 ≥ 2,

x1 + x2 + 3x3 − x4 ≤ 14,

x1, x2, x3 ≥ 0.

(ii) max f(x) =
n
∑

i=1

m
∑

j=1

cijxij

s.t. 1 −
m
∑

j=1

xij = 0, i = 1, . . . , n,

xij ≥ 0, i = 1, . . . , n, j = 1, . . . ,m.

9. =uCJy�p0f.�^k?�����?���t?���ftC���
(i) max f(x) = 6x1 + 5x2

s.t.
3x1 + x2 ≤ 160,

x1 ≤ 40,

x2 ≤ 130,

x1, x2 ≥ 0.

(ii) min f(x) = −7x1 − 10x2

s.t.
x1 ≤ 36,

x2 ≤ 12,

x1 + 4x2 ≤ 60,

2x1 + x2 ≥ 30,

x1 − x2 ≥ 0,

x1, x2 ≥ 0.

(iii) max f(x) = 5x1 + 7x2

s.t. x1 − x2 ≥ 0,

3x1 − x2 ≤ −3,

x1, x2 ≥ 0.

(iv) min f(x) = 3x1 + 5x2

s.t. x1 + 3x2 ≥ 3,

x1 + x2 ≥ 2,

x1, x2 ≥ 0.

10. <��B5�














x1 +2x2 +10x3 +4x4 −2x5 = 5,

x1 +x2 +3x3 −x4 +x5 = 8,

x1, x2, x3, x4, x5 ≥ 0.
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(i) mÆ�v x1, x2 `3QwU3�^b~"f'`C���
(ii) 3!C��?�CP��>H�

11. Æ	9�Bn�p0U��3�3!C���^=uH�HUz�B℄.3!C��Uz�w��k�Bn�p0U?���
max f(x) = 2x1 + 3x2 + 4x3 + 7x4

s.t. 2x1 + 3x2 − x3 − 4x4 = 8,

x1 − 2x2 + 6x3 − 7x4 = −3,

x1, x2, x3, x4 ≥ 0.

12. �F,>�Æ�	~�Bn�p0�
(i) min f(x) = −20x1 − 30x2

s.t. x1 + 2x2 ≤ 8,

x1 ≤ 4,

x2 ≤ 3,

x1, x2 ≥ 0.

(ii) min f(x) = −3x1 − 2x2

s.t. −x1 + 2x2 ≤ 4,

3x1 + 2x2 ≤ 14,

x1 − x2 ≤ 3,

x1, x2 ≥ 0.

(iii) min f(x) = −5x1 − 2x2 − 3x3 + x4 − x5

s.t. x1 + 2x2 + 2x3 + x4 = 8,

3x1 + 4x2 + x3 + x5 = 7,

x1, x2, x3, x4, x5 ≥ 0.

(iv) min f(x) = −2x1 − 3x2

s.t. x1 − x2 ≤ 2,

3x1 − x2 ≥ 4,

x1, x2 ≥ 0.

(v) min f(x) = −12x1 − 8x2

s.t. 4x1 + 4x2 + x3 = 1400,

6x1 + 3x2 + x4 = 1800,

2x1 + 6x2 + x5 = 1800,

xi ≥ 0, i = 1, 2, . . . , 5.

13. �t{|�Æ�	~�Bn�p0�
(i) min f(x) = −2x1 − 3x2 + 5x3

s.t. x1 + x2 + x3 = 7,

2x1 − 5x2 + x3 ≥ 10,

x1, x2, x3 ≥ 0.

(ii) min f(x) = −3x1 − 4x2 − 2x3

s.t. x1 + x2 + x3 + x4 ≤ 30,

3x1 + 6x2 + x3 − 2x4 ≤ 0,

x1, x2, x3, x4 ≥ 0.

14. �t{|�j>	9�Bn�p0dC��
min f(x) = 2x1 + 4x2

s.t. 2x1 − 3x2 ≥ 2,

−x1 + x2 ≥ 3,

x1, x2 ≥ 0.

15. 1��Bn�p0
max f(x) = x1 + 2x2

s.t. 3x1 + 2x2 ≤ 60,

2x1 + 6x2 ≤ 90,

x1 + 3x2 ≥ 30,

2x1 + x2 ≥ 20,

x1, x2 ≥ 0.
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16. to�Bn�p0

max f(x) = x1 + x2

s.t. −x1 + x2 + x3 ≤ 2,

−2x1 + x2 − x3 ≤ 1,

x1, x2, x3 ≥ 0.m��^_ j>;~�Bn�p0t?���
17. L��Bn�p0

min f(x) = 2x1 + 3x2 + 5x3 + 2x4 + 3x5

s.t. x1 + x2 + 2x3 + x4 + 3x5 ≥ 4,

2x1 − x2 + 3x3 + x4 + x5 ≥ 3,

x1, x2, x3, x4, x5 ≥ 0.tor�^p0U?��` y∗ = (4/5, 3/5)T , �	UHUz�w` g(y∗) = 5. m��^_ U�,p0U?���
18. j>�Bn�p0 (10.1) U�^p0f (10.14).

19. j>�. x∗ f,p0 (10.1) U?�3!C��� B f�	U3�J B−T cB fr�^p0 (10.14) U?���
20. j>k_ 10.5.3.

21. j>��^p0U�^p0f,p0�
22. G�Bn� (10.11) ?r�^p0 (10.12) U?��9B�G x̄ � ȳ !Yf (10.11) � (10.12) U$z?���j>�

(i) .�EH 1 ≤ j ≤ n, � x̄j > 0, JI� (AT ȳ − c)j = 0.

(ii) .�EH 1 ≤ i ≤ m, � (Ax̄− b)i > 0, JI� ȳi = 0.

(iii) .�EH 1 ≤ i ≤ m, � ȳi > 0, JI� (Ax̄− b)i = 0.

(iv) .�EH 1 ≤ j ≤ n, � (AT ȳ − c)j < 0, JI� x̄j = 0.



�6�E �w2<JGTy�e�0y��4�y�re�Ay�R�4�>��o/ (1.5) �_�0m���0m�AO���l�T������
�j-��A4�>��o/TD-��T0o/e�0m�o/��.��0m�ejZ���eT>��o/��0m�Tj-=℄_�
min f(x) = 1

2x
TQx+ qTx

s.t. aT
i x ≥ bi, i ∈ I = {1, . . . ,m1},
aT

i x = bi, i ∈ E = {m1 + 1, . . . ,m},
(11.1)q��Q ∈ Rn×n ejG��%`� q ∈ Rn, ai ∈ Rn, i ∈ E ∪ I. F x∗ eo/ (11.1) T���j^ 9.2.1n�8A Largrnage �0 λ∗i , i ∈ E ∪ I, YR

∇f(x∗)− ∑

i∈E∪I
λ∗i ai = 0,

aT
i x

∗ − bi = 0, i ∈ E ,
λ∗i ≥ 0, aT

i x
∗ − bi ≥ 0, λ∗i (a

T
i x

∗ − bi) = 0, i ∈ I.
(11.2)


A = (a1, . . . , am)T , AI = (a1, . . . , am1)
T , AE = (am1+1, . . . , am)T ,

bI = (b1, . . . , bm1)
T , bE = (bm1+1, . . . , bm)T ,

λ∗ = (λ∗1, . . . , λ
∗
m)T , λ∗I = (λ∗1, . . . , λ

∗
m1

)T , λ∗E = (λ∗m1+1, . . . , λ
∗
m)T .I K-K-T �B (11.2) BVWZ0
�8�5T=℄�

∇f(x∗)−ATλ∗ = 0,

AEx∗ − bE = 0,

λ∗I ≥ 0, AIx∗ − bI ≥ 0, (λ∗I)T (AIx∗ − bI) = 0.

(11.3)J Q e0gj%`R��0m�ejGFm�o/�.R��j^ 9.2.4 n� x∗ eo/ (11.1) T�T�e9
e!eo/ (11.1) T K-K-T _��e (11.3) T��
§11.1 �:<A�x3=q3
;zV℄4�YDF�0m�o/

min f(x) = 1
2x

TQx+ qTx

s.t. Ax = b,
(11.4)q�� Q ∈ Rn×n ��gj� q ∈ Rn, A = (a1, a2, . . . , am)T ∈ Rm×n, b ∈ Rm. UF A ?&��� A T�e m. 3��o/ (11.4) TB?"�G�

165



166 �S�� �v��� (11.3) n� x∗ eo/ (11.4) T�T�e9
e�8A Lagrange�0 λ∗ ∈ Rm, YR (x∗, λ∗) &7
Qx−ATλ = −q, Ax = b./VWZ� (x∗, λ∗) e�8T�A��<T��

(

Q −AT

A 0

)(

x

λ

)

=

(

−q
b

)

. (11.5)�8Tj^K�z�A��< (11.5) �℄j�T9
��} 11.1.1 �7: A xfL��-aN (11.5) /( x∗ �F%�SR�
R��
dTQd > 0, ∀d ∈ Rn, d 6= 0, Ad = 0,1kyN�^ (11.5) /f57:

(

Q −AT

A 0

)Q������kyN�^ (11.5) �℄�(�I� F (d, v) eu0�A��<
(

Q −AT

A 0

)(

d

v

)

= 0 (11.6)T���
Qd−AT v = 0, Ad = 0.�.�

dTQd = dTAT v = 0, Ad = 0.��z� 9
n�H� d = 0. 3��
AT v = Qd = 0.G A ?&��bH� v = 0. �.�u0�A��< (11.6) |����3���A��< (11.5) T��%`�s�����℄j�� IV
%` Z ∈ Rn×(n−m) T}!vX
%` A T~GYTj<2�� Z }&��&7 AZ = 0. 
L`i��z� 9
BVWZK}_%` ZTQZ gj�q3�%` ZTQZ _�0m�o/ (11.4) TC� Hessian `/K4 Hessian `��.�j^ 11.1.1 BVWZK}_�8j^��} 11.1.2 �7: A xfL��F�n{aN (11.4) /X� Hessian : ZTQZ =:�1kyN�^ (11.5) �℄�(�



§11.1 ~W�[�v�� 167� 11.1.1 A��hF�n{aN�
min f(x) = 3x2

1 + 2x1x2 + x1x3 + 2.5x2
2 + 2x2x3 + 2x2

3 − 8x1 − 3x2 − 3x3

s.t. x1 + x3 = 3, x2 + x3 = 0.
(11.7)" (11.4) mA��bk�

Q =









6 2 1

2 5 2

1 2 4









, q =









−8

−3

−3









, A =

(

1 0 1

0 1 1

)

, b =

(

3

0

)

.([aN/ K-K-T fW


















6 2 1 −1 0

2 5 2 0 −1

1 2 4 −1 −1

1 0 1 0 0

0 1 1 0 0





































x1

x2

x3

λ1

λ2



















=



















8

3

3

3

0

















-
x∗ =









2

−1

1









, λ∗ =

(

3

−2

)

.A:8Tf0�� Q ��gj�� A ?&��M+C� Hessian %`Tj{�Bj{%` Z )��
Z = (−1,−1, 1)T .
�
ZTQZ = 13 > 0.�.� x∗ = (2,−1, 1)T eo/T>����8Tj^V=�Aj^ 11.1.1T9
���0m�T K-K-T _e4�0m�o/T℄j�#>�� (i=�Bq�).�} 11.1.3 �:M 11.1.1 (�:M 11.1.2) /R�
R�1 x∗ *aN (11.4) /℄��6_�(�-j^ 11.1.2 T9


h��C� Hessian %` ZTQZ 
gj�IV℄4�o/ (11.4) s�/�s���
V:�- ZTQZ �1)bv�F!v u &7
uTZTQZu < 0.
 d = Zu. 
�� d 6= 0. I�#� α > 0, #�B?_ x∗, � Ad = 0R A(x∗ +αd) = b. �.�x∗ +αdeo/ (11.4) TB?_�Ge�

f(x∗ + αd) =
1

2
α2dTQd+ αdT (Qx∗ + q) + f(x∗)

=
1

2
α2dTQd+ αdTATλ∗ + f(x∗)

=
1

2
α2dTQd+ f(x∗) =

1

2
α2uTZTQZu+ f(x∗) < f(x∗).



168 �S�� �v��:℄	=�.Ro/ (11.4) TGTy�vs���- ZTQZ .�1)bv�� ZTQZ 0gjG
gj�b8A u 6= 0 YR uTZTQZu = 0. %:8>dT�℄BR
f(x∗ + αd) ≤ f(x∗), ∀α > 0..R�o/ (11.4) -�� x∗, I�#� α > 0, x∗ + αd geo/T�����s����� x∗ 
eo/TYD#h>���

§11.2 b�x3=�1�I�?~�?
�j-�0m�o/ (11.1) T�+<���+<�>%_e
��&mB�0m�o/T>�+T��pj�q3UF Q e0gj%`�.R�o/ (11.1) ejGFm�o/�q#�#h>��geq�#>���I
A(x) = {i ∈ I ∪ E | aT

i x = bi}.� A(x) _o/ (11.1) AB?_ x #T�+<��j^ 9.2.4 n� x∗ eo/ (11.1) T�T�e9
e!eo/ (11.1) T K-K-T _�
L
Æ� x∗ ge�8V℄4�o/T K-K-T _�
min f(x) = 1

2x
TQx+ qTx

s.t. aT
i x = bi, i ∈ A(x∗).

(11.8)o/ (11.8) 
�gejGF�0m�o/��.� x∗ ge!TjG>���:8T(�	=�w
V℄4�T�0m�o/VW�jGV℄4��0m�o/�Ge���o/ (11.8) lU�o/ (11.1) T>�� x∗. !e


nQT��.�
Osx<t
� (11.8) T�℄
�+�0m�o/ (11.1).
��0m�o/ (11.1) T�+<�T2?
�e�3o/ (11.1) TDG�[B?_ x(0) �
�- x(0) 
eo/ (11.1) T��I
 A0 = A(x(0)) B_ A(x∗) TjG\G��p_OB<��	��
A0 3 A(x∗), 
�V℄4��0m�o/ (11.8). A.2 :RjG3TB?_ x(1), - x(1) 
eo/ (11.1) T��I%WD��℄�jjG3TOB< A1. j-Z�Fs~KzB?_ x(k), - x(k) 
eo/ (11.1) T��I%WD��℄�jOB< Ak, �	
�V℄4��0m�o/�

min f(x) = 1
2x

TQx+ qTx

s.t. aT
i x = bi, i ∈ Ak.

(11.9)A.2 :RjG3TB?_ x(k+1). - x(k+1) 
eo/ (11.1) T��I%WD��℄�jjG3TOB< Ak+1, ℄
�jGV℄4��0m�o/��/.t����~KB?_L} {x(k)}. 4L}T>	jG_e�0m�o/ (11.1) T>����8�?�+<�T-1f��q
�q3i=)�j^��} 11.2.1 � x(k) *aN (11.1) /�`Dx6�
w Ak ⊂ A(x(k)). �1')4F�n{aN
min f(x) = 1

2x
TQx+ qTx

s.t. aT
i x = bi, i ∈ Ak

(11.10)
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 169/(^ x(k), �m�/ Lagrange �Y λ
(k)
i , i ∈ Ak fZ λ

(k)
i ≥ 0, ∀i ∈ Ak ∩ I, 1 x(k) *'F�n{aN (11.1) /(�I� �UF� x(k), λ

(k)
i , i ∈ Ak eV℄4�o/ (11.10) T K-K-T _�!3&7)�9
�























∇f(x(k))− ∑

i∈Ak

λ
(k)
i ai = 0,

λ
(k)
i ≥ 0, ∀i ∈ Ak ∩ I,

aT
i x

(k) − bi = 0, i ∈ Ak.

λ

(k)
i = 0, ∀i ∈ I\Ak. yO x(k) TB?A�q3�























∇f(x(k))− ∑

i∈E∪I
λ

(k)
i ai = 0,

λ
(k)
i ≥ 0, aT

i x
(k) − bi ≥ 0, λ

(k)
i (aT

i x
(k) − bi) = 0, i ∈ I,

aT
i x

(k) − bi = 0, ∀i ∈ E ,� x(k) e+o/ (11.1) T K-K-T _� λ
(k)
i , i ∈ E ∪ I e��T Lagrange �0�Go/ (11.1) eFm���.� x(k) eo/T�� IVI d = x− x(k). I x(k) eo/ (11.10) T�VW� d = 0 e�8�0m�o/T��

min 1
2d

TQd+∇f(x(k))T d

s.t. aT
i d = 0, i ∈ Ak.

(11.11)�.�:8Tj^BVWZK}_�8Tj^��} 11.2.2 � x(k) *aN (11.1) /�`Dx6�
w Ak ⊂ A(x(k)). �1')4F�n{aN
(11.11) /(^ d = 0, �m�/ Lagrange �Y λ

(k)
i , i ∈ Ak fZ λ

(k)
i ≥ 0, ∀i ∈ Ak ∩ I, 1 x(k) *'F�n{aN (11.1) /(�j^ 11.2.1 � 11.2.2 K�za}B?_eo/T>��T9
��8�q3(��+<�T-1G�f��F x(k) eo/ (11.1) TB?_� Ak ⊂ A(x(k)) eOB<�
 d(k) eo/ (11.11) T���= 1. d(k) 6= 0, /VWZ (11.9) T� x̄(k) △

= x(k) + d(k) 6= x(k).  yO x(k) geo/ (11.9) TB?_�bH�
f(x̄(k)) ≤ f(x(k)).- x̄(k) B?�I


x(k+1) = x̄(k) = x(k) + d(k)..R�-8A i 6∈ Ak, YR aT
i x̄

(k) = bi, I#�YR4V℄
hTjG i 6∈ Ak, ℄

Ak+1 = Ak ∪ {i}.



170 �S�� �v��&I� Ak+1 = Ak.- x̄(k) 
B?�q3Au x(k) � x(k+1) _z_T�{ [x(k), x(k) + d(k)] �VTB?_B_ x(k+1),�

x(k+1) = x(k) + αkd

(k),q�� αk e�Y [0, 1) YR x(k+1) B?T>>Z��8M� αk TV;℄��� d(k) eo/ (11.11) TB?_�b�#� αk ≥ 0, 5�
aT

i (x(k) + αkd
(k)) = aT

i x
(k) = bi, ∀i ∈ E .>^�#� αk ≥ 0 ��

aT
i (x(k) + αkd

(k)) = aT
i x

(k) = bi, ∀i ∈ I ∩Ak.� i 6∈ Ak. - aT
i d

(k) ≥ 0, I�#� αk ≥ 0, 5�
aT

i (x(k) + αkd
(k)) ≥ aT

i x
(k) ≥ bi.;z i 6∈ Ak � aT

i d
(k) < 0. _zYR x(k+1) B?�H�

aT
i (x(k) + αkd

(k)) ≥ bi.�.�
αk ≤

bi − aT
i x

(k)

aT
i d

(k)
.4:�}�q3ROJ x̄(k) 
B?R��Y [0, 1) �YR x(k+1) B?T>> αk _�

αk = min
{bi − aT

i x
(k)

aT
i d

(k)

∣

∣

∣ i 6∈ Ak, a
T
i d

(k) < 0
}

. (11.12):℄�KTvYD&� 1 (�_ x̄(k) = x(k) + d(k) 
B?) . b:℄BVWZ0_
αk = min

{

1,
bi − aT

i x
(k)

aT
i d

(k)

∣

∣

∣ i 6∈ Ak, a
T
i d

(k) < 0
}

. (11.13)F i eYR:8T�z�O>&vT#yjG�T�.R�� Ak+1 = Ak ∪ {i}.	j�8�J x̄(k) = x(k) + d(k) B?R�V℄ (11.12) �zTvHj
&� 1. .R� x(k+1) =

x(k) + αkd
(k), αk = 1, � αk gB� (11.13) �j�:8T(�	=�J d(k) 6= 0 R�B�

x(k+1) = x(k) + αkd
(k), Ak+1 = Ak ∪ {i},q�� αk � (11.13) �j� i eYR (11.13) T�z�R>&vT#yjG�T�
Li=�:8�℄�jT x(k+1) � Ak+1 &7

f(x(k+1)) ≤ f(x(k)), Ak+1 ⊂ A(x(k+1)).



§11.2 +�v��}�v!
 171�= 2. d(k) = 0, � x(k) eo/ (11.9) T��F��T Lagrange �0_ λ
(k)
i , i ∈ Ak.�j^ 11.2.1 n�- λ

(k)
i ≥ 0, ∀i ∈ Ak ∩ I, I x(k) e�0m�o/ (11.1) T��-8A i ∈ Ak ∩ I, YR λ

(k)
i < 0, 
 Ak+1 = Ak\{i}.�8Tj^V=�-A (11.11)�� Ak+1 3B Ak, Io/T�e+�0m�o/ (11.1) TB?"A x(k) #TjGB?�!���ey� f A x(k) #TjG�k�! (i=p: [19, j^ 16.4]) .�} 11.2.3 � ai, i ∈ Ak ky
k� d(k+1) *aN (11.11) N� Ak+1 P% Ak -+/(�1

d(k+1) *F�n{aN (11.1) /Dx%- x(k) �/�`DxNn�D�*s5 f - x(k) �/�`h!Nn�d�:8T(��q3K�
��0m�o/ (11.1) T�+<�Tf��M� 11.1 (�v1;}0�H�)\ 1 a:�&Dx6 x(0), ^ A0 = A(x(0)), k := 0.\ 2 �(1')4F�n{YaN (11.11) -( d(k) �m�/ Lagrange �Y λ
(k)
i , i ∈ Ak.\ 3 � d(k) 6= 0, 1� (11.13) 
: αk. ^

x(k+1) = x(k) + αkd
(k), Ak+1 = Ak ∪ {i},�N�

i = argmin
{

1,
bj − aT

j x
(k)

aT
j d

(k)

∣

∣

∣ j 6∈ Ak, a
T
j d

(k) < 0
}

.^ k := k + 1, V~ 2.� d(k) = 0, 1) λ
(k)
i ≥ 0, ∀i ∈ Ak ∩ I !�-aN (11.1) /( x(k). V1�^
i = arg min

j∈Ak∩I
λ

(k)
j , x(k+1) = x(k), Ak+1 = Ak\{i}.^ k := k + 1. V~ 2.
L:��:8T�����f	Æz�o/ (11.1) T℄j>���� 11.2.1 ��r
J�(hl/F�n{aN�

min f(x) = x2
1 + x2

2 − 2x1 − 4x2

s.t. −x1 − x2 + 1 ≥ 0,

x1 ≥ 0, x2 ≥ 0.` ��[B?_ x(0) = (0, 0)T , A0 = A(x(0)) = {2, 3}. 
�V℄4�0o/
min d2

1 + d2
2 − 2d1 − 4d2

s.t. d1 = 0, d2 = 0



172 �S�� �v��R����T Lagrange �0
d(0) = (0, 0)T , λ = (−2,−4)T .bR

x(1) = x(0) = (0, 0)T , A1 = A0\{3} = {2}.#+[�0fB�
�V℄4�0o/
min d2

1 + d2
2 − 2d1 − 4d2

s.t. d1 = 0R�
d(1) = (0, 2)T 6= 0.G�

α1 = min
{

1,
bi − aT

i x
(1)

aT
i d

(1)

∣

∣

∣ i = 1, 3, aT
i d

(1) < 0
}

=
b1 − aT

1 x
(1)

aT
1 d

(1)
=

1

2
.


x(2) = x(1) + α1d
(1) = (0, 1)T , A2 = A1 ∪ {1} = {1, 2}.#+[00fB�
�V℄4�0o/

min d2
1 + d2

2 − 2d1 − 2d2

s.t. d1 + d2 = 0, d1 = 0R����T Lagrange �0
d(2) = (0, 0)T , λ(2) = (2, 0)T .�� λ(2) ≥ 0, bR�
�0m�o/T>��_

x∗ = x(2) = (0, 1)T ,��T Lagrange �0_
λ∗ = (2, 0, 0)T .sY 11

1. G&a Q ∈ Rn×n ��1hk� P ∈ Rn×n ���'8
dTPd > 0, ∀d 6= 0, dTQd = 0.j>�9B�� M > 0 ZS&a P +MQ hk�

2. G&a Q ∈ Rn×n ��hk� A ∈ Rm×n �'��
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(i) j>�&a
M =

(

Q AT

A 0

)�t���
M−1 =

(

C E

ET F

)

,r
�
C = Q−1 −Q−1AT (AQ−1AT )−1AQ−1, E = Q−1AT (AQ−1AT )−1, F = −(AQ−1AT )−1.

(ii) j>�&a M � n Hh*
w� m H2*
w�/� 0 *
w�
(iii) j>��B��=

M

(

−p
λ

)

=

(

g

b

)WX�	9U�B��=�
(AQ−1AT )λ = AQ−1g − b, Qp = ATλ− g.

3. G&a W ∈ Rn×n ��� Z ∈ Rn×t, u ∈ Rn C� Z U~�BW��J Z̄ = (Z, u). j>�.&a ZTWZ hk� uTWu ≥ 0, J&a Z̄TWZ̄ f1hkU�
4. <{W^5�	1n�p0 (11.4). G&a Z ∈ Rn−m U~YÆ AT UhnbUk=3�� ZTQZ �2*
w�j>�. (x∗ , λ∗) '8 K-K-T:d (11.5), �$�'8 dT ZTQZd < 0U d ∈ Rn. k)z� φ(α) = f(x∗+αZd)t	��
5. G x∗ '8k_ 11.1.1 U:d�j>� x∗ fp0 (11.4) U^k�$?���
6. Gp0 (11.1) 
U Q ��1hk�C�# D �H�j>�. f B D 
�	��Jp0U?��9B�
7. G x̄ f	1n� (11.1) U��j> x̄ hf	9U�Bn�U�

min φ(x) = xT (Qx̄+ q)

s.t. aT
i x ≥ bi, i ∈ I = {1, . . . ,m1},
aT

i x = bi, i ∈ E = {m1 + 1, . . . ,m},

8. G Q ∈ Rn×n ��hk� A ∈ Rm×n, c ∈ Rn, b ∈ Rm, d ∈ R. <{*	?��p0�
min f(x) =

(xTQx)1/2

cTx+ d
s.t. Ax = b,

x ≥ 0.VG5p0�� x̄, ��$�C�` x, � cTx+ d > 0. mi;9U!^n�p0$�`kHG	1n�p0�
9. G Q ∈ Rn×n ��hk� a ∈ Rn �2�j>	9Up0�























max g(x)
△
=

aTx

(xTQx)1/2

s.t.
n
∑

j=1

xj = 1,

xj ≥ 0, j = 1, 2, . . . , n



174 �S�� �v���^k����r�C=u	9Up0SP�
min f(x) =

1

2
xTQx− aTx, s.t. x ≥ 0.

10. Æ�*	W^5�	1n�p0�
(i)

{

min x2
1 + 2x2

2 − 2x1x2 − 2x1 − 6x2

s.t. x1 + x2 = 1.
(ii)

{

min 2x2
1 + x2

2 + x1x2 − x1 − x2

s.t. x1 − 2x2 = 2.

11. j>G	1n�p0 (11.1) UC�#U�f:df��$�'8
∑

i∈E∪I
µiai = 0, µi ≥ 0, i ∈ I (11.14)U��"w µ, �
∑

i∈E∪I
µibi ≤ 0.

12. G d(k) 6= 0 fp0 (11.11) U��	{�!:dÆi�j>�
f(x(k) + αd(k)) < f(x(k)), ∀α ∈ (0, 1].

13. G x̄ ∈ Rn f	1n�p0 (11.1) UkHC�`��fp0
min f(x) = 1

2
xTQx+ qTx

s.t. aT
i x− bi = 0, i ∈ AU��r
 E ⊆ A ⊆ A(x̄). J λ̄ f�	U Lagrange �1�VG ai, i ∈ A �Btf��VG9B j ∈ A ZS

λ̄j < 0, d̄ fp0
min 1

2
dTQd+ (Qx̄+ q)Tx

s.t. aT
i d = 0, i ∈ A\{j}U���	{�!:dÆi�j>�

(i) aT
j d̄ ≥ 0.

(ii) d̄ fz� φ B x̄ $UkH	l�"�A ∇f(x̄)T d̄ < 0.

14. G A ∈ Rm×n �'�� a ∈ Rn. j>�	1n�p0
min 1

2
(x− a)T (x− a)

s.t. Ax = bU�v?�	U Lagrange �1!Y`�
x∗ = a+AT (AAT )−1(b−Aa), � λ∗ = (AAT )−1(b− Aa).

15. e��,=�Æ�	9U	1n�p0�
(i)























min x2
1 + 2x2

2 − 2x1x2 − 2x1 − 6x2

s.t. 1
2
x1 + 1

2
x2 ≤ 1,

−x1 + 2x2 ≤ 2,

x1 ≥ 0, x2 ≥ 0.��\`` x(0) = (0, 0)T .

(ii)














min x2
1 + 2x2

2 − x1x2 − x1 − 10x2

s.t. −3x1 − 2x2 ≥ −6,

x1 ≥ 0, x2 ≥ 0.��\`` x(0) = (0, 0)T .
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16. G Q ��hk� λ∗ fp0
min 1

2
λT (ATQ−1A)λ− (b+ ATQ−1q)Tλ

s.t. λi ≥ 0, i ∈ IU��j>� x∗ = −Q−1(q − Aλ∗) fp0 (11.1) U��
17. G Q ∈ Rn×n ��hk� A = (aT

i )i∈E∪I �'��j>�. λ∗, µ∗ fp0
{

min g(λ)
△
= 1

2
λT (AQ−1AT )λ− (b+ AQ−1q)Tλ

s.t. λi ≥ 0, i ∈ IU��j>� x∗ = Q−1(Aλ∗ − q) f	9UdW^5�p0
min f(x) =

1

2
xTQx+ qTx, s.t. Ax ≥ bU��

18. G Q ∈ Rn×n ��1hk� q ∈ Rn, A ∈ Rm×n, b ∈ Rm. <{*	tH	1n�p0 (�`,\ — �^p0):

min f(x) =
1

2
xTQx+ qTx, s.t. Ax = b, x ≥ 0, (11.15)

max g(y, u, v) = −1

2
yTQy + bTu, s.t. −Qy + ATu+ v = q, v ≥ 0. (11.16)j>	9U� �

(i) .p0 (11.15) t��Jp0 (11.16) tC�`�
(ii) .p0 (11.16) t��Jp0 (11.15) tC�`�
(iii) .p0 (11.15) �?�� x∗, J9B u∗, v∗, ZS (y, u, v) = (x∗, u∗, v∗) fp0 (11.16) U?���
(iv) .p0 (11.16) �?�� x∗, Jp0 (11.15) h�?�����tp0U?�w�W�

19. G;k0U:dÆi�j>	9U� �
(i) G x∗ fp0 (11.15) U?��� (x∗, u∗, v∗) fp0 (11.16) U?���J x∗T v∗ = 0.

(ii) G x∗ fp0 (11.15) UC�`�ZS� (x∗ , u∗, v∗) fp0 (11.16) UC�`^'8 x∗T v∗ = 0, J x∗ fp0 (11.15) U?��� (x∗, u∗, v∗) fp0 (11.16) U?���
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�6�E ;�kWN� (I) — B/�Y6C�?P�q3;z4�>��o/�
min f(x)

s.t. gi(x) ≥ 0, i ∈ I = {1, . . . ,m1},
hj(x) = 0, j ∈ E = {m1 + 1, . . . ,m},q�y� f , gi, i ∈ I, hj, j ∈ E mNBY�I

gI(x) = (g1(x), . . . , gm1(x))
T , hE(x) = (hm1+1(x), . . . , hm(x))T .I:8T4�o/BVWZ0


min f(x)

s.t. gI(x) ≥ 0,

hE(x) = 0.

(12.1)o/ (12.1) TB?"_
D = {x | gI(x) ≥ 0, hE(x) = 0}.

§12.1 �7D�
�4�o/ (12.1) TjZ�eT���_L}s4�o/���4Z��<t
�j�}s4�o/T�TA�o/ (12.1) T���y��eL}s4�o/��Ta;BV�
§12.1.1 e��5B�j{y� F : Rn → R )��

F (x) =

{

f(x), x ∈ D,
+∞, x 6∈ D.(w:��4�o/ (12.1) T�VW��8Ts4�o/T��

minF (x), x ∈ Rn.���y� F AB?" D TK�
mN��.�Lusx<t
� F T9&vT-Ro/ (12.1) T��O_�y��T2?
�eXEmNBYT+�y� Fµ : Rn → R, q�p� µ > 0. y� Fµ AB?" D TMhT�v�o/ (12.1) TGTy� f T�v�V��AB?" D TOh�v3>�GTy� f Tv� 1�	��B?"Oh_TGTy�vSu���YRs4�o/ minFµ(x) T�e4�o/ (12.1) T�
�����J µ→∞ R�o/ minFµ(x) T� x(µ) ��4�o/ (12.1)T��
177
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 (I) — ��Ci�\
q3
3jG-1Tf0�
�z�O_�y��T2?
��;z
�jG
V℄4�T4�o/�
min f(x) = x2

s.t. g(x) = −x− 1 ≥ 0.
(12.2)4o/TB?"u>>�� X_ D = (−∞, −1] � x∗ = −1. )I 12.1 �_�

−3 −2 −1 0 1 2 3 x

y

y=x2

*

20

15

10

5

x

*

20

15

10

5

4−4

x*I 12.1 o/ (12.2) TB?"�>���

S(x) = min 2{g(x), 0}.I S(x) = 0 J�
J x ∈ D. ?


Pµ(x) =
1

2
µS(x) =

1

2
µmin 2{g(x), 0}.- µ > 0 u>�Iy� Pµ �B?"uOT_�?z���XE+�y� Fµ

Fµ(x) = f(x) + Pµ(x) = f(x) +
1

2
µmin 2{g(x), 0}.
��

{

Fµ(x) = f(x), ∀x ∈ D,
Fµ(x) > f(x), ∀x 6∈ D.���J x 3\B?" D R�� Fµ(x)≫ f(x).
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LRO�s4�o/ minFµ(x) T�_
x(µ) = − µ

2 + µ
.wn�J µ→ +∞ R� x(µ)→ −1 = x∗. I 12.2 ���zs4�o/

minFµ(x), x ∈ Rn (12.3)���
>T µ vy� Fµ TI#u>��Ts4�o/ (12.3) T�TP��O�

−4 −3 −2 −1 0 1 2 3 4 x

y

*

20

15

10

µ =10

µ =4

µ =1

µ =0

*

y=F
µ
(x)

5

* * * * *
−4 −3 −2 −1 0 1 2 3 4 x

y

*

20

15

10

µ =10

µ =4

µ =1

µ =0

*

y=F
µ
(x)

5

* * * * *I 12.2 �KlGTy� Fµ(x) >q9&v_�A:8Tf0��y� Pµ �B?"uOT_�?z���q3�p_o/ (12.2) T�y��Z
�:8Tf0��j-T4�o/ (12.1), q3�+)�y��
S(x) = ‖hE(x)‖2 + ‖min{gI(x), 0}‖2, Pµ(x) =

1

2
µS(x), Fµ(x) = f(x) + Pµ(x). (12.4)
�� Fµ(x) = f(x), ∀x ∈ D. ���J µ > 0 �>R��#� x 6∈ D, � Fµ(x)≫ f(x). �.�:8j{T Pµ ejG�y��q3�y� Fµ _KlGTy��q�p� µ > 0 �_�p��q3�y� S_o/ (12.1) T4�[�x� S(x) T>&xvz_ x [�o/ (12.1) T4�9
T�x�d�KlGTy� Fµ, q3BXE)�O_�y���M� 12.1 ( e��5B� )\ 0 
�&6 x(0) ∈ Rn. I�5}Z {µk}, 0= ǫ > 0. ^ k := 0.
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 (I) — ��Ci�\
\ 1 h/3mpxs5
Fµk

(x) = f(x) + Pµk
(x) = f(x) +

1

2
µk

(

‖hE(x)‖2 + ‖min{gI(x), 0}‖2
)

.\ 2 �(
)4aN
minFµk

(x), x ∈ Rn-( x(k).\ 3 � Pµk
(x(k)) ≤ ǫ �

−min{gi(x
(k))

∣

∣

∣ i ∈ I} ≤ ǫ, max{|hj(x
(k))|

∣

∣

∣ j ∈ E} ≤ ǫ,1-( x(k), V1�^ k := k + 1. V~ 1.� 12.1.1 �[6Is5J�()4aN
min f(x) = 1

2x
2
1 + 1

6x
2
2

s.t. h(x) = x1 + x2 − 1 = 0.
I�5}Z^ µk = 2k−1.` XEKlGTy� Fµ )��
Fµ(x) = f(x) +

1

2
µh2(x) =

1

2
x2

1 +
1

6
x2

2 +
1

2
µ(x1 + x2 − 1)2.�G�R

∇Fµ(x) = (x1 + µ(x1 + x2 − 1),
1

3
x2 + µ(x1 + x2 − 1))T .��y� Fµ e�0Fy���.�s4�o/ minFµ(x) T�VW���< ∇Fµ(x) = 0 T�����<

{

x1 + µ(x1 + x2 − 1) = 0,
1
3x2 + µ(x1 + x2 − 1) = 0T���.��<R�
xµ = (

µ

1 + 4µ
,

3µ

1 + 4µ
)T .�.�O_�y��~KT_}_

x(k) = (
2k−1

1 + 2k+1
,

3× 2k−1

1 + 2k+1
)T .�9�R x(k) → x∗ = (1/4, 3/4)T .O_�y��-�)�A��
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 181%} 12.1.1 �s5 S u Pµ � (12.4) :�� {x(k)} �AJ 12.1 ���I�5}Z {µk} '753�1
(1) }Z {S(x(k))} k k '7Q3�
(2) }Z {f(x(k))} k k '7Q!�
(3) }Z {Fµk

(x(k))} k k '7Q!�I� (1) � x(k) Tj{n
{

Fµk
(x(k)) ≤ Fµk

(x(k−1)),

Fµk−1
(x(k−1)) ≤ Fµk−1

(x(k)).:8Ts℄�SR
1

2
(µk − µk−1)(S(x(k))− S(x(k−1))) ≤ 0.�.� S(x(k)) ≤ S(x(k−1)), � (1) 
h�

(2) � Fµk−1
(x(k−1)) ≤ Fµk−1

(x(k)) R
f(x(k−1)) ≤ f(x(k)) +

1

2
µk−1(S(x(k))− S(x(k−1))) ≤ f(x(k)),� (2) 
h�

(3) � Fµ u> x(k) Tj{R
Fµk

(x(k)) ≤ Fµk
(x(k+1)) = f(x(k+1)) +

1

2
µkS(x(k+1)) ≤ f(x(k+1)) +

1

2
µk+1S(x(k+1)) = Fµk+1

(x(k+1)),� (3) 
h� IV%} 12.1.2 �s5 S u Pµ � (12.4) :�� {x(k)} �AJ 12.1 ���I�5}Z {µk} '753�� δk = S(x(k)). 1 x(k) �*)4aN
min f(x) s.t. S(x) ≤ δk (12.5)/(�I� F x eo/ (12.5) TB?_�q3�

0 ≤ 1

2
µk[S(x(k))− S(x)]

= [Fµk
(x(k))− Fµk

(x)] + [f(x)− f(x(k))]

≤ f(x)− f(x(k)).�.� x(k) eo/ (12.5) T�� IV yO S(x) = 0 VW� x ∈ D, o/ (12.1) VW�
min f(x) s.t. S(x) ≤ 0.:8T�^	=�- δk � &�Io/ (12.5) e4�o/ (12.1) T�
��.� x(k) Bu:
eo/

(12.1) TjG�
��O_�y��TnoA)��
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 (I) — ��Ci�\
�} 12.1.1 �s5 f , gi, hj, i ∈ I, j ∈ E T~�)4aN (12.1) /( -�� {x(k)} �AJ 12.1����NI�5}Z {µk} '753�� +∞. 1 {x(k)} /�v	j6;*aN (12.1) /(�I� F {x(k)}k∈K → x̄∗. �F x∗ eo/ (12.1) T>����� x(k) es4�o/
minFµk

(x), x ∈ RnT��b�
Fµk

(x(k)) ≤ Fµk
(x∗) = f(x∗) +

1

2
µkS(x∗) = f(x∗),�

Fµk
(x(k)) = f(x(k)) +

1

2
µkS(x(k)) ≤ f(x∗).�.BR

0 ≤ S(x(k)) ≤ 2(f(x∗)− f(x(k)))

µk
.A:℄sz
 k ∈ K, k →∞,  yO {x(k)}k∈K → x̄∗, µk →∞, bR

f(x̄∗) ≤ f(x∗) � S(x̄∗) = 0,� x̄∗ B?� f(x̄∗) ≤ f(x∗). G x∗ eo/ (12.1) T���. x̄∗ geo/ (12.1) T�� IV
§12.1.2 ���5B�:j~�?TO_�y��~KT_} {x(k)} h�o/ (12.1) TB?" D TOh��.���
12.1 �_O_�y���?~�?M_�y����O_�y�����M_�y��~KT_}3B?"TMhA�o/T��;z4�o/

min f(x)

s.t. gi(x) ≥ 0, i ∈ I.
(12.6)Io/ (12.6) TB?"_

D = {x | gi(x) ≥ 0, i ∈ I}.q3�<�
D0 = {x | gi(x) > 0, i ∈ I}_o/ (12.6) TYDB?"�UF D0 6= ∅.M_�y��T2?
�e�XE+� (k�) y� Fµ, 4y�AYDB?" D0 uOT�v_s
>����J_ x 3 D0 �� D TK�R�y�v��s
>�\d�s4�o/ minFµ(x) T�jjA D0 M�q3�XJ µ ��s
>R�s4�o/ minFµ(x) T� x(µ) ��4�o/ (12.6) T��+�y� Fµ A D TK��vzjQ�>T~�*s4�o/ minFµ(x) T�LAzB?" D TMh��.�M_�y��g�_S#y���


Fµ(x) = f(x)− µ−1
∑

i∈I
log gi(x). (12.7)



§12.1 	�\
 183wn�y� Fµ &7:}+�y�Te
�q3�y�
S(x) = −

∑

i∈I
log gi(x)_��S#y���4�o/ (12.2), q3�

Fµ(x) = x2 − µ−1 log[−(x+ 1)],��Ts4�o/
minFµ(x), x ∈ RT�_

x(µ) = −1 +
√

1 + 2µ−1

2
−→ −1 = x∗, µ→∞.I 12.3��z���
>T µvRy� Fµ TI#u>��Ts4�o/ minFµ(x)T�TP��O�

−3 −2.5 −2 −1.5 −1 −0.5 0.5 1

1

2

3
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8

9

x

y

*

10

µ =1

µ =2

µ =5

µ =15

y=x2

0

*

10

y=x2

*
*

*

*

*

I 12.3 �+�GTy� Fµ(x) >q9&v_�M_�y��TG�f�)��M� 12.2 � ���5B� �\ 0 
�&6 x(0) ∈ D0. I�5}Z {µk}, 0= ǫ > 0. ^ k := 0.



184 �S�� �[md`
 (I) — ��Ci�\
\ 1 h/WUs5
Fµk

(x) = f(x) + µ−1
k S(x) = f(x)− µ−1

k

∑

i∈I
log gi(x).\ 2 � x(k−1) a^�&6� k = 0 *�&6�����(
)4aN minFµk

(x), x ∈ Rn -( x(k).\ 3 �
−µ−1

k

∑

i∈I
log gi(x

(k)) ≤ ǫ,1-( x(k). V1�^ k := k + 1. V~ 1.� 12.1.2 �s6Is5J�(�h)4aN�
min f(x) = 1

2 (x1 + 1)2 + x2

s.t. x1 − 1 ≥ 0,

x2 ≥ 0.
 µk = 10k, k = 1, 2, . . ..` XE+�y�
Fµ(x) = f(x)− µ−1

∑

i∈I
log gi(x) =

1

2
(x1 + 1)2 + x2 − µ−1(log(x1 − 1) + log x2).
�s4�o/

minFµ(x), x ∈ R2R�
x(µ) = ((1 + µ−1)1/2, µ−1)T .�.�

x(µk) = ((1 + 10−k)1/2, 10−k)T , k = 1, 2, . . . .�9�R
x(µk)→ (1, 0)T , k →∞.Z
��^ 12.1.1 � 12.1.2, Bui=�M_�y��-�)�A��%} 12.1.3 � {x(k)} �AJ 12.2 ���I�5}Z {µk} '753�1

(1) }Z {S(x(k))} k k '7Q!�
(2) }Z {Fµk

(x(k))} k k '7Q3�
(3) � δk = S(x(k)). 1 x(k) �*h3)4aN/(�

min f(x) s.t. S(x) ≤ δk.
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 185:8T (3) 	=�J δk � >R� x(k) eo/ (12.6) TjG�
��M_�y���)�noAj^�qi=Bp: [27, j^ 10.3.4].�} 12.1.2 �s5 f , gi, i ∈ I T~D\�D0 QF��tp^ D. ,�aN (12.6) �(� {x(k)}�AJ 12.2 ����NI�5}Z {µk} '753�� +∞. 1 {x(k)} /�v	j6;*aN (12.6)/(�
§12.2 j^�

§12.2.1 �9:?jV}h℄�3�y��TnoAj^Bu:��eYRs4�o/ minFµk
(x) T�e4�o/ (12.1) Tu{T�
��p� µk HH�>�GJ µk �>R�y� Fµk

T Hessian `(�Æ\%��8q3u
�V℄4�o/
min f(x)

s.t. hi(x) = 0, i ∈ E = {m1 + 1, . . . ,m}
(12.8)TO_�y��_f\G ∇2Fµk

(x(k)) T9
��.R�q3�
Fµk

(x) = f(x) +
1

2
µk

∑

i∈E
h2

i (x),

∇Fµk
(x) = ∇f(x) + µk

∑

i∈E
hi(x)∇hi(x),

∇2Fµk
(x) = ∇2f(x) + µk

∑

i∈E
∇hi(x)∇hi(x)

T + µk

∑

i∈E
hi(x)∇2hi(x). (12.9)� ∇Fµk

(x(k)) = 0 R
∇f(x(k)) + µk

∑

i∈E
hi(x

(k))∇hi(x
(k)) = 0. (12.10)F x∗ eo/ (12.8) T>��� {x(k)} → x∗ �A x∗ #D�4�fA
h�� K-K-T 9
��

∇f(x∗)−
∑

i∈E
λ∗i∇hi(x

∗) = 0.A (12.10) �
 k →∞ BR
µkhi(x

(k))→ −λ∗i .�.�
∇2f(x(k)) + µk

∑

i∈E
hi(x

(k))∇2hi(x
(k)) −→ ∇2

xL(x∗, λ∗)

∑

i∈E
∇hi(x

(k))∇hi(x
(k))T −→

∑

i∈E
∇hi(x

∗)∇hi(x
∗)T .� ∇2Fµk

(x) TV;℄�nJ k � >R� ∇2Fµk
(x(k)) \%�
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 (I) — ��Ci�\
�:8T zBu:��M� ∇2Fµk
(x(k)) \%T+�e���p� µk t>�	j�8�eYR

x(k) eo/ (12.8) T� x∗ T�
� µk HH� >�
V:��� x(k) es4�o/ minFµk
(x) T��b&7 (12.10). eYR x(k) ≈ x∗, H� hi(x

(k)) ≈ 0. - µk u&�I� (12.10) �
∇f(x∗) ≈ ∇f(x(k)) ≈ ∇Fµk

(x(k)) = 0.�Aj-�O�� ∇f(x∗) 6= 0. �.�eYR x(k) ≈ x∗, �p� µk HH� >�_zD)���p�t>��vT�vG�:TPL�q3XEy� Lµ(x), YRJ�p� µ ��u&R�s4�o/ minLµ(x) T� x(µ) ge4�o/ (12.8) T�TjG�{T�
�F x∗ eo/
(12.8) T>��� λ∗ e��T Lagrange �0�j{y� L̃µ(x) )��

L̃µ(x) = L(x, λ∗) +
1

2
µS(x),q��

L(x, λ) = f(x)−
∑

i∈E
λihi(x)eo/ (12.8) T Lagrange y��

S(x) = ‖hE(x)‖2 =
∑

i∈E
hi(x)

2e4�k�xy��F x(µ) es4�o/
min L̃µ(x), x ∈ RnT��I�

0 = ∇L̃µ(x(µ)) = ∇xL(x(µ), λ∗) + µ
∑

i∈E
hi(x(µ))∇hi(x(µ)).- x(µ) �
B?�� hi(x(µ)) ≈ 0, i ∈ E , I� ∇xL(x(µ), λ∗) ≈ 0. �.� x(µ) eo/ (12.8) TjG�
 K-K-T _�.R�sHe
�p� µ � >��.BuL}�-A�� 12.1 �� L̃µ �B Fµ, BXD)�� 12.1 ����p� µ t>ATT�vG�:TPL���y� L̃µ �w�fnv λ∗, �.�VMG� L̃µ e
B?T�_.�q3Bl��0A�T=℄�


Lµ(x, λ) = L(x, λ) +
1

2
µS(x) = f(x)−

∑

i∈E
λihi(x) +

1

2
µ
∑

i∈E
h2

i (x). (12.11)�:℄j{T Lµ _o/ (12.8) TKl Lagrange y��
��- λ ≈ λ∗, I Lµ(x, λ) ≈ L̃µ(x). Kl
Lagrange y� Lµ eA Lagrange y�T2 :���B?_Su��~KT�d�Kl Lagrange y� Lµ, BfhZ
��� 12.1 T�y���q3���T��_�0���0�VÆt�)��FA[ k 0fBT�p� µk sKj�℄Fs�z��0!v λ∗ T\G λ(k).
�e�Pv x Ts4�o/ minLµk

(x, λ(k)) R� x(k). A.2 :���0!v λ∗ �jf\GR
λ(k+1). �8Tj^K�z\�
�T�^A�
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 187�} 12.2.1 � x(k) *
)4aN
minLµk

(x, λ(k)), x ∈ Rn (12.12)/(�1 x(k) �*)4aN
min f(x)

s.t. hi(x) = hi(x
(k)), i ∈ E

(12.13)/(�I� �� x(k) es4�o/ (12.12) T��b�
Lµk

(x, λ(k)) ≥ Lµk
(x(k), λ(k)), ∀x ∈ Rn,�

f(x)−
∑

i∈E
λ

(k)
i hi(x) +

1

2
µk

∑

i∈E
h2

i (x) ≥ f(x(k))−
∑

i∈E
λ

(k)
i hi(x

(k)) +
1

2
µk

∑

i∈E
h2

i (x
(k)).3��

f(x)− f(x(k)) ≥ −
∑

i∈E
λ

(k)
i (hi(x

(k))− hi(x)) +
1

2
µk

∑

i∈E
(h2

i (x
(k))− h2

i (x)), ∀x ∈ Rn.:℄)X�&7 hi(x) = hi(x
(k)), i ∈ E T�� x 
h�� x(k) geo/ (12.13) T�� IV:8Tj^	=�- x(k) �
B?�� S(x(k)) � &R� x(k) eV℄4�o/ (12.8) TjG�
���8�q3M��0 λ(k) TfBT℄� yO x(k) es4�o/ (12.12) T��q3�

0 = ∇xLµk
(x(k), λ(k))

= ∇f(x(k))−
∑

i∈E
λ

(k)
i ∇hi(x

(k)) + µk

∑

i∈E
hi(x

(k))∇hi(x
(k))

= ∇f(x(k))−
∑

i∈E
[λ

(k)
i − µkhi(x

(k))]∇hi(x
(k)).	j�8�� K-K-T 9
�- x∗ eo/ (12.8) T��� λ∗ e��T Lagrange �0�I�

∇f(x∗)−
∑

i∈E
λ∗i∇hi(x

∗) = 0.Bu:8s℄�q3B�)��0fBD℄�
λ

(k+1)
i = λ

(k)
i − µkhi(x

(k)), i ∈ E .2�:}(��q3RO)�
�V℄4�o/ (12.8) T�0��M� 12.3 ��9:?jV}h℄��\ 0 
�&6 x(0) ∈ Rn, �&�Y λ
(0)
i , i ∈ E. a:I�5}Z {µk}, 0= ǫ > 0. ^ k := 0.
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 (I) — ��Ci�\
\ 1 h/3m Lagrange s5
Lµk

(x, λ(k)) = L(x, λ(k)) +
1

2
µkS(x),�N�

L(x, λ(k)) = f(x)−
∑

i∈E
λ

(k)
i hi(x), S(x) = ‖hE(x)‖2 =

∑

i∈E
h2

i (x).\ 2 � x(k−1) a^�&6� k = 0 !��&6�����(
)4aN
minLµk

(x, λ(k)), x ∈ Rn-( x(k).\ 3 �
‖hE(x(k))‖ = S(x(k))1/2 ≤ ǫ,1-( x(k).\ 4 -x�Y8%�

λ
(k+1)
i = λ

(k)
i − µkhi(x

(k)), i ∈ E .^ k := k + 1. V~ 1.� 12.2.1 ��YJ�(hl/)4aN
min f(x) = x2

1 − 3x2 − x2
2

s.t. h(x) = x2 = 0.
 λ0 = −1, µk = 6. [aN/_�(^ x∗ = (0, 0)T , m�/ Lagrange �Y^ λ∗ = −3.` 4o/TKl Lagrange y�_
Lµ(x, λ) = x2

1 − 3x2 − x2
2 − λx2 +

1

2
µx2

2.s4�o/ minLµk
(x, λk) T�_

x(k) =
(

0,
3 + λk

µk − 2

)T

=
(

0,
3 + λk

4

)T

.�0fBD℄_�
λk+1 = λk − µkx

(k)
2 = −9

2
− 1

2
λk

= −9

2

(

1− 1

2
+

1

22
− · · ·+ (−1)k 1

2k

)

+ (−1)k 1

2k+1
λ0

= −3
(

1− (−1)k+1 1

2k+1

)

+ (−1)k+1 1

2k+1

= −3 + (−1)k+1 1

2k
→ −3 = λ∗.
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x(k) =

(

0, (−1)k 1

2k+1

)T

→ (0, 0)T = x∗.:8Tf0	=��0�� µk 
H�� +∞. �8Tj^3^�:i=�-Ao/ (12.8)T� x∗#� Lagrange �0 λ T��v λ∗ sn�I���� >T µ > 0, x∗ ges4�o/
minLµ(x, λ∗) = f(x)−

∑

j∈E
λ∗jhj(x) +

1

2
µ
∑

j∈E
h2

j(x), x ∈ Rn (12.14)T���} 12.2.2 � x∗ *aN (12.8) /�`6�_�(� LICQ - x∗ �
R�� ∇hj(x
∗), j ∈ E ky
k�,�- x∗ �F%�SR�
R�1 - µ̄ > 0, $-AF� µ ≥ µ̄, x∗ *
)4aN

minLµ(x, λ∗) = f(x)−
∑

i∈E
λ∗i hi(x) +

1

2
µ
∑

i∈E
h2

i (x) (12.15)/�_6�_�(��N λ∗ ^( x∗ �/ Lagrange �Y�I� q3i= x∗ &7o/ (12.15) �T�z� 9
��
∇xLµ(x∗, λ∗) = 0, ∇2

xLµ(x∗, λ∗) gj�3���j^ 2.1.4 n x∗ eo/ (12.15) TjGYD#h>���� K-K-T 9
 (j^ 9.2.1) n��#� µ > 0,

∇xLµ(x∗, λ∗) = ∇f(x∗)−
∑

j∈E
λ∗j∇hj(x

∗) + µ
∑

j∈E
hj(x

∗)∇hj(x
∗)

= ∇f(x∗)−
∑

j∈E
λ∗j∇hj(x

∗)

= ∇xL(x∗, λ∗) = 0.�8i=�J µ > 0 � >R�%` ∇2
xLµ(x∗, λ∗) gj� yO x∗ &7 hj(x

∗) = 0, ∀j ∈ E , sxG�R
∇2

xLµ(x∗, λ∗) = ∇2
xL(x∗, λ∗) + µ

∑

j∈E
∇hj(x

∗)∇hj(x
∗)T △

= ∇2
xL(x∗, λ∗) + µATA,q�� A = h′E(x∗). � LICQ n�%` A ?&��F p ∈ Rn #y�� p B)�gm ��

p = u+AT v, v ∈ Rm−m1 , u ∈ Null (A),q�� Null(A) V_%` A T�GY��&7 Aw = 0 T�1 w ∈ Rn X
T<���.BR
pT∇2

xLµ(x∗, λ∗)p = (u+AT v)T∇2
xL(x∗, λ∗)(u +AT v) + µ(u +AT v)TATA(u+AT v)

= uT∇2
xL(x∗, λ∗)u+ 2uT∇2

xL(x∗, λ∗)AT v

+ vTA∇2
xL(x∗, λ∗)AT v + µvT (AAT )(AAT )v. (12.16)
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�4�o/>��T�z� 9
 (j^ 9.2.3) n�8A�� a > 0 YR
uT∇2

xL(x∗, λ∗)u ≥ a‖u‖2.�� A ?&��%` AAT ��gj�
 b > 0 V_ AAT T>&)bv�I
c = ‖∇2

xL(x∗, λ∗)AT ‖, d = ‖A∇2
xL(x∗, λ∗)AT ‖.� (12.16), q3�

pT∇2
xLµ(x∗, λ∗)p ≥ a‖u‖2 − 2c‖u‖‖v‖ − d‖v‖2 + b2µ‖v‖2

= a
(

‖u‖ − c

a
‖v‖
)2

+ (b2µ− d− c2

a
)‖v‖2.� µ̄ _&7
V℄ µ̄ > d

b2 + c2

ab2 T#y���IJ µ ≥ µ̄ R�
pT∇2

xLµ(x∗, λ∗)p ≥ 0.���:℄�V}
hT�e9
e u = 0, v = 0, /VWZ p = 0. 3�� ∇2
xLµ(x∗, λ∗) gj� IV

§12.2.2 �P:?jV}h℄�q3
;z
V℄4�o/T�0����
V℄4�o/
min f(x)

s.t. gi(x) ≥ 0, i ∈ I = {1, 2, . . . ,m1},
(12.17)�+��Pv zi, i ∈ I, :8To/VW�)�V℄4�o/�

min f(x)

s.t. ḡi(x, z)
△
= gi(x)− z2

i = 0, i ∈ I.
(12.18)�.�Bd��� 12.3 
�o/ (12.18). 4o/TKl Lagrange y�_

L̄µ(x, z, λ) = f(x)−
∑

i∈I
λiḡi(x, z) +

1

2
µ
∑

i∈I
ḡ2

i (x, z)

= f(x)−
∑

i∈I
λi(gi(x) − z2

i ) +
1

2
µ
∑

i∈I
(gi(x)− z2

i )2.d��� 12.3 
�o/ (12.18) R��0fBD℄_
λ(k+1) = λ(k) − µk(gI(x(k))− z2

k), (12.19)q�� z2
k = ((z

(k)
1 )2, (z

(k)
2 )2, . . . , (z

(k)
m1)

2)T , (x(k), zk) e�8Ts4�o/
min L̄µk

(x, z, λ(k)), (x, z) ∈ Rn+m1T��
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� z 
9&�
min

z
L̄µ(x, z, λ), z ∈ Rm1 . (12.20)
4o/T�_ z = z(x). �	?� x 
9&�

min
x
L̄µ(x, z(x), λ)

△
= Lµ(x, λ), x ∈ Rn. (12.21)�KjT x, λ � µ, e� z Ts4�o/ (12.20) T�&7

∇zL̄µ(x, z, λ) = 0,�
zi[λi − µ(gi(x) − z2

i )] = 0, i ∈ I,�.R
z2

i = max{0, gi(x)− µ−1λi} = µ−1 max{0, µgi(x) − λi}, i ∈ I, (12.22)�o/ (12.20) T� z = z(x) � (12.22) K��3��
ḡi(x, z(x)) = gi(x) − z2

i (x) = gi(x) − µ−1 max{0, µgi(x) − λi}
= µ−1

(

min{µgi(x), λi}
)

= µ−1
(

min{µgi(x) − λi, 0}+ λi

)

. (12.23)h.℄B+O (12.21) R
Lµ(x, λ) = f(x)−

∑

i∈I
λiḡi(x, z(x)) +

1

2
µ
∑

i∈I
ḡ2

i (x, z(x))

= f(x)− µ−1
∑

i∈I
λi

(

min{µgi(x)− λi, 0}+ λi

)

+
1

2
µ−1

∑

i∈I

(

min{µgi(x)− λi, 0}+ λi

)2

= f(x) +
1

2
µ−1

∑

i∈I

(

min 2{µgi(x) − λi, 0} − λ2
i

)

.h (12.22) B+O (12.19) BR�0fBD℄)��
λ

(k+1)
i = max{λ(k)

i − µkgi(x
(k)), 0}, i ∈ I. (12.24):8T(�VM:K�z
�
V℄4�o/ (12.17) T�0��4��TKl Lagrange y�_

Lµ(x, λ) = f(x) +
1

2
µ−1

∑

i∈I

(

min 2{µgi(x)− λi, 0} − λ2
i

)

.�0fBD℄� (12.24)K����TÆz,I_ ‖ḡI(x(k), z(x(k)))‖ ≤ ǫ. d� (12.23), 4Æz,IBVWZ0

‖min{gI(x(k)), µ−1

k λ
(k)
I }‖ ≤ ǫ. (12.25)
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4�
�V℄4�o/ (12.8) �
V℄4�o/ (12.17) T�0��q3BXE
�j-4�o/
min f(x)

s.t. gi(x) ≥ 0, i ∈ I,
hj(x) = 0, j ∈ E

(12.26)T�0��o/ (12.26) TKl Lagrange y�_�
Lµ(x, λ) = f(x) +

1

2
µ−1

∑

i∈I

(

min 2{µgi(x)− λi, 0} − λ2
i

)

−
∑

j∈E
λjhj(x) +

1

2
µ
∑

j∈E
h2

j(x). (12.27)��T�0fBD℄_�
λ+

j =

{

λj − µhj(x), j ∈ E ,
max{λi − µgi(x), 0}, i ∈ I,

(12.28)q�� x, µ, λ V_J|fB_Tv� λ+ V_�j0fBT�0!v�Z
��� 12.3, 
�j-4�o/ (12.26) T�0�)��M� 12.4 ( h℄� )\ 0 
�&6 x(0) ∈ Rn, �&�YnW λ(0). a:I�5}Z {µk}, 0= ǫ > 0. ^ k := 0.\ 1 � (12.27) h/3m Lagrange s5 Lµ(x, λ).\ 2 � x(k−1) a^�&6� k = 0 !��&6�����(
)4aN
minLµk

(x, λ(k)), x ∈ Rn-( x(k).\ 3 �
‖hE(x(k))‖ + ‖min{gI(x(k)), µ−1

k λ
(k)
I }‖ ≤ ǫ,1-( x(k).\ 4 - (12.28) N
 x = x(k), λ = λ(k) - λ(k+1). ^ k := k + 1. V~ 1.� 12.2.2 �AJ 12.4 �(hl/)4aN�

min f(x) = x2
1 + x2

2

s.t. g(x) = x1 − 1 ≥ 0.
 µk = 4, λ0 = 0.
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Lµ(x, λ) = x2

1 + x2
2 +

1

2
µ−1

[

min 2{µ(x1 − 1)− λ, 0} − λ2
]

=

{

x2
1 + x2

2 + 1
2µ(x1 − 1)2 − λ(x1 − 1), - x1 ≤ 1 + µ−1λ,

x2
1 + x2

2 − 1
2µ

−1λ2, - x1 > 1 + µ−1λ.sxG�BR
∂Lµ(x, λ)

∂x1
=

{

2x1 + µ(x1 − 1)− λ, - x1 ≤ 1 + µ−1λ,

2x1, - x1 > 1 + µ−1λ.�
∂Lµ(x, λ)

∂x2
= 2x2.� ∇xLµ(x, λ) = 0 Rs4�o/

min
x
Lµ(x, λk), x ∈ RnT9&v_

x(k) =
(λk + µk

2 + µk
, 0
)T

= (
λk + 4

6
, 0)T .�0&7

λk+1 = max{λk − 4(x
(k)
1 − 1), 0} = max{λk + 4

3
, 0} =

λk + 4

3
.�.� λk → 2, x(k) → (1, 0)T , k →∞.�f 12.2.1� 12.2.2Bu:����0�~KT_}no�o/T������p� µk 
H��

+∞. sY 12

1. Gz� f , gi, hj , i ∈ I, j ∈ E nOCZ�z� Fµ � (12.4) k|�G {µk} → +∞, {τk} → 0. x(k) '8
‖∇Fµk

(x(k))‖ ≤ τk.G x̄ f {x(k)} U:�`�"w= ∇gi(x̄), i ∈ I, ∇hj(x̄), j ∈ E �Btf�j>� x̄ fp0 (12.1) U K-K-T`�
2. j>�_ 12.1.3.

3. Gz� f fGz�� gi, i ∈ I f(z��j>��$LU µ > 0, � (12.7) k|Uz� Fµ f D0 
UGz��
4. G f nOCZ� gi, i ∈ I fnOCZU(z�� hj , i ∈ E f�Bz��<{p0 (12.1). k|*	 l1 
z��

Fµ(x) = f(x) + µ
(

−
∑

i∈I
min{gi(x), 0} +

∑

i∈E
|hj(x)|

)

.G (x∗, λ∗, µ∗) fp0 (12.6) U K-K-T `�j>��$�
µ ≥ max{λ∗

i , i ∈ I, |µ∗
j |, j ∈ E},
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x∗ hft5�p0

minFµ(x), x ∈ RnU��
5. Gz� f , gi, hj , i ∈ I, j ∈ E nO� {x(k)} ��� 12.1 �L�r

q�M~ {µk} Fe^L��� +∞. .

x∗ f {x(k)} $�:�`�B5`$'8 LICQ, J9Bt�yU= K ZS
lim

k∈K, k→∞
(x(k),−µk min{g(x(k)), 0}, −µkh(x

(k))) = (x∗, λ∗, µ∗)f (12.1) U K-K-T `�
6. <{dW^5�p0 (12.6). k|z�

S(x) = min{0, gi(x), i ∈ I}.J J(x) = {i ∈ I | gi(x) = S(x)}. VG X ⊂ Rn f�=��1H x ∈ X, "w= {∇gi(x), i ∈ J(x)} �Btf�j>��1H x ∈ X, 	9Uf� λj , j ∈ I U	1n�p0�^k� λ̄(x):

min qx(λ) = ‖∇f(x) +
∑

i∈I
λi∇gi(x)‖2 +

∑

i∈I
[S(x) − gi(x)]

2λ2
i .��� λ̄(x) f� x nO�.�kgVG (x∗, λ∗) fp0 (12.6) U K-K-T `�J λ̄(x∗) = λ∗.

7. G;k0U:dÆi�k|z�
Fµ(x) = f(x) − µS(x).j>�9B�� µ̄ ≥ 0 ZSK µ > µ̄ S�

(i) . x∗ ∈ X f fµ Unk`�A f U�"N� fµ(x∗; d) '8
F ′

µ(x∗; d) ≥ 0, ∀d ∈ Rn,J9B λ∗ ZS (x∗, λ∗) f (12.6) U K-K-T `�
(ii) . (x∗, λ∗) fp0 (12.6) U K-K-T `� x∗ ∈ X, J x∗ f Fµ Unk`�

8. G f, gi : Rn → R, i ∈ I nOCZ� Fµ � (12.7) k|��GdW^5�p0 (12.6) UC�#f�=�j>��$L µ > 0, t5�p0 minFµ(x) �� x(µ) '8 gi(x(µ)) < 0, i ∈ I.

9. Gz� f , gi : Rn → R, i ∈ I nOCZ� Fµ � (12.7) k|�G x̄ fp0 (12.6) UkHZE$i?���B5`U$��#Ns�`'8 gi(x) < 0, i ∈ I. j>�
(i) t5�p0 minFµ(x) U� x(µ) '8

lim
µ→∞

Fµ(x(µ)) = min{f(x) | gi(x) ≤ 0, i ∈ I}.

(ii) M~ {x(k)} U$�:�`sfp0 (12.6) U�����K µ→ ∞ S� µ−1S(x(µ)) → 0.

10. �P`
z��Æ�	9Up0�
(i) min f(x) = 1

2
x2

1 + x2
2

s.t. 3x1 + x2 ≤ 10,

1 ≤ x1 ≤ 4,

(ii) min f(x) = 1
2
x2

1 − x1x2 + x2
2 − 2x1

s.t. 3x1 + x2 ≤ 2,

x1 ≤ 1,
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11. �N`
z��Æ�
min f(x) = 1

2
x2

1 + x2
2 − 2x1

s.t. x1 + x2 − 2 ≥ 0,

0 ≤ x1 ≤ 1,

12. G f , hj , j ∈ E 	1nOCZ� (x∗ , λ∗) fW^5�p0 (12.8) UkH K-K-T `�VG ∇hj(x
∗), j ∈ E �Btf�� ∇2

xL(x∗, λ∗) hk�<{*	gCE^�
{

x(k+1) = x(k) − α∇xL(x(k), λ(k)),

λ(k+1) = λ(k) − αh(x(k)),
k = 0, 1, 2, . . . .j>�9B ᾱ > 0 ZS;9UgCE^�LU`~ (x(k), λ(k)) $iop� (x∗, λ∗).

13. G x∗ fW^5�p0 (12.8) UkHZE$i:(w`� (x∗λ∗) '8	{�!:d�G (d
(k)
x , d

(k)
λ ) f� Newton�Æ�W^5�p0 (12.8) �LU�"�A"4'8

(

∇2
xL(x(k), λ(k)) −∇h(x(k))

∇h(x(k))T 0

)(

d
(k)
x

d
(k)
λ

)

= −
(

∇xL(x(k), λ(k))

−h(x(k))

)

.j>��$� µ > 0, d
(k)
x f	9U��
z�B x(k) $UkH	l�"�

Fµ(x) = f(x) + µmax{|h1(x), |h2(x)|, . . . , |hm(x)|}.

14. Gz� f , hj , j ∈ E 	1nOCZ� x∗ fW^5�p0 (12.8) UkH$i?��� λ∗ f�	U Lagrange �1� Lµ(x, λ) � (12.11) k|�j>�.	{�!:dÆi�J9B�� µ̄ > 0, γ > 0, δ > 0 ZS
Lµ(x, λ∗) ≥ Lµ(x∗, λ∗) + γ‖x− x∗‖2, ∀µ ≥ µ̄, ∀x : ‖x− x∗‖ ≤ δ.���

f(x) ≥ f(x∗) + γ‖x− x∗‖2, ∀x : h(x) = 0, ‖x− x∗‖ ≤ δ.

15. Gz� f , hj , j ∈ E sfnOz�� {λ(k)} f��M~� {µk} fFe^LUh�M~� {µk} → +∞, x(k) ft5�p0
minLµk

(x)
△
= f(x) + λ(k)ThE(x) +

1

2
µk‖hE (x)‖2U�$?���j>� {x(k)} U$�:�`sfW^5�p0 (12.8) U�$?���

16. G f : Rn → R nOCZ� A ∈ Rm×n '�� b ∈ Rm. G {x(k)} f��1�Æ�*	�BW^5�p0
min f(x), s.t. Ax = b.�LU`~�r

q� µk > 0.

(i) j>� x(k) fp0UkHC�`U�f:df"fp0UkH K-K-T `��� λ(k) f�	U Lagrange �1�
(ii) . {x(k)} ���	9U:dqkÆi�

(a) 
q�M~ {µk} → ∞;

(b) {x(k+1) − x(k)} → 0, �9B µ̄ > 0 ZS µk ≥ µ̄.J {λk} ����� (x(k), λ(k)) U$�:�`sfp0U K-K-T `�
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17. Gz� f , hj , j ∈ E sfnOz�� {λ(k)} f��M~� {µk} fFe^LUh�M~� {µk} → +∞. G x∗ fW^5�p0 (12.8) UkH_i:(w`�j>�9B {x(k)} → x∗, ��1H k, x(k) ft5�p0

minLµk
(x)

△
= f(x) + λ(k)ThE(x) +

1

2
µk‖hE (x)‖2U$i:(w`�

18. Gz� f , hj , j ∈ E nOCZ�{λ(k)}f��M~�h�M~ {µk}Fe^L� {µk} → +∞, h�M~ {ǫk} → 0.G x(k) '8
‖∇f(x(k)) + ∇hE(x(k))λ(k) + µk∇hE(x(k))hE(x(k))‖ ≤ ǫk, k = 0, 1, . . . .�G1~ {x(k)}k∈K op� x∗, � ∇hE(x∗) ~'��j>�9B λ∗, ZS

{λ(k) + µkhE(x(k))}k∈K → λ∗,

∇f(x∗) + ∇hE(x∗)λ∗ = 0, hE(x∗) = 0.

19. G f , hj , j ∈ E 	1nOCZ� x∗ fW^5�p0 (12.8) UkH$i:(w`� ∇hj(x
∗), j ∈ E �Btf�

λ∗ f�	U Lagrange �1��	{�!:dÆi��G Lµ � (12.11) k|��9B µ̄ > 0 ZS ∇2
xLµ̄(x∗, λ∗)hk�

(i) j>�9B� δ > 0, ǫ > 0, ZSf� x Up0
minLµ(x, λ, µ) s.t. x ∈ Uǫ(x

∗) = {x | ‖x− x∗‖ ≤ ǫ}�^k�$?�� x(λ, µ), � x(λ,µ) B
Ω = {(λ, µ) | ‖λ − λ∗‖ < δµ, µ ≥ µ̄}.UNinOCZ��kgj>�B�� M > 0 ZS
‖x(λ, µ) − x∗‖ ≤Mµ−1‖λ− λ∗‖.

(ii) J λ̃(λ, µ) = λ+ µh(x(λ, µ)). j>�9B�� M > 0 ZS
‖λ̃(λ, µ) − λ∗‖ ≤Mµ−1‖λ − λ∗‖.

(iii) j>���� (λ, µ) ∈ Ω, &a ∇2
xLµ(x(λ,µ), λ) ��hk��� ∇h′(x(λ, µ)) �'��

20. ��1�Æ�	9U5�p0
(i) min f(x) = 1

2
x2

1 + 1
6
x2

2

s.t. h(x) = x1 + x2 − 1 = 0.� λ0 = 0, µk = 6.

(ii) min f(x) = (x1 − 2)2 + (x2 − 3)2

s.t. h1(x) = x2 − (x1 − 2)2 ≤ 0,

h2(x) = 2x1 − x2 − 1 = 0.� λ(0) = (0, 0)T , µk = 4.

21. G f , gi, i ∈ I = {1, 2, . . . , m} nOCZ�� µ > 0, J g+
µ (x, λ) U!w`

g+
i (x, λ, µ) = min{gi(x), λi/µ}, i ∈ I.

(i) j>��$�'8 λ∗
i − µgi(x

∗) 6= 0 U (x∗, λ∗), gµ B5`UEH�#NnOCZ�
(ii) G (x∗, λ∗) '8 λ∗

i − µgi(x
∗) 6= 0. j> (x∗, λ∗) f	9U��=

{

∇f(x) + ∇xg
+
µ (x, λ) = 0,

g+
µ (x, λ) = 0U�U�f:df"fdW^5�p0 (12.18) U'8ZE�b:dU K-K-T `�
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�4�o/B?�!�T
��q3
'
j�
�s4�o/T�k���
�s4�o/T�k��Tt�e�AJ|_ x(k) #�VTGTy� f T�k�! d(k), �	�3 x(k) �
�^ d(k) �?�A��~Kf� αk, ��RO x(k+1) = x(k) + αkd
(k).�4�o/TB?�!���s4�o/T�k��Z
�G�4�o/�\�q3�e5T|eo/TB?_�B?�!�3o/TB?_�
�A4_TB?�!��VTYGTy��kT�!��	^4�!�?�A���ROjG3TB?_�).�?�����~KjG_}�4_}�T��T_5_o/TB?_��X4_}Æz�o/T��/q9�_eo/T��

§13.1 {�<AlX�v����
§13.1.1 Zoutendijk M�q3
;z4�y�_�Ay�T>��o/�

min f(x)

s.t. gi(x)
△
= aT

i x− bi ≥ 0, i ∈ I = {1, 2, . . . ,m1},
hj(x)

△
= aT

j x− bj = 0, j ∈ E = {m1 + 1,m1 + 2, . . . ,m},
(13.1)q�� ai ∈ Rn, i ∈ I ∪ E eKjT!v� bi ∈ R, i ∈ I ∪ E eKjTV��Io/ (13.1) TB?"_

DL = {x | gi(x) ≥ 0, i ∈ I, hj(x) = 0, j ∈ E}.
 I(x) V_A_ x ∈ DL #
V℄4��T�+4���
I(x) = {i ∈ I | gi(x) = 0}.��o/ (13.1) T4�5_�A4���j^ 9.1.3, x ∈ DL #TB?�!��A�B?�!VW�� d ∈ Rn e x ∈ DL #TB?�!T�e9
e!&7

aT
i d ≥ 0, ∀i ∈ I(x), aT

j d = 0, ∀j ∈ E .I_ x ∈ DL #TB?�!<_ S(x), �
S(x) = {d ∈ Rn | aT

i d ≥ 0, i ∈ I(x), aT
j d = 0, j ∈ E}.�j^ 2.1.1, !v d ∈ Rn ey� f A_ x #T�k�!T9
e� ∇f(x)T d < 0. Z
�
�s4�o/T>��k��q3AB?�!�VT d YR ∇f(x)T d ;O>&�� d e�8o/T��

min ∇f(x)T d

s.t. aT
i d ≥ 0, i ∈ I(x),
aT

j d = 0, j ∈ E ,
‖d‖ ≤ 1.

(13.2)
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:8o/TB?"ejG��E<��.�4o/�������� d = 0 eo/ (13.2) TB?_�o/ (13.2) T� d &7 ∇f(x)T d ≤ 0. �8Tj^	=�- x 
eo/ (13.1) T K-K-T _�Io/
(13.2) T�ey� f A x #T�k�! (qi=�Bq�).�} 13.1.1 � x ∈ DL, d̄ *aN (13.2) /(�1

(1) ) ∇f(x)T d̄ = 0 !� x *aN (13.1) / K-K-T 6�
(2) ) ∇f(x)T d̄ 6= 0 !� ∇f(x)T d̄ < 0. Jz� d̄ * f - x �/Dxh!Nn�:8Tj^K�zVT_ x ∈ DL #TB?�k�!T���F x ∈ DL eJ|fB_�Z
�s4�o/�Bd��A���jf��0 t, RO�jGfB_

x+ = x+ td̄._z8i x+ B?�E�f��0 t BgJ���Z
� (11.12) TLM�

tmax = min

{

− aT
i x− bi
aT

i d̄
| i ∈ I\I(x), aT

i d̄ < 0
}

. (13.3)IJ t ∈ [0, tmax] R�5� x+ = x+ td̄ ∈ DL. -��� i ∈ I\I(x), 5� aT
i d̄ ≥ 0, IB
 tmax = +∞.A:8T2 :�q3RO)����M� 13.1 (Zoutendijk M�)\ 0 
�&6 x(0) ∈ DL, 0= ǫ > 0. ^ k := 0.\ 1 �(

min ∇f(x(k))Td

s.t. aT
i d ≥ 0, i ∈ I(x(k)),

aT
j d = 0, j ∈ E ,
‖d‖ ≤ 1

(13.4)-( d(k).\ 2 � |∇f(x(k))T d(k)| ≤ ǫ, 1-( x(k). V1�V~ 3.\ 3 �ky>E
min

0≤t≤tmax

f(x(k) + td(k)) = f(x(k) + tkd
(k))
:~	 tk, �N tmax ^ (13.3) N) x = x(k), d̄ = d(k) !/
C�^ x(k+1) = x(k) + tkd

(k),

k := k + 1. V~ 1.� 13.1.1 �AJ 13.1 �(hl/_�}aN�
min f(x) = x2

1 + x2
2 − x1x2 − 2x1 − 3x2

s.t. g1(x) = −x1 − x2 + 2 ≥ 0,

g2(x) = −x1 − 5x2 + 5 ≥ 0,

g3(x) = x1 ≥ 0,

g4(x) = x2 ≥ 0.
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�&6 x(0) = (0, 0)T . �� x(2).` �G�R
∇f(x) = (2x1 − x2 − 2, −x1 + 2x2 − 3)T .J k = 0 R� ∇f(x0) = (−2,−3)T , I(x0) = {3, 4}. .R�0o/ (13.4) (\
�q3�s
!v��) _�8T�Am�o/�

min ∇f(x0)Td = −2d1 − 3d2

s.t. d1 ≥ 0, d2 ≥ 0,

‖d‖∞ ≤ 1.�.�Am�o/R d(0) = (1, 1)T . |∇f(x(0))T d(0)| = 5. � (13.3) R
tmax = min

{2

2
,

5

6

}

=
5

6
.��A��

min
0≤t≤ 5

6

f(x(0) + td(0)) = t2 − 5tR t0 = 5
6 . �.� x(1) = x(0) + t0d

(0) = (5
6 ,

5
6 )T .J k = 1R�∇f(x(1)) = (− 7

6 ,− 13
6 )T , I(x(1)) = {2}. .R�0o/ (13.4)_�8T�Am�o/�

min ∇f(x(1))Td = − 7
6d1 − 13

6 d2

s.t. d1 + 5d2 ≤ 0,

‖d‖∞ ≤ 1.�.�Am�o/R d(1) = (1, − 1
5 )T . |∇f(x(1))T d(1)| = 11

15 . � (13.3) R
tmax = min

{1/3

4/5
,

5/6

1/5

}

= min
{ 5

12
,

25

6

}

=
5

12
.��A��

min
0≤t≤ 5

12

f(x(1) + td(1)) =
31

25
t2 − 11

15
t+ f(x(1))R t1 = 55

186 . �.� x(2) = x(1) + t1d
(1) = (35

31 ,
24
31 )T .����A4�o/

min f(x)

s.t. gi(x) ≥ 0, i ∈ I = {1, . . . ,m1}.
(13.5)Bui=�- d ∈ Rn &7

∇gi(x)
T d > 0, i ∈ I(x),I d eo/ (13.5) A x #TB?�!�j�2�T��e�Z
� (13.4), ��8To/�j d(k):

min ∇f(x(k))T d

s.t. ∇gi(x
(k))Td > 0, i ∈ I(x(k)),

‖d‖ ≤ 1.
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G:8o/TB?"
eE<���BOeG<��.�o/BOs��_.��:8To/B)�Cg�
min z

s.t. ∇f(x(k))T d− z ≤ 0,

∇gi(x
(k))Td+ z ≥ 0, i ∈ I(x(k)),

‖d‖ ≤ 1.

(13.6)F (z(k), d(k)) eo/ (13.6) T��I z(k) ≤ 0, �_ (z, d) = (0, 0) e (13.6) TB?_�- zk < 0, I d(k)e f A x(k) #TB?�k�!�:8T��
O8i~KT_}no�o/ (13.5) T K-K-T _�\�ee�� {d(k)} T9� d∗BO
e DL A x∗ #TB?�!��vT�_.�B���SuCg��h�jB?�k�!T0o/ 

min z

s.t. ∇f(x(k))Td− z ≤ 0,

gi(x
(k)) +∇gi(x

(k))T d+ z ≥ 0, i ∈ I,
‖d‖ ≤ 1.

(13.7)��T���_ Topkis-Veinott ���qf�)��M� 13.2 (Topkis-Veinott M�)\ 0 
�&6 x0 ∈ D = {x | gi(x) ≥ 0, i ∈ I}. ^ k := 0.\ 1 �( (13.7) -( d(k).\ 2 � d(k) = 0, 1-( x(k). V1�V~ 3.\ 3 �ky>E
min

0≤t≤tmax

f(x(k) + td(k)) = f(x(k) + tkd
(k))
:~	 tk, �N�

tmax = {sup{t | gi(x
(k) + td(k)) ≥ 0, i ∈ I}.^ x(k+1) = x(k) + tkd

(k), k := k + 1. V~ 1.�� 13.2 �)�noAj^ (p: [3]) .�} 13.1.2 �s5 f , gi, i ∈ I T~D\�1AJ 13.2 ��/6Z {x(k)} /�v	j6 x̄ ;*aN (13.5) / Fritz-John 6�� -|�^\/5 λi ≥ 0, i ∈ I ∪ {0} $-
λ0∇f(x̄)−

∑

i∈I
λi∇gi(x̄) = 0.
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§13.1.2 Frank-Wolfe M�
Frank-Wolfe ��� Zoutendijk ��Z
�4����jB?�k�!<t
��8�Am�o/�j�

min
y∈DL

f(x(k)) +∇f(x(k))T (y − x(k))),/VWZ
min

y∈DL

∇f(x(k))T y. (13.8)q� DL eo/ (13.1) TB?"�Fo/ (13.8) T�_ y(k). 
 d(k) = y(k) − x(k). IJ x(k) 
eo/ (13.1) T�R� d(k) ey� f A x(k) #TB?�k�!�
V:�Z
�j^ 13.1.1, q3��8Tj^��} 13.1.3 � x(k) ∈ DL, y(k) *aN (13.8) /(�^ d(k) = y(k) − x(k). 1
(1) ) ∇f(x(k))T d(k) = 0 !� x(k) *aN (13.1) / K-K-T 6�
(2) ) ∇f(x(k))T d(k) 6= 0 !� ∇f(x(k))Td(k) < 0. Jz� d(k) * f - x(k) �/Dxh!Nn�I� �� x(k) ∈ DL eo/ (13.8) TB?_� y(k) eo/ (13.8) T��b

∇f(x(k))Td(k) = ∇f(x(k))T (y(k) − x(k)) ≤ 0.- ∇f(x(k))T d(k) 6= 0, IH� ∇f(x(k))T d(k) < 0, � (2) 
h�- ∇f(x(k))Td(k) = 0, � ∇f(x(k))Tx(k) = ∇f(x(k))T y(k). �� y(k) eo/ (13.8) T��b x(k) geo/ (13.8) T���e�8A λi, i ∈ E ∪ I, YR
∇f(x(k))− ∑

i∈I∪E
λiai = 0,

aT
i x

(k) − bi = 0, i ∈ E ,

λi ≥ 0, (aT
i x

(k) − bi) ≥ 0, λi(a
T
i x

(k) − bi) = 0, i ∈ I,� x(k) eo/ (13.1) T K-K-T _� IV
� (13.1) T Frank-Wolfe ��Tf�)��M� 13.3 (Frank-Wolfe M�)\ 0 
�&6 x(0) ∈ DL, 0= ǫ > 0. ^ k := 0.\ 1 �(kyn{aN (13.8) - y(k). ^ d(k) = y(k) − x(k).\ 2 � |∇f(x(k))T d(k)| ≤ ǫ, 1-( x(k). V1�V~ 3.\ 3 �ky>E
min

0≤t≤1
f(x(k) + td(k)) = f(x(k) + tkd

(k))
:~	 tk. ^ x(k+1) = x(k) + tkd
(k), k := k + 1. V~ 1.



202 �SP� �[md`
 (II) — 3z�s
� 13.1.2 � Frank-Wolfe AJ�(hlaN�
min f(x) = 2x2

1 + 2x2
2 − 2x1x2 − 4x1 − 6x2

s.t. x1 + x2 ≤ 2,

x1 + 5x2 ≤ 5,

x1 ≥ 0, x2 ≥ 0.
�&6 x(0) = (0, 0)T . �� x(2).` �G�R
∇f(x) = (4x1 − 2x2 − 4,−2x1 + 4x2 − 6)T .J k = 0 R� x(0) = (0, 0)T ∈ DL, ∇f(x(0)) = (−4,−6)T . ��8�Am�o/�

min ∇f(x(0))T y = −4y1 − 6y2

s.t. y1 + y2 ≤ 2,

y1 + 5y2 ≤ 5,

y1 ≥ 0, y2 ≥ 0.R y(0) = (5
4 ,

3
4 )T . �e d(0) = y(0) − x(0) = (5

4 ,
3
4 )T . ��A��

min
0≤t≤1

f(x(0) + td(0)) =
19

8
t2 − 19

2
tR t0 = 1. �.�

x(1) = x(0) + t0d
(0) = (

5

4
,
3

4
)T .G��r_V 13.1. W 13.1 g 13.1.2 UH��s

k x(k) ∇f(x(k)) y(k) d(k) |∇f(x(k))Td(k)| tk

0 (0, 0)T (−4,−6)T ( 5
4
, 3

4
)T ( 5

4
, 3

4
)T 19

2
1

1 ( 5
4
, 3

4
)T −( 1

2
, 11

2
)T (0, 1)T (− 5

4
, 1

4
)T 3

4
3
31bR

x(2) = x(1) + t1d
(1) = (

35

31
,
24

31
)T .�� 13.3 �)�noAj^��} 13.1.4 �s5 f T~D\� DL �)�6Z {x(k)} �AJ 13.3 ���1

(1) )6Z {x(k)} *�j6Z!�_x�`6*aN (13.1) / K-K-T 6�
(2) )6Z {x(k)} *
j6Z!� {x(k)} /�v	j6;*aN (13.1) / K-K-T 6�
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��
(2) F {x(k)}k∈K → x∗, {x(k+1)}k∈K → x̄∗. �� DL eE<� {x(k)} ⊂ DL, b x∗, x̄∗ ∈ DL. ���� {f(x(k))} TEdAn f(x∗) = f(x̄∗). ���L} {y(k)}k∈K ⊂ DL ���bH�9�_�
�F {y(k)}k∈K → y∗. 3�� {d(k)}k∈K → d∗ = y∗ − x∗.  yO x∗, y∗ ∈ DL. (w:� d∗ e x∗ #TB?�!���A��9
BR

f(x(k+1)) = f(x(k) + tkd
(k)) ≤ f(x(k) + td(k)), ∀t ∈ [0, 1].
 k ∈ K, k →∞ R

f(x̄∗) ≤ f(x∗ + td∗), ∀t ∈ [0, 1]. (13.9)	j�8��� ∇f(x(k))Td(k) ≤ 0, b� ∇f(x∗)T d∗ ≤ 0. - ∇f(x∗)T d∗ < 0, I d∗ e f A x∗ ∈ DL#TB?�k�!�J t > 0 � &R�H�
f(x∗ + td∗) < f(x∗).:℄�� (13.9) RO f(x̄∗) < f(x∗). *���.�q3� ∇f(x∗)T d∗ = 0.  yO d∗ eB?�!�Z
�j^ 13.1.3, Bui= x∗ eo/ (13.1) T K-K-T _� IV

§13.2 _)U��|j~�?TB?�!�����! d(k) B^�_B?_ x(k) #TB?�!�T>��k�!��.�!e>��k��Tj�Ll�?~�q33	j�qxh>��k��Ll�4�o/T
��4������! d(k) _ x(k) #T>��k�!AB?�!<�TC��q3���T��_C�+x��q3
�+C�T8Y��# 13.2.1 � Ω ⊆ Rn *tY
�A x ∈ Rn, �nW PΩ(x) ∈ Ω fZ
‖PΩ(x)− x‖ = min{‖y − x‖ | y ∈ Ω}, (13.10)1� PΩ(x) * x - Ω N/X��?�+C�%`T8Y��# 13.2.2 �A�7: P fZ P 2 = P , 1� P *�`X�7:��j{ 13.2.2 wn�C�%`e0gjT�F%` M ∈ Rm×n ?&��

P = MT (MMT )−1M, Q = I − P.sx`iBn�%` P � Q re��%`�&7 P 2 = P , Q2 = Q. �.��j{ 13.2.2, n� P � QreC�%`�
V:�%` P h Rn �T!vC�O� M T?!vK
T0GY�� Q h Rn �T!vC�O M T�GY:��

‖Px− x‖ = min{‖y − x‖
∣

∣

∣ y = MTu, u ∈ Rm}, MQy = 0, ∀y ∈ Rn.
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�} 13.2.1 A x ∈ DL, ^
M =

(

(aT
i )i∈I(x)

(aT
i )i∈E

)

,� M /xnW�6 x ∈ DL �/�r)4/K=/VJh
��-6 x �/�r)4/K=ky
k��7: M xfL�^
P = I −MT (MMT )−1M, d = −P∇f(x).� d 6= 0, 1 d *s5 f - x �/Dxh!Nn�I� �� P eC�%`�sxG�R

∇f(x)T d = −∇f(x)TP∇f(x) = −∇f(x)TPTP∇f(x) = −‖P∇f(x)‖2 < 0.�.� d e f A x #T�k�!����
Md = −MP∇f(x) = −M(I −MT (MMT )−1M)∇f(x) = 0,�

aT
i d = 0, i ∈ I(x) ∪ E .�.� d eB?�!� IVj^ 13.2.1K�zJ P∇f(x) 6= 0R�
B?�k�!Tj��℄��8Tj^K�zJ P∇f(x) =

0 R�jB?�k�!T����} 13.2.2 �:M 13.2.1 /R�
R� P∇f(x) = 0. ^
w = (MMT )−1M∇f(x) =

(

u

v

)

,�N u, v /_5Sz" I(x) u E N/&?5pmV�
(1) � u ≥ 0, 1 x *aN (13.1) / K-K-T 6�
(2) � ui N�Z5� uj < 0, ^

M̄ =

(

(aT
i )i∈I(x)\{j}

(aT
i )i∈E

)

,

P̄ = I − M̄T (M̄M̄T )−1M̄, d = −P̄∇f(x).1 d *s5 f - x �/Dxh!Nn�I� (1) � P∇f(x) = 0 R
0 = (I −MT (MMT )−1M)∇f(x) = ∇f(x) −MTw = ∇f(x)−

∑

i∈I(x)

uiai −
∑

i∈E
viai. (13.11)
 ui = 0, i ∈ I\I(x), I (x, u, v) eo/ (13.1) T K-K-T _�
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(2) 
i= P̄∇f(x) 6= 0. �F P̄∇f(x) = 0. 

(

ū

v̄

)

= (M̄M̄T )−1M̄∇f(x).I
0 = (I − M̄T (M̄M̄T )−1M̄)∇f(x) = ∇f(x)−

∑

i∈I(x),i6=j

ūiai −
∑

i∈E
v̄iai.:℄℄� (13.11) R

ujaj +
∑

i∈I(x), i6=j

(ui − ūi)ai +
∑

i∈E
(vi − v̄i)ai = 0. yO uj 6= 0, �.�:℄�_ x #T�+4�T+x�AseUF*��3�� P̄∇f(x) 6= 0. �.BR�

∇f(x)T d = −∇f(x)T P̄∇f(x) = −∇f(x)T P̄T P̄∇f(x) = −‖P̄∇f(x)‖2 < 0,� d e f A x #T�k�!��8i= d eB?�!�Z
�j^ 13.2.1 Ti=BR M̄d = 0, �
aT

i d = 0, i ∈ I(x)\{j}, aT
i d = 0, i ∈ E . (13.12)�� (13.11) R

0 = ∇f(x) −MTw = ∇f(x)− M̄T w̄ − ujaj ,q�� w̄ _ w ��
 uj 	ROT0!v�A:℄sz>�u aT
j P̄ ,  yO P̄ M̄T = 0, q3R

0 = aT
j P̄∇f(x)− uja

T
j P̄ aj = −aT

j d− uja
T
j P̄ aj .�.�

aT
j d = −uja

T
j P̄ aj .��C�%` P̄ 0gj� uj < 0, aT

j d ≥ 0. �.> (13.12) n� d eB?�!� IVd�j^ 13.2.1 �j^ 13.2.2, q3BXE)�
�o/ (13.1) TC�+x��M� 13.4 (Rosen ^(S	�)\ 0 
�&6 x(0) ∈ DL, 0= ǫ > 0. ^ k := 0, I0 = I(x(0)).\ 1 � Ik = ∅, ^ Pk = I ^'`7:�V1�^
Mk =

(

(aT
i )i∈Ik

(aT
i )i∈E

)

, Pk = I −MT
k (MkM

T
k )−1Mk.\ 2 ^ d(k) = −Pk∇f(x(k)). � ‖d(k)‖ > ǫ, 1V~ 4.\ 3 � Ik = ∅, 1-( x(k). V1�^

w(k) = (MkM
T
k )−1Mk∇f(x(k)) =

(

u(k)

v(k)

)

.� u(k) ≥ 0, 1-( x(k). V1�
: j ∈ Ik $- u
(k)
j < 0. ^ Ik = Ik\{j}. V~ 1.
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\ 4 �ky>E
min

0≤t≤tmax

f(x(k) + td(k)) = f(x(k) + tkd
(k))
:~	 tk, �N� tmax � (13.3) ��N x = x(k), d̄ = d(k)) �
:�^ x(k+1) = x(k) + tkd

(k),

Ik+1 = I(x(k+1)), k := k + 1, V~ 1.� 13.2.1 � Rosen K=X�J�(
min f(x) = x2

1 + x2
2 − x1x2 − 2x1 − 3x2

s.t. −x1 − x2 + 2 ≥ 0,

−x1 − 5x2 + 5 ≥ 0,

x1 ≥ 0, x2 ≥ 0.
�&Dx6 x(0) = (0, 1)T .` �G�R
∇f(x) = (2x1 − x2 − 2, −x1 + 2x2 − 3)T .J k = 0 R� I0 = I(x(0)) = {2, 3}. ∇f(x(0)) = (−3,−1)T .

M0 =

(

−1 −5

1 0

)

, P0 = I −MT
0 (M0M

T
0 )−1M0 =

(

0 0

0 0

)

.b
d(0) = −P0∇f(x(0)) = (0, 0)T .G�

w(0) = (M0M
T
0 )−1M0∇f(x(0)) = (

1

5
, −14

5
)T .�j j = 3, YR uj = − 14

5 < 0. ?G�
M0 = (−1,−5)T , P0 = I −MT

0 (M0M
T
0 )−1M0 =

(

25
26 − 5

26

− 5
26

1
26

)

.R
d(0) = −P0∇f(x(0)) =

7

13
(5,−1)T .A�?���A��R�
�
 d(0) = (5,−1)T . � (13.3) R

tmax = min{1
4
,
1

1
} =

1

4
.��A��

min
0<t≤1/4

f(x(0) + td(0)) = 31t2 − 14t− 2Rf� t0 = 7/31. �.�
x(1) = x(0) + t0d

(0) = (35/31, 24/31)T .
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M1 = (1, −5), P1 = I −MT
1 (M1M

T
1 )−1M1 =

1

26

(

25 −5

−5 1

)

.b
d(1) = −P1∇f(x(1)) = (0, 0)T .G�

w(1) = (M1M
T
1 )−1M1∇f(x(1)) =

16

31
> 0.�.� x(1) = (35/31, 24/31)T e��

§13.3 N<U��
;z)��AV℄4�o/�
min f(x)

s.t. aT
i x− bi = 0, i ∈ E = {1, . . . ,m}.

(13.13)F A = (a1, · · · , am), B e A Tj<2� xB � xN  Xe��T2Pv��2Pv�

A = (B,N), b = (b1, · · · , bm)T , x =

(

xB

xN

)

.�o/ (13.13) TB?A9
�R
xB(xN ) = B−1b −B−1NxN . (13.14)�.�o/ (13.13) BVWZV__�8Ts4�o/�

min f(xB(xN ), xN )
△
= F (xN ), xN ∈ Rn−m. (13.15)3��Bd�
�s4�o/T��
�V℄4�o/ (13.13).d�/�y�
M�I�BR F T+x�

r(xN )
△
= ∇F (xN ) = ∇xN

f(xB(xN ), xN )− (B−1N)T∇xB
f(xB(xN ), xN ). (13.16)�p_ f TK4+x��j-T�A4�o/

min f(x)

s.t. aT
i x− bi = 0, i ∈ E = {1, . . . ,m},
x ≥ 0.

(13.17)

DL = {x ∈ Rn | Ax− b = 0, x ≥ 0}
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V_o/ (13.17)TB?"�d�P (13.14),o/ (13.17)B#�_VWT
��14�T4�o/�
min f(xB(xN ), xN )

△
= F (xN )

s.t. xB(xN ) ≥ 0, xN ≥ 0.
(13.18)�8�q3[ d� (13.18) 
�o/ (13.17) T���y� F T+x� (13.16) K��F x ∈ DL.
��1+x�! −∇F (xN ) = −r(xN ) eo/ (13.18) TGTy� F T�k�!��8�q3d�

−r(xN ) XEo/ (13.17) TB?�k�!
d =

(

dB

dN

)

.
�jGfB__
x+ = x+ αd ∈ DL.- −r(xN ) eB?�!�IB� dN = −r(xN ). J −r(xN ) 
eB?�!R�_8i x+

N B?�HH�
xN − αr(xN ) ≥ 0.-�DG j, (xN )j = 0,I:℄�DG α > 0
hT�e9
e rj(xN ) ≤ 0. �.�-�DG j, (xN )j = 0� rj(xN ) > 0, I xN − αr(xN ) H
B?�_zYR xN − αr(xN ) &7 (13.18) T4�9
�q3B�

dN )��
(dN )j =

{

0, -xj = 0, � rj(xN ) > 0,

−rj(xN ), q!. (13.19)3��J α > 0 � &R� xN + αdN ≥ 0. �8;z)��j dB , YR x+
B = xB + αdB ≥ 0.  yO

αAd = A(x+ − x) = 0.bR Ad = 0. �. dB &7
BdB +NdN = 0, (13.20)/VWZ
dB = −B−1NdN ,q� dN � (13.19) j{�Bui=�:8j{T d e f A x #TjGB?�k�! (�Bq�).�8(�f� α > 0 T��9
�_8i x+ ∈ DL, f� α HH&7

xi + αdi ≥ 0, i ∈ E .

αmax = min{−xj

dj

∣

∣

∣ dj < 0}. (13.21)IJ α ∈ [0, αmax] R� x+ B?�A:8T2 :�q3RO
� (13.17) T)����
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�&6 x(0) = (x
(0)
B , x

(0)
N ) ∈ DL, 0= ǫ > 0. ^ B0 = B, N0 = N , k := 0.\ 1 S( A = (Bk, Nk). �e' (13.16) � r(x

(k)
Nk

). � (13.19) u (13.20) 
: d
(k)
Nk
u d

(k)
Bk

, -D�
:� d(k).\ 2 � ‖d(k)‖ ≤ ǫ, 1-( x(k). V1�ky>E
min

0≤α≤αmax

f(x(k) + αd(k)) = f(x(k) + αkd
(k))
:~	 αk, �N� αmax � (13.21) 
:�^ x(k+1) = x(k) + αkd
(k).\ 3 � x

(k+1)
Bk

> 0, 1�nW|w�^ k := k+ 1. V~ 1. V1� x
(k+1)
Bk

N
C^\/o`SW
j ��� x

(k+1)
Nk

NSW_#8����t/� Bk+1. ^ k := k + 1. V~ 1.� 13.3.1 �AJ 13.5 �(hl/aN�
min f(x) = (x1 − 3)2(4− x2)

s.t. x1 + x2 − 3 ≤ 0,

x1 − 2 ≤ 0,

x2 − 2 ≤ 0,

x1 ≥ 0, x2 ≥ 0.` �+��Pv x3, x4, x5, ho/60
�
min f(x) = (x1 − 3)2(4− x2)

s.t. x1 + x2 + x3 − 3 = 0,

x1 + x4 − 2 = 0,

x2 + x5 − 2 = 0,

xi ≥ 0, i = 1, 2, . . . , 5.��[B?�_ x(0) = (0.2, 1.8, 1, 1.8, 0.2)T , �[2Pv_ x1, x2, x3.

B =









1 1 1

1 0 0

0 1 0









, N =









0 0

1 0

0 1









.�G�R
B−1 =









0 1 0

0 0 1

1 −1 −1









, ∇xN
f(x) =

(

0

0

)

, ∇xB
f(x) =









2(x1 − 3)(4− x2)

−(x1 − 3)2

0









.
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bR
xB =









x1

x2

x3









= B−1b−B−1NxN

=









0 1 0

0 0 1

1 −1 −1

















3

2

2









−









0 1 0

0 0 1

1 −1 −1

















0 0

1 0

0 1









(

x4

x5

)

=









2

2

−1









−









1 0

0 1

−1 −1









(

x4

x5

)

=









2− x4

2− x5

−1 + x4 + x5









.��
x

(0)
B = (0.2, 1.8, 1)T , x

(0)
N = (1.8, 0.2)T .bR

r(x
(0)
N ) =

(

0

0

)

−
(

1 0 −1

0 1 −1

)









−12.32

−7.84

0









=

(

12.32

7.84

)

,

d
(0)
N = −r(x(0)

N ) = (−12.32,−7.84)T ,

d
(0)
B = −B−1Nd

(0)
N = −









1 0

0 1

−1 −1









(

−12.32

−7.84

)

=









12.32

7.84

−20.16









,

d(0) = (12.32, 7.84,−20.16,−12.32,−7.84)T ,

αmax = min
{ 1

20.16
,

1.8

12.32
,

0.2

7.84

}

=
0.2

7.84
= 0.0255.
�

min
0≤α≤0.0255

f(x(0) + αd(0))R�
α = αmax = 0.0255.

x(1) = x(0) + α0d
(0) = (0.512, 2, 0.488, 1.488, 0)T .�� x

(1)
B = (0.512, 2, 0.488)T > 0 b2
6P��.�

r(x
(1)
N ) =

(

0

0

)

−
(

1 0 −1

0 1 −1

)









−9.95

−6.18

0









=

(

9.95

6.18

)

.
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(1)
5 = 0, r5(x

(1)
N ) = 6.18 > 0, b

d
(1)
N = (−9.95, 0)T , d

(1)
B = −B−1Nd

(1)
N = (9.95, 0,−9.95)T , d(1) = (9.95, 0,−9.95,−9.95, 0)T ,

αmax = min
{0.488

9.95
,

1.488

9.95

}

=
0.488

9.95
= 0.049.��A��BR α1 = αmax = 0.049. bR

x(2) = (1, 2, 0, 1, 0)T .�?2Pv3 � x
(2)
3 = 0, b x3  �� x

(2)
4 > x

(2)
5 . b x4  " +�R3T2

B =









1 1 0

1 0 1

0 1 0









, N =









1 0

0 0

0 1









.�G�R
B−1 =









1 0 −1

0 0 1

−1 1 1









, B−1N =









1 −1

0 1

−1 1









,

∇xN
f(x) =

(

0

0

)

, ∇xB
f(x) =









2(x1 − 3)(4− x2)

−(x1 − 3)2

0









.b
r(x

(2)
N ) =

(

0

0

)

−
(

1 0 −1

−1 1 1

)









−8

−4

0









=

(

8

−4

)

,

d
(2)
N =

(

0

4

)

, d
(2)
B =









4

−4

−4









, d(2) = (4,−4, 0,−4, 4)T ,

α2 = αmax =
1

4
, x(3) = x(2) + α2d

(2) = (2, 1, 0, 0, 1)T . � x3,  + x5, R32
B =









1 1 0

1 0 0

0 1 1









, N =









1 0

0 1

0 0









,�G�R
B−1 =









0 1 0

1 −1 0

−1 1 1









, B−1N =









0 1

1 −1

−1 1









,
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∇xN

f(x) =

(

0

0

)

, ∇xB
f(x) =









2(x1 − 3)(4− x2)

−(x1 − 3)2

0









.R
r(x

(3)
N ) = (1, 5)T ≥ 0, d

(3)
N = 0.3�� x(3) _>���B?�!��K4+x�rBO�ÆS0Æ#�_zJ7\jÆ#�B6P dN T��)��

(dN )j =

{

−(xN )jrj(xN ), - rj(xN ) > 0,

−rj(xN ), - rj(xN ) ≤ 0.
(13.22)�8Tj^	=\dj{ d T�^A��} 13.3.1 � x *aN (13.17) /Dx(� A = (B,N), B Q��� x = (xB, xN ), xB > 0. ��

f -6 x �D\� d � (13.22) u (13.20) ���� d 6= 0, 1 d * f - x �/Dxh!Nn�D��
d = 0 /�	R�*� x *aN (13.17) / K-K-T 6�I� 
i= d eB?�!�� d Tj{��

Ad = BdB +NdN = B(−B−1N)dN +NdN = 0.���J (xN )j = 0 R�� (dN )j ≥ 0. � xB > 0, �.�B?�!Tj{n� d e x #TB?�!����
∇f(x)T d = ∇xN

f(x)T dN +∇xB
f(x)T dB

= ∇xN
f(x)T dN −∇xB

f(x)TB−1NdN

= r(xN )T dN .- dN 6= 0, I� dN Tj{� r(xN )TdN < 0, � d e f A x #T�k�!��8i= d = 0 T�e9
e� xeo/ (13.17)T K-K-T_�/VWZ�8A λ = (λB , λN ) ≥ 0,

µ YR
(

∇xB
f(x)

∇xN
f(x)

)

+

(

BT

NT

)

µ−
(

λB

λN

)

= 0, (13.23)�
λT

BxB = 0, λT
NxN = 0.- x eo/ (13.17) T K-K-T _�I�� xB > 0, BR λB = 0. 3��� (13.23) T[jG��R

µ = −B−T∇xB
f(x).�� (13.23) T[�G��R

0 ≤ λN = ∇xN
f(x)− (B−1N)T∇xB

f(x) = r(xN ).
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r(xN )TxN = 0.�e�� d Tj{� d = 0.�p�- d = 0, � d Tj{n r(xN ) ≥ 0, �� r(xN )TxN = 0. 


λB = 0, λN = r(xN ), µ = −B−T∇xB
f(x).I� (x, λ, µ) &7 K-K-T 9
� IV

§13.4 0$N<U��?~�?l{K4+x� (GRG ��) .;zV℄4�o/
min f(x)

s.t. hi(x) = 0, i ∈ E = {1, 2, . . . ,m}.
(13.24)
 h(x) = (h1(x), · · · , hm(x))T , x = (xB , xN ). FA x 3�T Jacobi %` ∇xB

h(x) &����y�8Aj^ne� xN T��<
h(xB , xN ) = 0 (13.25)�℄j� xB = φ(xN ). d�.e�℄�o/ (13.24) BVWZ#�_s4�o/�

min f(φ(xN ), xN )
△
= F (xN ), xN ∈ Rn−m. (13.26)y� F T+x�_ f TK4+x��8LM f TK4+xTV;℄�� ∂h(x)

∂xN
V_ h � xN T

Jacobi %`��- xN = (x1, . . . , xt)
T , t = n−m, I

∂h(x)

∂xN
=













∂h1(x)
∂x1

· · · ∂h1(x)
∂xt

...
...

∂hm(x)
∂x1

· · · ∂hm(x)
∂xt













.� (13.25) R
(∂h(x)

∂xN

)T

+
(∂φ(xN )

∂xN

)T(∂h(x)

∂xB

)T

= 0

∇F (xN ) = ∇xN
f(x) +

(∂φ(xN )

∂xN

)T

∇xB
f(x)

= ∇xN
f(x)−

(∂h(x)

∂xN

)T(∂h(x)

∂xB

)−T

∇xB
f(x)

△
= ∇xN

f(x) +
(∂h(x)

∂xN

)T

λ, (13.27)q�
λ =

(∂h(x)

∂xB

)−T

∇xB
f(x)
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e�A��<
(∂h(x)

∂xB

)T

λ+∇xB
f(x) = 0 (13.28)T���.� (13.27) gBu0
�

∇F (xN ) = ∇xN
L(x, λ), (13.29)q�

L(x, λ) = f(x) + λTh(x)eo/ (13.24) T Lagrange y�� λ e�A��< (13.28) T��
�o/ (13.24) Tl{K4+x��
� (13.26) T>��k��qG�f�)��M� 13.6 (.#M:S	�)\ 0 
�&Dx6 x(0) = (x
(0)
B , x

(0)
N ), �5 σ ∈ (0, 1). 0= ǫ > 0. ^ k := 0.\ 1 �A

∂h(x)

∂x
=
(∂h(x)

∂xB
,
∂h(x)

∂xN

)

.�e' (13.28) � λ. {� (13.29) � ∇F (x
(k)
N ).\ 2 � ‖∇F (x

(k)
N )‖ ≤ ǫ, 1-( x(k). V1^ d

(k)
N = −∇F (x

(k)
N ). 
 α := 1.\ 3 ^

x
(k+1)
N = x

(k)
N + αd

(k)
N .\ 4 � x

(k)
B ^�&6�� Newton J�(N�^

h(xB , x
(k+1)
N ) = 0- x

(k+1)
B .\ 5 �

F (x
(k+1)
N ) > F (x

(k)
N ) + σα∇F (x

(k)
N )Td

(k)
N , (13.30)1^ α := 1

2α. V~ 3. V1�^ x(k+1) = (x
(k+1)
B , x

(k+1)
N ), k := k + 1. V~ 2.�� 13.6 TnoAj^)� (p; [27, j^ 11.3.3]) ��} 13.4.1 � f , h F�T~D\�{� (

∂h(x)
∂xB

)−1 �I�)�1u�
lim

k→∞
‖∇f(x(k))‖ = 0,�

lim
k→∞

f(x(k)) = −∞.
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1. <{�B5�p0
min f(x) = 1

2
x2

1 − x1x2 + x2
2 − x3, s.t. x1 ≥ 0, x2 ≥ 0, x3 ≥ 1.Æ�z� f B x = (1, 0, 2)T $UkHC�	l�"�

2. G f : Rn → R nOCZ�	�� ∇f Lipschitz nO� D ⊂ Rn fF=�<{*	5�p0�
min f(x) s.t. x ∈ D.G x ∈ D, d ∈ FD(x;D) � ∇f(x)Td < 0. G αmax > 0 ZS x+ td ∈ D, ∀t ∈ (0, αmax]. Lk ρ, σ ∈ (0, 1). G

α '8�
f(x+ αd) ≤ f(x) + σα∇f(x)Td,���. ρ−1 ∈ (0, αmax], J

f(x+ ρ−1αd) > f(x) + σρ−1α∇f(x)T d.j>	9	^�>�kHÆi�
f(x+ α∗) ≤ f(x) − ρ

σ(1 − σ)

L

(∇f(x)Td

‖d‖
)2

,0
f(x+ α∗) ≤ f(x) + ρ

µ(x)

‖d‖ ∇f(x)T d,r
 L f ∇f U Lipschitz ��� µ(x) f x PC�#L�U/℄�A
µ(x) = inf

y 6=D
‖x− y‖.

3. G;k0U:dÆi�J α∗ fm����B��SPUg��A α∗ '8
f(x+ α∗d) = min

0<α≤tmax

f(x+ αd)j>	9	^�>�kHÆi�
f(x+ α∗d) ≤ f(x) − 1

4L

(∇f(x)Td)2

‖d‖2
,0

f(x+ α∗d) ≤ f(x) +
µ(x)

2‖d‖∇f(x)Td.

4. G x ∈ DL, d̄ f	9�Bn�p0U��
min ∇f(x)Td

s.t. aT
i d ≥ 0, i ∈ I(x),

aT
j d = 0, j ∈ E ,

∇f(x)Td ≥ −1.

(1) K ∇f(x)T d̄ = 0 S� x fp0 (13.1) U K-K-T `�
(2) K ∇f(x)T d̄ 6= 0 S� ∇f(x)T d̄ < 0. *Y� d̄ f f B x $UC�	l�"�

这是谁的ipad

这是谁的ipad

这是谁的ipad



216 �SP� �[md`
 (II) — 3z�s

5. <{*	Gn�p0�

min f(x) =
4

3
(x2

1 − x1x2 + x2
3)

3/4 − x3

s.t. x1 ≥ 0, x2 ≥ 0, 0 ≤ x3 ≤ 2.

(i) j>5p0�^k� x∗ = (0, 0, 2)T .

(ii) G {x(k)} W`4�\` x(0) = (0, a, 0)T ��� a ≤ 1/(2
√

2), m� Zoutendijk ���LU`~�j>�
x(1) = (

1

2
a, 0,

1

2

√
a)T .

(iii) j>��$� k ≥ 2, �
x(k) =























(0,
(1

2

)k

a,
1

2

k−1
∑

j=0

( a

2j

)1/2

), k ≥ 3 `^�,
(
(1

2

)k

a, 0,
1

2

k−1
∑

j=0

( a

2j

)1/2

), k ≥ 3 `t�.
(iv) j> {x(k)} opHr:�Ldfp0U�hdfp0U K-K-T `�

6. j>k_ 13.1.2.

7. G f : Rn → R nOCZ� ∇f Lipschitz nO� D fp0 (13.1) UC�#� {x(k)} fm�	9UDh Armijo<�B��U Zoutendijk ���LU`~�Lkh� σ > 0, ρ, σ1 ∈ (0, 1), αk f=� {ρi, i = 0, 1, 2, . . .} 
ZS	^Æi� x(k) + αd(k) ∈ D U??[�
f(x(k) + αd(k)) ≤ f(x(k)) + σ1ρ

i∇f(x(k))Td(k) − σ‖ρid(k)‖2. (13.31)J Ω = {x ∈ Rn | f(x) ≤ f(x(0))}. j>�. Ω ∩D ��� x̄ f {x(k)} U:�`�B5`$ LICQ Æi�J x̄fp0 (13.1) U K-K-T `�
8. B;k0U3!;�gim�Dh Armijo <�B�� (13.31) U Frank-Wolfe ��UopBk_�
9. G (z(k), d(k)) fp0 (13.7) U�� z(k) < 0. j>�

(i) d(k) fp0 (13.5) B x(k) $UkHC�	l�"�
(ii) z(k) = 0 U�f:df x(k) fp0 (13.5) UkH K-K-T `�

10. G f , gi, i ∈ I nOCZ� {x(k)} � {d(k)} !Yf Topkis-Veinott ��Æ�p0 (13.5) �LU`~��"M~�J D fp0UC�#�j>�� {(x(k), d(k))} U$kop1~ {(x(k), d(k))}k∈K , 	9t��>d)?S���
(1) 9B ᾱ > 0 ZS

x(k) + αd(k) ∈ D, ∀α ∈ [0, ᾱ].

(2) lim
k∈K, k→∞

∇f(x(k))T d(k) < 0.

11. G f : Rn → R nOCZ�<{	9U5�p0�
min f(x), x ≥ 0.G x ≥ 0 fkHC�`� D fkH.�h�r)U�r&a�J

x(α) = [x− αD∇f(x)]+ = max{x− αD∇f(x), 0}, α ≥ 0.
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(i) j>� x fp0UkH K-K-T `U�f:df
x = x(α), ∀α > 0.

(ii) . x dfp0U K-K-T `�j>9B ᾱ > 0 ZS
f(x(α)) < f(x), ∀α ∈ (0, ᾱ].

12. ��� 12.1 Æ�	9U�B5�p0
(i) min f(x) = 1

2
x2

1 + x2
2

s.t. 3x1 + x2 ≤ 10,

1 ≤ x1 ≤ 4.

(ii) min f(x) = 1
2
x2

1 − x1x2 + x2
2 − 2x1

s.t. 3x1 + x2 ≤ 2,

x1 ≤ 1.

13. G Ω ⊂ Rn fFG=�j>	9UdW^�
(PΩ(x) − x)T (y − PΩ(x)) ≥ 0, ∀x ∈ Rn, ∀y ∈ Ω,

(PΩ(x) − PΩ(y))T (x− y) ≥ ‖PΩ(x)) − PΩ(y)‖2, ∀x, y ∈ Rn,

‖PΩ(x) − PΩ(y)‖2 ≤ ‖x− y‖2 − ‖PΩ(x) − x+ y − PΩ(y)‖2, ∀x, y ∈ Rn,

‖PΩ(x) − y‖2 ≤ ‖x− y‖2 − ‖PΩ(x) − x‖2, ∀x ∈ Rn,∀y ∈ Ω.

14. G Ω ⊂ Rn fFG=� x ∈ Ω, d ∈ Rn, x(t) = PΩ(x+ td). j>�
(i) z� θ1(t) = dT (x− x(t)) f� t > 0 Fe�L�
(ii) z� θ2(t) = dT (x− x(t))/t f� t > 0 Fe�^�
(iii) z� θ3(t) = ‖x− x(t)‖ f� t > 0 Fe�^�
(iv) z� θ4(t) = ‖x− x(t)‖/t f� t > 0 Fe�L�
(v) z� θ5(t) = ‖x(t) − x− td‖ f� t > 0 Fe�^�
(vi) z� θ6(t) = ‖x(t) − x− td‖/t f� t > 0 Fe�^�

15. G Ω ⊂ Rn f�HFG=� f : Rn → R nOCZ�<{	9U5�?��p0�
min f(x) x ∈ Ω.G PΩ(x) f −∇f(x) B Ω ;UD
�A PΩ(x) ∈ Ω �'8

‖PΩ(x) + ∇f(x)‖ = min{‖u+ ∇f(x)‖ | u ∈ Ω}.j>	9U� �
(i)

∇f(x)TPΩ(x) = −‖PΩ(x)‖2.

(ii)

min{∇f(x)T d | d ∈ SFD(x,Ω), ‖d‖ ≤ 1} = −‖PΩ(x)‖.

(iii) ∇f(x)T d ≥ 0, ∀d ∈ SFD(x,Ω) U�f:df PΩ(x) = 0.

16. j>f�D
&aU*	B	�
(i) . P ∈ Rn×n fD
&a�J P f1hkU�
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(ii) &a P fD
&aU�f:df Q = I − P fD
&a�
(iii) G P fD
&a�J

L
△
= {Px | x ∈ Rn} � L⊥ △

= {(I − P )x | x ∈ Rn}��hn���� Rn 
U$�"w x C^k!�`
x = p+ q, p ∈ L, q ∈ L⊥.

17. � Frank-Wolfe ��Æ�	9Up0
(i) min f(x) = −2x1 − 3x2 + 5x3

s.t. x1 + x2 + x3 = 7,

2x1 − 5x2 + x3 ≥ 10,

x1, x2, x3 ≥ 0.

(ii) min f(x) = −3x1 − 4x2 − 2x3

s.t. x1 + x2 + x3 + x4 ≤ 30,

3x1 + 6x2 + x3 − 2x4 ≤ 0,

x1, x2, x3, x4 ≥ 0.

18. � Rosen D
,y�Æ�	9Up0
(i) min f(x) = 1

2
x2

1 + x2
2 + x1x2 − 3x1 − x2

s.t. x1 + x2 + x3 = 1,

x1 − x2 + 3 ≥ 0,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

(ii) min f(x) = 1
2
x2

1 + 1
2
x2

2 + 2x1

s.t. x1 − 2x2 ≥ 0,

x1 ≥ 0, x2 ≥ 0.

19. �L5,y�Æ�	9Up0
(i) min f(x) = 1

2
x2

1 + 1
2
x2

2 − x1x2 − x1

s.t. x1 + x2 + x3 = 3,

x1 + 5x2 + x4 = 6,

xi ≥ 0, i = 1, 2, 3, 4.

(ii) min f(x) = x2
1 + 2x2

2 − x1x2 + 4x2

s.t. x1 + x2 + x3 = 5,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

20. G f : Rn → R nOCZ�A = (B, N) ∈ Rm×n �'��b ∈ Rm. G x = (xB,
T , xT

N)T f�B5�p0 (13.17)UkHC�`� xB > 0 � B ∈ Rm×m �t��G d � (13.19) � (13.20) k|�j>�
(i) . d 6= 0, J d f f B x $UkHC�	l�"�
(ii) d = 0 U�f:df x fp0 (13.17) UkH K-K-T `�
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�s4�>��o/T Newton ��R Newton �LlO
�4�>��o/
min f(x)

s.t. gi(x) ≥ 0, i ∈ I = {1, 2, . . . ,m1},
hj(x) = 0, j ∈ E = {m1 + 1, . . . ,m}.

(14.1)UF f, gi, hj , i ∈ I, j ∈ E �0mNBY�I gI (x) = (g1(x), . . . , gm1(x))
T , hE(x) = (hm1+1(x), . . . , hm(x))T .

§14.1 p_���x3=O�
§14.1.1 �9:?->} Lagrange-Newton �;�V℄4�>��o/

min f(x)

s.t. hj(x) = 0, j ∈ E = {1, 2, . . . ,m}.
(14.2)I A(x) = h′E(x) _4�y�A x _T Jacobi %`�F x∗ eo/ (14.2) T��℄F A(x∗) ?&��I�4���T>�A9
�8A λ∗ ∈ Rm YR (x∗, λ∗) &7)���A����_o/ (14.2)T K-K-T _�

F (x, λ)
△
=

(

∇xL(x, λ)

hE(x)

)

=

(

∇f(x)−A(x)T λ

hE(x)

)

= 0, (14.3)q�
L(x, λ) = f(x)− λThE(x)�_o/ (14.2) T Lagrange y��:8T zV=�V℄4�>��o/ (14.2) T K-K-T __�� (14.3) T���.�q3fh
� (14.3) T[�fB���I W (x, λ) = ∇2

xL(x, λ), Iy� F (x, λ) T Jacobi %`_
(

W (x, λ) −A(x)T

A(x) 0

)

.���A��T[�G�℄ (8.2) sxM�� (14.3) T Newton fBD℄_�
(

x(k+1)

λ(k+1)

)

=

(

x(k)

λ(k)

)

+

(

d(k)

d
(k)
λ

)

, (14.4)q� (d(k), d
(k)
λ ) e�A��<
(

W (x(k), λ(k)) −A(x(k))T

A(x(k)) 0

)(

d

dλ

)

= −
(

∇f(x(k))−A(x(k))Tλ(k)

hE(x(k))

)

(14.5)T��q3�� (14.4)-(14.5) fhT
�4�>��o/ (14.2) T��_ Lagrange-Newton ���[��Tnoj^ 8.1.1 BRO)� Lagrange-Newton �TnoA�
219
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�} 14.1.1 � f u hE - x∗ /o[%s��T~D\� A(x∗) xfL�D�- x∗ �F%�SR�fZ�1) (x(0), λ(0)) �SB. (x∗, λ∗) !u� x(k) → x∗, λ(k) → λ∗, �
∥

∥

∥

∥

(

x(k+1) − x∗
λ(k+1) − λ∗

)∥

∥

∥

∥

= O

(

∥

∥

∥

∥

(

x(k) − x∗
λ(k) − λ∗

)∥

∥

∥

∥

2
)

. (14.6)I� {x(k), λ(k)}VM:� Newton�~K��� A(x∗) ?&���z� 9

h��j^ 11.1.1n�%`
(

W (x∗, λ∗) −A(x∗)T

A(x∗) 0

)�s��3��d�j^ 8.1.1 BsxROj^T��� IV
§14.1.2 n^ SQP M�:~�?T Lagrange-Newton�
wsx��
�
V℄4���o/�_.�q3M� Lagrange-

Newton �T	j�G��℄��4�>��T K-K-T 9
BL�� Lagrange-Newton fB℄ (14.4)-

(14.5) G�T d(k) VW���8�0m�o/
min qk(d) = 1

2d
TW (x(k), λ(k))d+∇xL(x(k), λ(k))T d

s.t. A(x(k))d+ hE(x(k)) = 0
. (14.7)��o/ (14.7) B�jf�\��o/ (14.7) T#�B?_ d �

∇xL(x(k), λ(k))Td = ∇f(x(k))T d− λ(k)TA(x(k))d = ∇f(x(k))T d+ λ(k)T hE(x(k)).�.�o/ (14.7) VW�)�T�0m�o/
min qk(d) = 1

2d
TW (x(k), λ(k))d+∇f(x(k))T d

s.t. A(x(k))d+ hE(x(k)) = 0.
(14.8)sxG�ROo/ (14.8) T K-K-T 9
_

(

W (x(k), λ(k)) −A(x(k))T

A(x(k)) 0

)(

d

λ+

)

= −
(

∇f(x(k))

hE(xk))

)

. (14.9)Bu (14.4), (14.7) � (14.9), 
L
Æ�
���A��< (14.3) T Lagrange-Newton�BVWZK}_�
�0m�o/ (14.8) T K-K-T _ (d(k), λ(k+1)), 
 x(k+1) = x(k) + d(k), �.~KfBL}
{(x(k), λ(k))}. <t
� (14.8) ~KfBL}T���_�V℄4���T }ZF�n{ (SQP) AJ,� (14.8) _ QP 0o/�Z
�):V℄4���o/ (14.2) TL}�0m����q3BXE
�j-4���o/
(14.1) TL}�0m����AJ|_ (x(k), λ(k)) #�XE)��0m�0o/�

min qk(d) =
1

2
dTWkd+∇f(x(k))T d

s.t. ∇gI(x(k))T d+ gI(x(k)) ≥ 0, (14.10)

∇hE(x(k))Td+ hE(x(k)) = 0.



§14.1 1k}9�v��`
 221�:8�0m�0o/R� d(k) >��T�0 λ(k+1), ℄~K3TfB_ (x(k+1), λ(k+1)), q��
x(k+1) = x(k) + d(k). 0o/ (14.10) eo/ (14.1) T�
�0m��q3�:8T��_
�4�o/ (14.1) T#h Newton- L}�0m��� (\�_#h Newton-SQP ��).�w�
V℄4�T>��o/ (14.1)T K-K-T_ (x∗, λ∗),-��� i ∈ I,5� (λ∗i )

2+gi(x
∗)2 6=

0, I�A4_#&7YDÆa��9
�Bui=-Ao/ (14.1) T� x∗ # LICQ 
h���T
Lagrange y�T Hessian ` W (x∗, λ∗) A A(x∗) T�GY:gj��YDÆa��9

h�IJ
(x(k), λ(k)) � =� (x∗, λ∗) R�0o/ (14.10) T�+<� (14.1) T�+<j���o/ (14.1) A
(x∗, λ∗) T�"VW�DGV℄4�o/�Z
�
�s4�>��o/TR Newton ��BA Newton-SQP ������gj%` Bk �
 W (x(k), λ(k)), �.fh�8�0m�0o/

min qk(d) =
1

2
dTBkd+∇f(x(k))T d

s.t. ∇gI(x(k))T d+ gI(x(k)) ≥ 0, (14.11)

∇hE(x(k))Td+ hE(x(k)) = 0.
�4�o/ (14.1) T#h SQP ��TG�f�)��M� 14.1 (n^ SQP M�)\ 0 
�&6A (x(0), λ(0)), A�=:: B0. ^ k := 0.\ 1 � (x(k), λ(k)) fZ)4aN (14.1) / K-K-T R��1TF�A-( x(k) �V1V~ 2.\ 2 ( SQP YaN (14.10) � (14.11) -( (d(k), λ(k+1)).\ 3 ^ x(k+1) = x(k) + d(k), ��� SQP YaN (14.10), 1^ k := k + 1 V~ 1 �V1V~ 4.\ 4 �,)/v Newton J{= Bk - Bk+1. ^ k := k + 1 V~ 1.

§14.1.3 QP ℄jV4~;�#h SQP �� 14.1 �T0o/ (14.11). 
� QP 0o/TsG�eo/e%` Bk TCg�℄�0o/T�(A (/�B?A).�� Bk TCg�j�8� Bk �_ Lagrangey� Hessian `T�
�	j�8q3�X Bk 8���gjA�YR��T QP0o/ejGYDF�0m�o/�Z
�
�s4�o/TR Newton��q3

s(k) = x(k+1) − x(k), y(k) = ∇xL(x(k+1), λ(k+1))−∇xL(x(k), λ(k+1)) ≈W (x(k+1), λ(k+1))s(k),�	d� BFGSCgT℄ (4.13)G� Bk+1. �s4�o/
>Te\�Cg
O8i9
 y(k)T s(k) > 0
h��.� Bk ��gj
O8i Bk+1 TgjA�_zD).PL� Powell(1978)d� y(k) � s(k)TjGF<�B3 y(k), I_

ȳ(k) =







y(k), )r y(k)T s(k) ≥ 0.2s(k)TBks
(k),

θky
(k) + (1− θk)Bks

(k), q!� (14.12)
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q�
θk =

0.8s(k)TBks
(k)

s(k)TBks(k) − y(k)T s(k)
.Cg	T BFGS G�℄_�

Bk+1 = Bk −
Bks

(k)s(k)TBk

s(k)TBks(k)
+
ȳ(k)ȳ(k)T

ȳ(k)T s(k)
. (14.13)(w`i�- Bk ��gj�I ȳ(k)T s(k) > 0, 3� Bk+1 gj�q3�\�Cg��_ &� BFGS {=. � 14.1.1 �6� SQP AJ 14.1 �(hl/aN�

min f(x) = −x1 − x2

s.t. g1(x) = −x2
1 − x2

2 + 1 ≥ 0,

g2(x) = −x2
1 + x2 ≥ 0.��v x(0) = (0.5, 1)T . l�Æz,I� ‖d(k)‖ ≤ 10−5. .o/T>��_ x∗ = ( 1√

2
, 1√

2
)T .` q3�s���
�� (1) Newotn-SQP ����

Bk = W (x(k), λ(k)) =

(

2(λ
(k)
1 + λ

(k)
2 ) 0

0 2λ
(k)
2

)

.

(2) � Powell T|} BFGS CgT℄ (14.13).G��r X_V 14.1 �V 14.2.W 14.1 Newton-SQP ��Æ�g 14.1.1 UH��s
k x(k) λ(k) g(x(k)) d(k) ‖d(k)‖
0 (0.5000, 1.0000)T (0, 0)T (−0.7500, 0.2500)T (0.4167,−0.3333)T 0.5336

1 (0.9167, 0.6667)T (0.3333, 0.6667)T (0.1736, 0.2847)T (−0.1695, 0.0196)T 0.1707

2 (0.7471, 0.6863)T (0, 0.7304)T (−0.1281, 0.0291)T (−0.0384, 0.0205)T 0.0435

3 (0.7088, 0.7068)T (0, 0.7067)T (−0.2044, 0.0019)T (−0.0017, 0.0003)T 0.0017

4 (0.7071, 0.7071)T (0, 0.7071)T (−0.2071, 0)T 10−5 ∗ (−0.0490,−0.1518)T 1.5949E − 06W 14.2. }~ BFGS-SQP ��Æ�g 14.1.1 UH��s
k x(k) g(x(k)) λ(k+1) d(k) ‖d(k)‖
0 (0.5000, 1.0000)T (−0.7500, 0.2500)T (0, 0.6500)T (0.3500,−0.300)T 0.4610

1 (0.8500, 0.7000)T (0.0225, 0.2125)T (0, 0.6857)T (−0.1391, 0.0172)T 0.1402

2 (0.7109, 0.7172)T (−0.2118, 0.0197)T (0, 0.7055)T (−0.0025,−0.0112)T 0.0115

3 (0.7083, 0.7060)T (−0.2043, 0.0001)T (0, 0.7071)T (−0.0012, 0.0011)T 0.0017

4 (0.7071, 0.7071)T (−0.2072, 0.0000)T (0, 0.7071)T 10−4 ∗ (0.2844,−0.3044)T 4.1655E − 05

5 (0.7071, 0.7071)T (−0.2071, 0.0000)T (0, 0.7071)T 10−8 ∗ (−0.2150, 0.0924)T 2.3404E − 09
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 223� QP 0o/T�(A�)r�[_�R
{J��Y+o/B?�gBM�0o/
�(�f)���4�






g1(x) = −x+ 1 ≥ 0,

g2(x) = x2 ≥ 0.
(14.14)A_ x = 3 #�q�A�4�







−2− d ≥ 0,

9 + 6d ≥ 0
�(�
Powell -�T��u{Z�3z\jo/���+�Pv ξ, q
�jG�Am�o/

max ξ

s.t. ∇gi(x
(k))T d+ ξgi(x

(k)) ≥ 0, i ∈ Vk = {i ∈ I|gi(x
(k)) < 0},

∇gi(x
(k))T d+ gi(x

(k)) ≥ 0, i ∈ Sk = {i ∈ I|gi(x
(k)) ≥ 0},

∇hj(x
(k))Td+ ξhj(x

(k)) = 0, j ∈ E ,
0 ≤ ξ ≤ 1. (14.15)� ξ = 0, d = 0 _4�Am�o/TB?_� (14.15) T>��5e8AT�I_ ξ̄. 
�� 0 ≤ ξ̄ ≤ 1,�+0o/ (14.11) �(J�
J ξ̄ = 1. - ξ̄ = 0 /�&�I6P�[_�38[�- ξ̄ > 0, q3h0o/ (14.11) �T4�9
� (14.15) �T4�9
B3�� SQP 0o/�_

min qk(d) = 1
2d

TBkd+∇f(x(k))Td

s.t. ∇gi(x
(k))Td+ ξgi(x

(k)) ≥ 0, i ∈ Vk = {i ∈ I|gi(x
(k)) < 0},

∇gi(x
(k))Td+ gi(x

(k)) ≥ 0, i ∈ Sk = {i ∈ I|gi(x
(k)) ≥ 0},

∇hj(x
(k))T d+ ξhj(x

(k)) = 0, j ∈ E ,

(14.16)q� ξ �_ (0, ξ̄] �TjGjv�f)q3;z4� (14.14), A_ x = 3 #fhT (14.15) _)��Am��
max ξ

s.t. −d− 2ξ ≥ 0,

6d+ 9 ≥ 0,

0 ≤ ξ ≤ 1.q>��_ ξ̄ = 3/4. -� ξ = 1/2, I ξ ∈ (0, ξ̄], ���T SQP 0o/ (14.16) �(�
§14.1.4 n^ SQP M�}ey�<��q3B)�UF�
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O3 14.1.1 (1) f(x), gI(x), hE(x) F�T~D\�
(2) x(k) → x∗ (k →∞), � x∗ ^aN (14.1) / K-K-T 6�
(3) - x∗ � LICQ 
R��nW^

∇gi(x
∗), ∇hj(x

∗), i ∈ I(x∗), j ∈ E (14.17)ky
k�
(4) - x∗ 6�F%�SR�
R�
(5) ) x(k) �SB. x∗ !�YaN (14.11) /( d(k) �*�h1')4F�n{aN/(

min ∇f(x(k))T d+
1

2
dTBkd

s.t. ∇gi(x
(k))Td+ gi(x

(k)) = 0, i ∈ I(x∗), (14.18)

∇hj(x
(k))T d+ hj(x

(k)) = 0, j ∈ E .A:8UF9
��Bfh d(k) e��AnofTVW9
�qi=p: [27, j^ 12.3.3].�} 14.1.2 ���R� 14.1.1 
R�1 {x(k)} �ky/U/�	R�^
lim

k→∞

‖Pk(Bk −W (x∗, λ∗))d(k)‖
‖d(k)‖ = 0, (14.19)�N Pk *+ A(x(k))T = (∇gI(x(k))(x

(k))T ,∇hE(x(k))T ) \F��/X�AY
Pk = I −A(x(k))T (A(x(k))A(x(k))T )−1A(x(k)). (14.20)

§14.2 'p SQP O�?~�?�A���# SQP����#���EeQGjGy�B_���kAT[u�uOA�A�����I���f�u>A7U"���d~7U"0��q3�\�y�_+}y��A
�s4�o/T����2�TQGeGTy�?H�A4�>����Efhj�KwGTy�7��6w4�9
7�Ty�� SQP �����TjZ+}y�_ l1 ���y��j{_
Φ1(x, µ) = f(x) + µ[‖min{gI(x), 0}‖1 + ‖hE(x)‖1]

= f(x) + µ
∑

i∈I
|min{gi(x), 0}|+

∑

j∈E
|hj(x)|, (14.21)q� µ �_��0�)���	=�J�p�&7jj9
R�0o/ (14.11) T� d(k) e l1 �y�T�k�!�%} 14.2.1 � (d(k), λ(k+1)) *YaN (14.11) /(�1 l1 Is5 Φ1(x

(k), µ) � d(k) Nn/Nn*5fZ
D(Φ1(x

(k), µ); d(k)) ≤ −d(k)TBkd
(k) − µ[‖min{gI(x(k)), 0}‖1

+‖hE(x(k))‖1]− λ(k+1)T
I gI(x(k))− λ(k+1)T

E hE(x(k)). (14.22)-�~�� d(k)TBkd
(k) > 0 � µ ≥ ‖λ(k+1)‖∞, 1 d(k) * l1 0
Is5- x(k) �/h!Nn�
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 225I� d��vj^R��#� t > 0, i ∈ I,

min{gi(x
(k) + td(k)), 0} = min{gi(x

(k)) + t∇gi(x
(k))Td(k), 0}+ o(t)

= min{(1− t)gi(x
(k)) + t(gi(x

(k)) +∇gi(x
(k))Td(k)), 0}+ o(t)

≥ (1− t)min{gi(x
(k)), 0}+ tmin{gi(x

(k)) +∇gi(x
(k))Td(k), 0}+ o(t)

= (1− t)min{gi(x
(k)), 0}+ o(t).>^��#� t > 0, j ∈ E ,

hj(x
(k) + td(k)) = hj(x

(k)) + t∇hj(x
(k))T d(k) + o(t) = (1− t)hj(x

(k)) + o(t).�.�
‖min{gI(x(k) + td(k)), 0}‖1 − ‖min{gI(x(k)), 0}‖1 + ‖hE(x(k) + td(k))‖1 − ‖hE(x(k))‖1

=
∑

i∈I

(

|min{gi(x
(k) + td(k)), 0}| − |min{gi(x

(k)), 0}|
)

+
∑

j∈E

(

|hj(x
(k) + td(k))| − |hj(x

(k))|
)

=
∑

i∈I

(

−min{gi(x
(k) + td(k)), 0}+ min{gi(x

(k)), 0}
)

+
∑

j∈E

(

|(1− t)hj(x
(k))| − |hj(x

(k))|
)

+ o(t)

≤ t
(

∑

i∈I
min{gi(x

(k)), 0} −
∑

j∈E
|hj(x

(k))|
)

+ o(t)

= −t
(

‖min{gI(x(k)), 0}‖1 + ‖hE(x(k))‖1
)

+ o(t)bR
D(Φ1(x

(k), µ); d(k)) = lim
t→0+

Φ1(x
(k) + td(k), µ)− Φ1(x

(k), µ)

t

= ∇f(x(k))T d(k) + µ lim
t→0+

t−1
(

‖min{gI(x(k) + td(k)), 0}‖1 − ‖min{gI(x(k)), 0}‖1

+‖hE(x(k) + td(k))‖1 − ‖hE(x(k))‖1
)

≤ ∇f(x(k))T d(k) − µ
(

‖min{gI(x(k)), 0}‖1 + ‖hE(x(k))‖1
)

. (14.23)?d� (14.11) T K-K-T 9
R
∇f(x(k))Td(k) = −d(k)TBkd

(k) + λ
(k+1)T
I ∇gI(x(k))T d(k) + λ

(k+1)T
E ∇hE(x(k))Td(k),

λ
(k+1)
i ≥ 0, λ

(k+1)
i (∇gi(x

(k))T d(k) + gi(x
(k))) = 0, i ∈ I.�� d(k)) &7 (14.11), b:8s℄6wz

∇f(x(k))T d(k) = −d(k)TBkd
(k) − λ(k+1)T

I gI(x(k))− λ(k+1)T
E hE(x(k)).:℄B+O (14.23) �R�� (14.22).
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 yO λ
(k+1)
i ≥ 0, ∀i ∈ I, �.�

−λ(k+1)T
I gI(x(k))− λ(k+1)T

E hE(x(k)) = −
∑

i∈I
λ

(k+1)
i gi(x

(k))−
∑

j∈E
λ

(k+1)
j hj(x

(k))

≤
∑

i∈I
λ

(k+1)
i |min{gi(x

(k)), 0}|+
∑

j∈E
|λ(k+1)

j | |hj(x
(k))|

≤ ‖λ(k+1)‖∞
(

‖min{gI(x(k)), 0}‖1 + ‖hE(x(k))‖1
)

.:℄B+ (14.22) �R
D(Φ1(x

(k), µ); d(k)) ≤ −d(k)TBkd
(k) − (µ− ‖λ(k+1)‖∞)

(

‖min{gI(x(k)), 0}‖1 + ‖hE(x(k))‖1
)

.3��^
h��� IV�:�^q3fh
�o/ (14.1) T�# SQP ��)��M� 14.2 (y�GP SQP M�)\ 0 �
�5 µ > 0, δ > 0, ǫ > 0. 
�&6 x(0) ∈ Rn, �&A�=:: B0. ^ k := 0.\ 1 (YaN (14.11) -( (d(k), λ(k+1)). � d(k) fZ ‖d(k)‖ ≤ ǫ, 1TF�A�-( x(k). V1V~ 2.\ 2 
: αk ∈ [0, δ], $-
Φ1(x

(k) + αkd
(k), µ) ≤ min

0≤α≤δ
Φ1(x

(k) + αd(k), µ) + ǫk, (14.24)�N ǫk fZ
∞
∑

k=0

ǫk < +∞.\ 3 ^ x(k+1) = x(k) + αkd
(k).\ 4 �,)/v Newton {=e'{= Bk - Bk+1, $- Bk+1 A�=:�^ k := k + 1 V~ 1.�� 14.2 T�#noj^)��qi=Bp: [27, j^ 12.2.3].�} 14.2.1 � f u gI , hE T~D\�� -�5 m̄, M̄ > 0, $-

m̄‖d‖2 ≤ dTBkd ≤ M̄‖d‖2A�� k u d ∈ Rn ;
R�,�YaN (14.11) �(�� µ ≥ ‖λ(k)‖∞. 1�AJ 14.2 ��/6Z
{x(k)} �8PF aN (14.1) / K-K-T 6��8�86*aN (14.1) / K-K-T 6�
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&79
 µ ≥ ‖λ(k)‖∞. AVMG�R��LQ�gJT µ YR49

h�_z->��TV�A�q3BA
>TfBf k l�
>T µ v�f)�B%�8T�℄Q� µ. 

Φ(x, µ(k)) = f(x) +

∑

i∈I
µ

(k)
i |min{gi(x), 0}|+

∑

j∈E
|µ(k)

i hj(x)|.� i ∈ I ∪ E , #y� µ
(0)
i . � k ≥ 1, �

µ
(k)
i = max{|λ(k)

i |,
1

2
[µ

(k−1)
i + |λ(k)

i |]}, i ∈ I ∪ E .�	�A�� 14.2 ���:8T Φ(x, µ(k)) �B Φ1(x, µ).�� 14.2 ��f 2 T�
���A��G�vu>�VMG�R�l�)�����A��
Φ1(x

(k) + αkd
(k), µ(k)) ≤ Φ1(x

(k), µ(k)) + βαkD(Φ1(x
(k), µ(k)); d(k)). (14.25)�jf� αk, q� β ∈ (0, 1).

§14.3 
|6 SQP O�?~�? SQP ���#noT	j��� – 7U"���_z\�o/�q3|;�V℄4�>�� (14.2). I h(x) = hE(x). M+7U"��T
��q3A SQP 0o/ (14.11) �KS7U"4���.�A_ x(k) #��KjT7U"0� ∆k, 6Q7U"4�T SQP 0o/_ (\�7U" SQP0o/) �
min

1

2
dTBkd+∇f(x(k))Td

s.t. A(x(k))d+ h(x(k)) = 0,

‖d‖ ≤ ∆k, (14.26)q�� A(x) = h′(x) V_ h A x #T Jacobi %`�
§14.3.1 �z4 SQP ℄jV�KjT ∆k, 0o/ (14.26) BO
�( (�B?"BOeG<), )I 14.1�_���BK> ∆kTvu8i0o/T�(A�G\dhk�7U"���0�Td~QO (�8i�
B;�VMB;Tj�A). _z8i0o/T�(A�q3B�0o/�?gJC6�C60o/Tj��gT��eA0GfBf
e
0o/TV℄4���&7��%W�f->�(AsOA9�_&7B?A9
�2�\��
�(T
����TD)7U"0o/
�(T���)����

(j) oh�h0o/ (14.26) T�AV℄4�3 _
A(x(k))d+ θkh(x

(k)) = 0, (14.27)q� θk ∈ (0, 1] ejGp��)r θk � &�I (14.26) �Ts4�e�(T�\�# AC�:V_h0o/�4�TB?"W+_�!W��)I 14.2 �_�
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I 14.1: 7U"4�
�(I_�

I 14.2: 4�ohI_�_YP 	T0o/�+0o/T��vj��j�8�q3�JQ� θk �BO=� 1. 	j�8�_zY0o/O�jjT2�x�q3
O! θkt>�j�sxQ� θkT��ed� Gauss-Newtonf�I�}o/
min
d∈Rn

‖A(x(k))d+ h(x(k))‖T>&���_ Gauss-Newton f dGN
k , θk TQ�e
&7

δ∆k ≤ θk‖dGN
k ‖ ≤ ∆k,q� δ ∈ (0, 1) eKj���:℄��
V℄e
P 	T0o/�B?_��
V℄e
 θk 
e$&�f)�B�

θk =







1, )r 2‖dGN
k ‖ ≤ ∆k,

1
2∆k/‖dGN

k ‖, &I�
(�) s�4��
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 229	j�Y0o/�(T��eh0o/ (14.26) ��8To/3 �
min

1

2
dTBkd+∇f(x(k))Td

s.t. ‖A(x(k))d+ h(x(k))‖2 ≤ ξk,
‖d‖2 ≤ ∆2

k, (14.28)q� ξk e8i:8o/�(Tp�� Powell-Yuan (1991) T[ �Q� ξk &7
min

‖d‖≤b1∆k

‖A(x(k))d+ h(x(k))‖2 ≤ ξk ≤ min
‖d‖≤b2∆k

‖A(x(k))d+ h(x(k))‖2,q� b1, b2 e&7 0 < b2 ≤ b1 < 1 T���
(0) �y��;�j-4�>��o/ (14.1). 2��� l1 �y�

Φ1(x, µ) = f(x) + µ[‖min{gI(x), 0}‖1 + ‖hE(x)‖1].q3BXE0o/_
min

1

2
dTBkd+ ∇f(x(k))Td+ µk[‖∇gI(x(k))Td+ min{gI(x(k)), 0}‖1 + ‖∇hE (x(k))T d+ hE(x(k))‖1]

s.t. ‖d‖ ≤ ∆k. (14.29).��g��j-V℄�
V℄4�>��o/�℄�� A(x(k)) �AseTUF�G.�����0TQ�Bu<=�℄� l1 �y�T
BYAM�#hnoA z�T Maratos +� (_�~M() .

(�) �! ��A_ x(k) #h7U"l&f d(k)  �
sG v�� v dt
k �� v dn

k , � d(k) = dn
k + dt

k (_I 14.3) .� v dn
k ��℄�j

min
dn∈Rn

‖A(x(k))dn + h(x(k))‖2

s.t. ‖dn‖ ≤ τ∆k, (14.30)q� τ ∈ (0, 1) eKjT���� vTB�ee
4�TB?A�I Zk ∈ Rn×m e� A(x(k)) �GYTgm2�=
T%`�F� v_ dt
k = Zkd̄

t
k, J� v�j	�� d(k) TG�B℄�0o/ (14.26) B�


min
d̄t∈Rm

[ZT
k (Bkd

n
k +∇f(x(k)))]T d̄t +

1

2
(d̄t)TZT

k BkZkd̄
t,

s.t. ‖Zkd̄
t‖2 ≤ ∆2

k − ‖dn
k‖2. (14.31)�.�j�! v�3��j7U" SQP 0o/T� d(k).A:}�����j d̄t

k ejGYaT0o/��sG0o/ (14.30) � (14.31) _s4���T7U0o/�B�OZ�[�PT��
��.��u{Z#^z7U" SQP 0o/T�(A�
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I 14.3: 7U"�! �I_�
§14.3.2 �z4 SQP M�I��o/ (14.2) T Lagrange y�_

L(x, λ) = f(x)− λTh(x). (14.32)

Φ(x, λ;µ) = f(x)− λTh(x) +

1

2
µ‖h(x)‖2, (14.33)q� µ e��0� λ = λ(x) e�8>&��o/T��

min ‖∇f(x)−A(x)Tλ‖.A A(x) ?&�T9
��
LLR:8o/T�_
λ(x) = (A(x)A(x)T )−1A(x)∇f(x). (14.34)q3�� (14.33) j{Ty� Φ _ Fletcher ���y��
L:�� Fletcher ���y�eBYT�Z
�[�P
�s4�>��T7U"���A
�7U"0o/T�	�Ee[`0o/�TBxsA�℄d~�0fBT7U"0��F7U"0o/T�_ d(k). j{VM�kv�&\�kv X_�

Aredk = Φ(x(k), λ(k);µk)− Φ(x(k) + d(k), λ(k+1);µk), (14.35)�
Predk = −uk + µkvk, (14.36)q�

uk = ∇xL(x(k), λ(k))T d(k) +
1

2
d(k)TBkd

(k) + (λ(k+1) − λ(k))T [A(x(k))d(k) + h(x(k))],
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vk = ‖h(x(k))‖2 − ‖A(x(k))d(k) + h(x(k))‖2.�p� µk Td~B%)��℄�?�� µ−1 = 1 �� &T�� β > 0, A_ x(k) #G��l&f d(k) 	�� µk−1 G� µk

µk =







µk−1, - Predk ≥ µk−1vk
2 ,

2uk
vk

+ β, q!� (14.37)Bui= (_?P�/ 10) , %:℄d~T µk &7�e�℄
Predk ≡ Predk(d(k);µk) ≥ µk

2
[‖h(x(k))‖2 − ‖A(x(k))d(k) + h(x(k))‖2].l��! ���
�V℄4���o/ (14.2) T7U" SQP ��)��M� 14.3 (�z4 SQP M�)\ 0 (�&}) �
�5 ∆min > 0, ∆max > 0, ∆min ≤ ∆0 ≤ ∆max, α1, τ ∈ (0, 1) < 1, α2 > 1,

0 < η1 < η2 < 1, ǫ > 0, β > 0, µ−1 = 1. 
�&A (x(0), λ(0)), �&7: B0. �A Z0. ^ k := 0.\ 1 (TF�.) �
‖ZT

k ∇f(x(k))‖ + ‖h(x(k))‖ ≤ ǫ,PFAJ�-( x(k) �V1V~ 2.\ 2 (�A.I~) (uI%YaN (14.30) u (14.31) -( d(k) = dn
k + Zkd̄

t
k.\ 3 ({=�Y λ) - x(k) +d(k) ��_qF�i� (14.34) �A λ(k+1), {�A ∆λ = λ(k+1)−λ(k).\ 4 ({=I�5 µ) �e' (14.37) �A µk.\ 5 (�..I~/D$1y) � (14.35) u (14.36) �A Aredk, P redk u rk = Aredk

Predk
.� rk < η1, 9>.I~ d(k), 
 ∆k = α1‖d(k)‖ L�~ 2.� η1 ≤ rk, $1.I~�� x(k+1) = x(k) + d(k). �� rk ≤ η2 !�^ ∆k+1 := max{∆k,∆min} �V1 ∆k+1 := min{∆max,max{∆min, α2∆k}}.\ 6 �,)/N'{= Bk - Bk+1. ^ k := k + 1 V~ 1.[ 1 �:8���Tf 1 K�TÆz,IVW� x(k) eo/ (14.2) T K-K-T _ (_?P�/ 8) .[ 2 ����Tf 5 6Ql&fBxsTa}�7U"0�Td~�q� rk :}z�
B;�+o/j�A�x�J rk < η1, 7U" SQP 0o/T�>*4�E�&7U0��3�0o/�&Ixs0o/T��℄M+ rk Tv�j8�/�>�0fBG�T7U"0��AnoA z��q3Ee)�UF9
�
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O3 14.3.1 (1)  -Y
 Ω ⊆ Rn $ {x(k)} u {x(k) + d(k)} ;- Ω s�
(2) AF� x ∈ Ω, rank(A(x(k))) = m.

(3) A x ∈ Ω, f(x),∇f(x),∇2f(x), h(x), A(x), (A(x)A(x)T )−1, Z(x) u ∇2h(x)) �I�)�
(4) Bk �I�)��� 14.3 T�#noj^)���} 14.3.1 ��� 14.3.1 N/R�?fZ�1) ǫ > 0 !AJ 14.3 u�j~8%PF aN

(14.2) / K-K-T 6���
�6Z {x(k)} fZ
lim

k→∞
inf[‖ZT

k ∇f(x(k))‖+ ‖h(x(k))‖] = 0. (14.38)� 14.3.1 
�C x(0) = (−1,−1)T , �AJ 14.3 �(hl/_�}aN�
min f(x) = (1− x1)

2

s.t. h(x) = 10(x2 − x2
1) = 0.�aN/_�(^ x∗ = (1, 1)T .` 7U"0o/��! ��
���������� Bk �_ Lagrange y�T Hessian `�

A(x) � QR � A(x) = [Y (x), Z(x)]
(

R(x)
0

)

. A x(k) #�F�! v_�dn = αkYkuk, �0o/ (14.30)&7 Cauchy (_[�Pe� Cauchy _Tj{) h �kT�
�_
uk = −(Rk)−Thk, αk =







1, - ‖uk‖ ≤ τ∆k,

τ∆k

‖uk‖ , - ‖uk‖ > τ∆k,q� Yk = Y (x(k)), Rk = R(x(k)), hk = h(x(k)). �! vT0o/ (14.31) �[�P�?T|}VI+x�� 6.4. �� 14.3 ���T��_ ǫ = 10−5, ∆max = 10, ∆min = 0.001,∆0 = 5, η1 = 0.05, η2 =

0.75, α1 = 0.5, α2 = 2, τ = 0.8, β = 0.01. G��r_V 14.3.W 14.3 8V# SQP H��s
k x(k) ‖ZT

k ∇fk‖ + ‖hk‖ d(k) µk

0 (−1,−1)T 21.7889 (1.1905,−0.3810)T 1

1 (0.1905,−1.3810)T 15.6861 (0.1700, 1.3439)T 1

2 (0.3606,−0.2461)T 4.7984 (0.2196, 0.5344)T 1

3 (0.5801, 0.2883)T 1.0303 (0.2418, 0.3288)T 1

4 (0.8219, 0.6171)T 0.7699 (0.1278, 0.2686)T 1

5 (0.9497, 0.8856)T 0.2102 (0.0415, 0.0952)T 1

6 (0.9913, 0.9809)T 0.0251 (0.0080, 0.0175)T 1

7 (0.9992, 0.9984)T 0.0013 (0.0007, 0.0015)T 1

8 (1.0000, 0.9999)T 2.8507E − 05 10−4 ∗ (0.2572, 0.5196)T 1

9 (1.0000, 1.0000)T 1.9725E − 07AV 14.3 �� k V_fB0�� x(k) _fB_}� ‖ZT
k∇fk‖+ ‖hk‖ _ K-K-T 9
T[u� d(k)_7U"0o/T�
�� µk _fBG��T�p��-\EZ� Bk = I (I _Eh`) , A�>T���p�9
��JfB0� k = 22 RB
R&7�>�xT��
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§14.4 ∗Maratos �'K$hb
j^ 14.1.2�j^ 14.2.1 XK�z#h SQP��T��A9
��A�� SQP�� 14.2T�#noA9
��.Bn�-�# SQP ���Ehf�Buxs (� αk = 1), I�# SQP ��-���AnoA����AJ��O���� 14.2 
O8iEhf�>xs�3�
O8i��T��AnoA�.Æ#q
� Maratos (1978) x��b�_ Maratos +��?~	=G��T.�Æ#�℄�?6�4Æ#T�����
Powell (1986) K�)�o/�

min f(x) = −x1 + 2(x2
1 + x2

2 − 1)

s.t. x2
1 + x2

2 − 1 = 0..o/T>��_ x∗ = (1, 0)T , �A>��# Lagrange �0� Lagrange y�T Hessian ` X_
λ∗ = 1

2 � W (x∗, λ∗) = I. � SQP��
� (� Bk = I)R�x(k) = (cos θk, sin θk)T . 
��J x(k) → x∗R� cos θk → 1. sxG��
f(x(k)) = − cos θk, ∇f(x(k)) = (4 cos θk − 1, 4 sin θk)T , A(x(k)) = (2 cos θk, 2 sin θk).
LL�.fT SQP 0o/T�_ d(k) = (sin2 θk,− sin θk cos θk)T . �� x(k) + d(k) = (cos θk +

sin2 θk, sin θk(1 − cos θk))T , �
‖x(k) + d(k) − x∗‖
‖x(k) − x∗‖2 =

1

2
..℄	= d(k) e��Anof�-�+}y�_ l1 �y�

Φ1(x, µ) = f(x) + µ‖h(x)‖1,q� µ ≥ 0, .R�� x(k) TB?A�
Φ1(x

(k), µ) = − cos θk,

Φ1(x
(k) + αd(k), µ) = − cos θk − α sin2 θk + (2 + µ)α2 sin2 θk.eY+}y�Ed�k�� Φ1(x

(k) + αd(k), µ) < Φ1(x
(k), µ), α E&7 α < 1

2+µ . �.�
� x(k) �,=� x∗, Ehf�
BO�O�3���
-���AnoA�D) Maratos +�<��0Z���
(j) Watchdog E{.��ej��EdE{���%�T,;��	������	�?�A�T,;��	�e


Φ(x(k+1), µ) < Φ(x(k), µ).�A	j-fB��?�����	�)\E�f� αk = 1. �����	G�T|-eAD0fB�~KT_B�
fB_�>{_#+}y���7[T	�k (�j�>{_	�+}y�vA._>&) , I�0fB������	�g�����Tv_e�
T_��>{	T_�-1a}�R�?�����	��8 z�j�F�����T+}y�_ l1 �y�
Φ1(x, µ) = f(x) + µ[‖min{gI(x), 0}‖1 + ‖hE(x)‖1]. (14.39)
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j{ Φ1(x, µ) A x(k) T�
y�_
Φ

(k)
1 (x, µ) = f(x(k)) + ∇f(x(k))T (x− x(k)) +

1

2
(x− x(k))TBk(x− x(k)) (14.40)

+µ[‖min{∇gI(x(k))T (x− x(k)) + gI(x(k)), 0}‖1 + ‖∇hE (x(k))T (x− x(k)) + hE(x(k))‖1].F l ≤ k e�[ k 0fB�>{	T��
Φ1(x

(l), µ) = min
1≤i≤k

Φ1(x
(i), µ). (14.41)�� x(l) e�>{	_�f�BQG αl = 1, sxG�BR

Φ1(x
(l), µ) − Φ

(l)
1 (x(l+1), µ) = −∇f(x(l))Td(l) − 1

2
(d(l))TBld

(l) + µ[‖min{gI(x(l)), 0}‖1 + ‖hE(x(l))‖1] > 0.- x(k+1) = x(k) + αkd
(k) &7
Φ1(x

(k+1), µ) ≤ Φ1(x
(l), µ)− β[Φ1(x

(l), µ)− Φ
(l)
1 (x(l+1), µ)], (14.42)q� β ∈ (0, 1/2), I�0���℄�_�����	�Aj0����	�x.�?T,�����T,;��e
+}y�T�kA��.T,��	T_B��;��TÆ_e{�G
jjBs
RT�>{	_{��tC0T,;��	�B
RB+�>{	_N{T_�j-q3F��;��	TT,��>��? t 0 ()� t = 5), - t 0	q3&T
OBs��>{	_N{T_�	=�����	e
{JT�e?0'O40����Tv_�3�?T,���\d>�B t+ 2 0fB�q35BTOB+T�>{	_N{T_��.��51&e�kT��v t �TI���3Q�:�'�\g� ”Watchdog” ?�T�T� Watchdog ���X)��M� 14.4 (Watchdog M�)\ 1 
�& x(0), =<5 t, β ∈ (0, 1

2 ), 
>En'^xXv� k := 0, l := 0.\ 2 ( SQP YaN (14.11) ->ENn d(k), {P�ky>EKv (xXv�=�v) �->E~	 αk > 0, ^ x(k+1) = x(k) + αkd
(k).\ 3 � Φ1(x

(k+1), µ) fZ=�>ER� (14.42), 1h�>E^=�v�V1^xXv�\ 4 � Φ1(x
(k+1), µ) ≤ Φ1(x

(l), µ), 1^ l := k + 1.\ 5 � k < l + t, 1V~ 6 �V1 x(k+1) := x(l); l := k + 1.\ 6 �p|	8%�1 k := l + 1 V~ 2.^�:Bi�- d(k) e��Anof�I� Watchdog E{T SQP ��

-��#noA���8i#h��AnoA��e�~Bp: [27, §12.5].

(�) �z)gfE��z)gfexA x(k) #
R SQP 0o/T� d(k) 	�� d(k) �?�zCg��
 d̂(k) YR
‖d̂(k)‖ = O(‖d(k)‖2), Φ(x(k) + d(k) + d̂(k)) < Φ(x(k)). (14.43)
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�� d̂(k) + d(k) &ej��Anof�F d̂(k) _)��0m�o/
min ∇f(x(k))T (d(k) + d) +

1

2
(d(k) + d)TBk(d(k) + d)

s.t. ∇gi(x
(k))T d+ gi(x

(k) + d(k)) ≥ 0, i ∈ I, (14.44)

∇hj(x
(k))T d+ hj(x

(k) + d(k)) = 0, j ∈ ET��Bui=�AjjT9
��d̂(k) &7 (14.43),b d(k) + d̂(k) _BxsT��Anof [27, §12.6].

(0) l�k�+}y��vMaratos+�e�_�k�T+}y���+T#^��pje�k�T+}y��)r P (x)ejk�y��!A_ x∗ #;O>&� ∇2P (x∗) ��gj�I8Ag� m � M , YRJ x � x�
x∗ R�

m‖x− x∗‖2 ≤ P (x)− P (x∗) ≤M‖x− x∗‖2.�e�|e d(k) ej��Anof�IJ k � >R�
P (x(k) + d(k)) ≤ P (x∗) +M‖x(k) + d(k) − x∗‖2

≤ P (x(k))−m‖x(k) − x∗‖2(1− M‖x(k)+d(k)−x∗‖2

m‖x(k)−x∗‖2 ) ≤ P (x(k)),

d(k) _BxsT��Anof�f)���V℄4�o/�q3B� Fletcher ���y� (14.33) B_+}y����y� Φ Tk�A�BJ7 Maratos +��p: [27, §12.7].sY 14

1. . d = 0 f SQP 1p0 (14.10) 0 (14.11) U��J x(k) fp0 (14.1) U K-K-T `�
2. �$i SQP �� 14.1 Æ�p0

min f(x) = x1 + x2

s.t. x2 − x2
1 ≥ 0.�\`�` x(0) = (0, 0)T , Bk �t����

(1) � Bk = ∇2
xL(x(k), λ(k)), � λ(0) = 1; .� λ(0) = 0, !{H��s�

(2) � B0 = I , ^m� Powell �L�U*hU^ (14.12) � (14.13) *h Bk.

3. �$i SQP �� 14.1 N�H�*	?��p0�
min f(x) = ex1x2x3x4x5 − 1

2
(x3

1 + x3
2 + 1)2

s.t. x2
1 + x2

2 + x2
3 + x2

4 + x2
5 − 10 = 0,

x2x3 − 5x4x5 = 0,

x3
1 + x3

2 + 1 = 0.��\` x(0) = (−1.71, 1.59, 1.82,−0.763,−0.763), λ(0) = (0, 0, 0), Bk = ∇2
xL(x(k), λ(k)). (5p0U?��`

x∗ = (−1.8, 1.7, 1.9,−0.8,−0.8).)
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4. ��B���$ SQP �� 14.2 Æ�

min f(x) = −x1 − x2

s.t. g1(x) = x2 − x2
1 ≥ 0,

g2(x) = 1 − x2
1 − x2

2 ≥ 0./p0U?�`` x∗ = ( 1√
2
, 1√

2
). ��\` x(0) = ( 1

2
, 1), λ(0) = (0, 0), Bk �t�H�� (1) Bk =

∇2
xL(x(k), λ(k)) � (2) � B0 = I , ^m� Powell �L�U*hU^ (14.12) � (14.13) *h Bk.

5. BVG:d 14.1.1 	j> G∗ =
(

P∗W (x∗,λ∗)
A(x∗)

) ~'��r
 P∗ = I − A(x∗)T (A(x∗)A(x∗)T )−1A(x∗), A(x) `W^5��dW^6:5�=Æz�B` x $U Jacobin &a�
6. <�*	p0�

min f(x) = −x1 + 2(x2
1 + x2

2 − 1)

s.t. x2
1 + x2

2 − 1 = 0..�,~z�` Fletcher ��
z��mpFig�P'Z,~z�Fe	l�
7. j>BVG 14.3.1 :d	�. x(k), x(k) +d(k) ∈ Ω, J� (14.35) � (14.36) k|UWN	lw�'℄	lw'8

|Aredk − Predk| ≤ bµk‖d(k)‖2,r
 b > 0 `k���
8. GB1` x, A(x) = h′(x) 9B QR !�

A(x)T = [Y (x), Z(x)]

(

R(x)

0

)

,r
 Y (x), Z(x) '8 Y (x)TY (x) = Im, Z(x)TZ(x) = In−m, Y (x)Y (x)T +Z(x)Z(x)T = In. <�W^5�?��p0 (14.2), GB A(x)T U*; QR !�:d	� Lagrange �1H�m�?(	�U^ (14.34). j>?��p0 (14.2) U K-K-T :d`�
(

Z(x)T∇f(x)

h(x)

)

= 0.

9. 8V# SQP ��
1p0UH�<���"!���.BgC` x(k), �"!w dn
k (` (14.30) ^) UH�m�

RT
k uk = −hk,

αk =







1, . ‖uk‖ ≤ τ∆k

τ∆k

‖uk‖ , r",
dn

k = αkYkuk,r
 Y,Z, R `;0
�f� A(x) U QR !�Uw�	U k CWB x(k) `U�w�* hk = h(x(k)). j>BVG:d 14.3.1 	�Æi
‖hk‖2 − ‖hk + αkAkYkuk‖ ≥ ‖hk‖min{‖hk‖, τ∆k

b0
},r
 b0 f'8 ‖uk‖ ≤ b0‖hk‖ U���

10. j>B8V# SQP ��
�� El-Alem (1991) RHU
q� µk UDhU^ (14.37) .�B	�
(1) µk ≥ µk−1.

(2) Predk(d(k);µk) ≥ µk

2
[‖h(x(k))‖2 − ‖A(x(k))d(k) + h(x(k))‖2].
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11. �8V# SQP �� 14.3 N�H�W^5�?��p0
min f(x) = x1x

2
2

s.t. x1 + x2 = 2.��\` x(0) = (−2,−2)T , Bk = I , 8V#1p0UÆ���"!���t5�8V#1p0UH��
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�6qE &oe.?��Rfq3A|8P~��?z
=�v>�����\-��j-|O
Ro/TjGmj_/ K-

K-T _�
O8i
Ro/T�#>���?P\e�?
�#>��TC���T�#>�����
§15.1 ES%��#>��o/xTe
)�>��o/T�#>���

min f(x)

s.t. x ∈ D,
(15.1)�
 x∗ ∈ D, YR

f(x∗) ≤ f(x), x ∈ D. (15.2).R�q3�&7 (15.2) T x∗ _ f A D :TjG�#>��� f(x∗) _ f A D :T�#9&v�℄ XI_ x∗ ∈ argminf(D) � min f(D).z
_z��#>����lU�o/T)t�X��8q3�?>2?TCZ�#>��o/��# 15.1.1 � D ⊆ Rn. �ps5 f : Rn → R - D � Lipschitiz T~�1��6_�}aN
(15.1) ^ Lipschtz _�}aN��# 15.1.2 � D ⊆ Rn ^Y
�s5 f : D → R. �p -V`Ys5 p : D → R u q : D → R$-

f(x) = p(x)− q(x), ∀x ∈ D, (15.3)1�s5 f * D �/ d.c. s5�
Rn :T d.c. y�\�_ d.c.(difference of two convex functions) y���# 15.1.3 � C ⊆ Rn ^Y
��ps5 f , gi,i = 1, . . . ,m ?^ C �/ d.c. s5�1��6_�}aN

min f(x)

s.t. x ∈ C,
gi(x) ≤ 0, i = 1, . . . ,m

(15.4)^ d.c. n{aN��8Tj^	= d.c. y�e�>����$OT<�&8�q d.c. A���} 15.1.1 �p f(x), fi(x), i = 1, . . . ,m * d.c. s5�qh�h'

R�
(1) −f(x) * d.c. s5�
(2) fi(x), i = 1, . . . ,m /�vky^w* d.c. s5�

239
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&-
(3) max

1≤i≤m
fi(x) u min

1≤i≤m
fi(x) * d.c. s5�

(4) f+(x) , max{f(x), 0}, f−(x) , min{f(x), 0} u |f(x)| ;* d.c. s5�I� (1) 
����Fy�T#ygT�A<�&eFy��d� (1) �R (2).

(3) F fi(x) = pi(x) − qi(x), i = 1, . . . ,m, q� p, q, i = 1, . . . ,m _Fy���_
fi(x) = pi(x)− qi(x) = pi(x) +

m
∑

j=1
j 6=i

qj(x) −
m
∑

j=1

qj(x),q�>	jG�℄
lU� i, �u
max

1≤i≤m
fi(x) = max

1≤i≤m
{pi(x)− qi(x)}

= max
1≤i≤m











pi(x) +

m
∑

j=1
j 6=i

qj(x)











−
m
∑

j=1

qj(x).��� max1≤i≤m{pi(x) +
m
∑

j=1
j 6=i

qj(x)} &eFy���u max
1≤i≤m

fi(x) e d.c. y��� yO min
1≤i≤m

fi(x) = − max
1≤i≤m

[−fi(x)], �� (1) n min
1≤i≤m

fi(x) e d.c. y��b (3) Ri�
(4) �� 0 eFy�℄ yO |f(x)| = f+(x)− f−(x) n (4) g
h� IV�8j^	= d.c. y�ejZ�Jl�Ty��3�	= d.c. m�AVM�-�l�T��A��} 15.1.2 �vF�T~D\/s5* d.c. s5��} 15.1.3 A�v+
 D ⊆ Rn �/#CT~s5�; - D ��` d.c s5}Z�I/U 9`s5�

§15.2  &�>2?�>\ET�#>����pje,9��4��e
GTy�-���P���
��#� Lipschitz mNTy�r-���P��A��3\Gy{:	�,9�O�T�3�J�TjZ>��o/�_zK}T\EA�q3
�?
�)� Lipschitz >��o/
min f(x)

s.t. x ∈ [a, b]
(15.5)T,9��q� f : R→ R A�Y [a, b] :T Lipschitz ��_ L.
�o/ (15.5) T,9��e6QsG2?t��jeXXI-
w��#>&v_T0�Y��e3J|T0�Y7�6�\-0�Y�h�Y [a, b]  _ N − 1 V"�qV _ X_ a = x1 < . . . < xN = b. I

f̂∗
N = min

1≤i≤N
f(xi).



§15.3 jh/
 241� f̂∗
N B_�#9&v f∗ T�
v�qx| ǫN &79


ǫN , |f∗ − f̂∗
N | ≤

L(b− a)
2N

.:℄	=�J N → +∞ R�x| ǫN → 0. g"e	�|eq3G�7[�Ty�v�"BuRO&7#y�xT�
>���GJ�xe
u>R�\dsxG�G�v$>�B?T�℄el��fKS [a, b] :eG�y�vT _�B)	�>�q3A [a, b] :|Q�jG _ (�_l&_)

x1 = (a+ b)/2, �	%WD��℄�fKSl&_�-1A�)��UF x1 < x2 < . . . < x(k) e�Y [a, b] MsG�ty�vT k Gl&_ (
jjeV _). I
yok = min

1≤i≤k
f(xi).I,�Y [a, b] :TX�y�

Fk(x) , max
1≤i≤k

{f(xi)− L|x− xi|}, x ∈ [a, b]X
zGTy� f(x) TjG��y����#yT x ∈ [a, b], �� Fk(x) ≤ f(x).)r

Ak , {x ∈ [a, b] | Fk(x) ≥ yok}.I,
L:���#yT x ∈ Ak,

f(x) ≥ yok ≥ f∗.j-Z� Ak e� [a, b] TD-0�YX
T�Y7T℄�:℄	=.�Y7�T#y0�YMr
w��#>&v_����Bh\-0�Y6��I�t6�	TO�0�YX
T�Y7_ A. I
A =

⋃

I∈A I. )r A ��x>>T0�YT�x;Oz�xe
�I��Æz�&I�AO�0�YM%)��℄Q�3Tl&_�
xk+1 = argminx∈AFk(x).:}VTO,9�#9&v��x�7[&T0�YTt���_,9��!l����
�(w\� Lipschitz ��T Lipschitz >��o/�e�d�,9�
��(y�T�#>��o/�vZBp:k� [1].

§15.3 fUj�OA��e
��#>��o/T>�eTjZ���J��+T�#����re2�OA��T
��;�o/
min f(x)

s.t. x ∈ D ⊆ Rn,
(15.6)q�y� f : Rn → R mN� D _E<�
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&-
�o/ (15.6) TOA��"e�u\ET��o/�fA�+o/��j “��” o/ex
min f(x)

s.t. x ∈ Dk,
(15.7)q� Dk &7u�>2?T9


Rn ⊃ D0 ⊃ D1 ⊃ . . . ⊃ D, lim
k→∞

min f(Dk) = min f(D).�8eOA��T2?G�t��M� 15.1 (eTi�)\ 0 
 D0 ⊃ D. ^ k = 0.\ 1 �(=�aN (15.7) -�( x(k) ∈ argminf(Dk).\ 2 �p x(k) ∈ D, 1-( x(k), V1�k�hN'h/ Dk+1 �
Dk+1 = Dk ∩ {x | lk(x) ≤ 0}, (15.8)�N lk : Rn → R fZ

lk(x(k)) > 0, lk(x) ≤ 0, ∀x ∈ D. (15.9)^ k := k + 1, {V~ 1.[ 1 �f 2 n D ⊆ Dk+1 ⊂ Dk, bu�
V℄
h�
min f(Dk) ≤ min f(Dk+1) ≤ min f(D).3��)r x(k) ∈ D, I, x(k) ∈ argminf(D).[ 2 _O�G��q3<�� D0 _6wB?" D TjGF�81�� (15.8) n�J lk _�Ay�R� Dk &�eF�81�[ 3 Ao/ (15.6) ��UF

D = {x ∈ Rn | g(x) ≤ 0}, (15.10)q� g : Rn → R eFy��I<�
∂g(x(k)) , {v ∈ Rn | g(x)− g(x(k)) ≥ vT (x − x(k)), ∀x ∈ Rn}. (15.11))r


lk(x) = p(k)T (x− x(k)) + g(x(k)), (15.12)q� p(k) ∈ ∂g(x(k)), I��TOA���_ KCG Bh8��[ 4 A 3 ��)r x(k) 6∈ D, � g(x(k)) > 0, I lk(x(k)) = g(x(k)) > 0, ��#� x ∈ D, �
g(x) ≤ 0, �

lk(x) = p(k)T (x − x(k)) + g(x(k)) ≤ g(x) ≤ 0.�.� lk(x) &7 (15.9).
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 243[ 5 )r g mNBY�IBi= ∇g(x(k)) = ∂g(x(k)) (_�/) . �.�A KCG Bh8��
lk(x) = ∇g(x(k))T (x− x(k)) + g(x(k)).[ 6 )r D1 = {x ∈ Rn | gi(x) ≤ 0, i = 1, . . . ,m}, I I , { i = 1, . . . ,m }, 


g(x) = max
i∈I

gi(x),I D1 = D = {x ∈ Rn | g(x) ≤ 0}, ��G
V℄4�T>��o/Bo�_EG
V℄4�T>��o/��.� KCG Bh8�g��
��G
V℄4�T>��o/��} 15.3.1 ��hZR�
R�
(1) Aj�` k, lk(x) hoT~�� lim inf

x→x̄
lk(x) ≥ lk(x̄), ∀x̄ ∈ Rn.

(2) A8%}Z {x(k)} /j�`/UYZ {x(q)} (|P� lim
q→∞

x(q) = x̄),  -YZ {x(r)} ⊆ {x(q)}fZR��
lim

r→∞
lr(x

(r)) = lim
r→∞

lr(x̄).

(3) �p lim
r→∞

lr(x̄) = 0, 1 x̄ ∈ D.qh�}Z {x(k)} /j�`86;2 Dx% D, �*aN (15.6) /_�(�I� UF x̄ efB_} {x(k)} TjG(_� {x(q)} ⊆ {x(k)} enoO4(_TDG0}�UF
{x(r)} ⊆ {x(q)} _&79
 2, 3 T0}�I�B?"TCgf 2 n�

lr(x
(r

′
)) ≤ 0, ∀ r′ > r,M+ lk(x) T�0mNAn lr(x̄) ≤ 0.M+UF 2 BR

lim
r→∞

lr(x
(r)) = lim

r→∞
lr(x̄) ≤ 0. (15.13)�_���T r, y� lr(x) &79
 lr(x

(r)) > 0, �u
lim

r→∞
lr(x

(r)) = lim
r→∞

lr(x̄) ≥ 0. (15.14)M+ (15.13) � (15.14) ℄n lim
r→∞

lr(x̄) = 0. 3���UF 3 n x̄ ∈ D.>	��_���T x ∈ Dk ⊃ D, f(x(k)) ≤ f(x), �u����T x ∈ D, 
h f(x̄) ≤ f(x) , � x̄eo/ (15.1) T�#>&v_� IV�.j^
LLR KCG Bh8�TnoA�
§15.4 �K�d�� kj���l����
�J�u/>T�#>��o/�q2?
�e���	TB?"�?l ( kt�), ?A0G0�":�jGTy�T:�� (j�t�), l.6�
6w�#>��T0"�3�Yo/T
�Ru\��d� kj���
��#>��o/ (15.1) T2?
�)��
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XEjG��TB?< M0 ⊃ D, * M0 l 
��G0�" Mi, i ∈ I.q0�A0jG Mi ∩D :�jGTy�T�� β(Mi) �:� α(Mi)()rBOT�) Yp&79

β(Mi) ≤ inf f(Mi ∩D) ≤ α(Mi).�.� β = min

i∈I
β(Mi), α = min

i∈I
α(Mi)  XeGTy�AeGB?"MT>&vT���:���

β ≤ min f(D) ≤ α.>	�)r α = β(/Z�DG

KjT�x ε, α− β ≤ ε), I,��Æz�&I�{JZQ�D-0�" Mi, ?*\-0�"l uRO M0 TjGCgTl �2� M0 T3l ��jGTy�>&vT3TN{T:����/:}t��sO��Æz� kj���T�_pje�A0GfBfq35Bu6� D TI-jj
6w>��T0"�3�Bu℄=fBf��q=
T�_e�
�T�x�J|fT:��T| α − β Txv�\d�jGBOC"TOzT “{T” B?_��eVO{Cfu	k(>XX�_z�jf:}d� kj���
�o/ (15.1) T��f��
�?)�8Y��# 15.4.1 � M ⊆ Rn *�?
� I *�jhx
�� M /Y
^
/
w M = {Mi}i∈I �^ M /�Q}S (partition), �p
M = ∪i∈IMi, Mi ∩Mj = ∂Mi ∩ ∂Mj , ∀ i, j ∈ I, i 6= j,�N ∂Mi y) Mi /mAv)�DY
 Mi, i ∈ I �^ M /}S
� kj����5e*l <�
\E�81�)E+=���=�F�8(V�!3rBu�I2Th_<V_��8e kj���
�>��o/ (15.1) T-1G�t��M� 15.2 (�J�
M�)~ 0(o7>) �
 M0 ⊇ D, SM0 ⊆ D, −∞ < β0 ≤ min f(M0). a: ǫ > 0, k := 0. A M0 -x}S� M0 = {M (k)

i }. ^
αk = min f(SMk

), β(Mk) = βk.�p αk <∞, qh
 x(k) ∈ argmin f(SMk
).~ 1 (TO\) �p αk − βk ≤ ǫ, 1-( x(k) u_qC αk = min f(D), V1Bx~ 2.~ 2 (�G��H) ^ k := k + 1, 
�-x�h*A�~ 2.1 � Mk−1 N��F�fZ β(M) ≥ αk−1 /}S
���p�`}S
�pxs5/h)|q )�pxs5.<_qC/�)�qh5D���9`}S
��^9s}S
N|Dtr��6_qC6�� Rk y)1��x Mk−1 N !}S
^
/
w�~ 2.2 - Rk N�
�S (��O) }S
^

w Pk. ÆxA Pk N/j�`}S
-x}S�
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h
/
w^ P ′
k, �N�pG Rk Ni�r��H/ “4/” }S
��pGA

Pk N}S
}Sxt-+/F�}S
�~ 2.3 - P ′

k N��F�/|Dx}S
��^9s}S
NE:|r�_�(�� P ′

k N� hH/qs}S
^

w^ M′

k.~ 2.4 A M′

k N/j�`}S
 M , zJ�`
w SM u�`#5 β(M). zJ'1�h�
SM ⊆M ∩D, β(M) ≤ inf f(M ∩D), α(M) = min f(SM )

SM ⊇M ∩ SM ′ , β(M) ≥ β(M
′

), �pM ⊆M ′ ∈Mk−1.~ 2.5 ^ Mk = (Rk\Pk) ∪M′

k.~ 3 ((��}2t
) �A
αk = min {α(M) |M ∈ Mk}, βk = min {β(M) |M ∈Mk}.�p αk <∞, qh�5�6 x(k) ∈ D fZR� f(x(k)) = αk. V~ 1.[ 1 �0jGl < M , SM ⊆ M ∩ D T
���eA M �8Q-;GB?_��.�)r SM 6= ∅, I,"
L�� α(M) = min f(SM ). )r M �.�B?_�I, SM = ∅. \R�


α(M) =∞. UF0ffBrO[3D- M �Q�OB?_�I,"jj� αk <∞. ����T SMr|OeG<�k� αk =∞.[ 2 UF��� k, αk <∞, I,� SM � β(M) T
�mIBnL}
{αk}∞0 = {f(x(k)) | x(k) ∈ argmin f(SM ), SM ⊆M ∩D}e�KL}��L} {βk}∞0 e�℄L}��!3&79


αk ≥ min f(D) ≥ βk.�.�| αk − βk �ÆzJ|fBf-RT>{�
� x(k) ��#>��T�
�x�3\Gy{:	���TÆz9
 αk − βk < ε, e�^T�[ 3 vR yTe��Y��T SM = ∅, 3����T k, αk =∞,  kj���T0jf&�^�[ 4 AVMu? kj���R��j/G�l <M :T:�� α(M) � β(M), �gZQ�
Pk, �Dl Tl <QG�gTl �℄�u>-��+T6���l <TmIV� kj���TnoA�68G�+�-��eB��� 15.4.1 ��haN/�6_�(�

min f(x1, x2) , −(x1 − 20)2 − (x2 − 10)2

s.t. − 1
2x1 + x2 ≤ 10,

x2
1 + (x2 − 10)2 ≤ 500,

x1 ≥ 0, x2 ≥ 0.
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&-`f 0�Q�M0_E+= conv{(0, 0)T , (0, 40)T , (40, 0)T},!T0Gh__ (0, 0)T , (0, 40)T , (40, 0)T .�_ f(x1, x2) e'y���u_zG�GTy�A M0 :T���q3XE�Ay� φ(x1, x2) =

a1x1 + a2x2 + a3, !A M0 Th_#Ty�v�GTy�Ty�v�V�3�g{eGTy�T��y����#yT (x1, x2)
T ∈M0, φ(x1, x2) ≤ f(x1, x2). eG�GTy�T���|e
4�Ay�T���_.�q3��}�A��<�















a3 = −500

40a2 + a3 = −1300

40a1 + a3 = −500.BR φ(x1, x2) = −20x2 − 500. �	?<t
��}>��o/ (GTy�_�Ay�) ROGTy�A M0 :T�� β0 �
min φ(x1, x2)

s.t. (x1, x2)
T ∈M0 ∩D.�R (x1, x2)

T = (20, 20)T , � β0 = −900.Bu`i (0, 0)T , (20, 20)T _+o/TsGB?_��.B

SM0 = {(0, 0)T , (20, 20)T},3�

α0 = min f(SM0) = f(0, 0) = −500.b x(0) = (0, 0)T .f 1: * M0 l 
sGE+=
M1,1 = conv{(0, 0)T , (0, 40)T , (20, 20)T}, M1,2 = conv{(0, 0)T , (20, 20)T , (40, 0)T }. [ 0 fjd�q3 XG��� β(M1,1) � β(M1,2).G� β(M1,1) Tt�)��q
XE�Ay� φ1,1(x1, x2), !A M1,1 Th_#Ty�v�GTy�Ty�v�>��.R

φ1,1(x1, x2) = 40x1 − 20x2 − 500.q0
�>��o/
min φ1,1(x1, x2)

s.t. (x1, x2)
T ∈M1,1 ∩D.R (x1, x2)

T = (0, 10)T , � β(M1,1) = −700.Z
ZBG� β(M1,2). .R�&79
T�Ay� φ1,2(x1, x2) = 20x2 − 500. �E
�T>��o/
min φ1,2(x1, x2)

s.t. (x1, x2)
T ∈M1,2 ∩D.T�_ (x1, x2)

T = (0, 0)T , � β(M1,2) = −500.�:}G�Bn β1 = min{β(M1,1), β(M1,2)} = −700.
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}$�md 247�.�l < M1,1 � M1,2 �TB?_<e
SM1,1 = {(0, 0)T , (0, 10)T , (20, 20)T}, SM1,2 = {(0, 0)T , (20, 20)T}.��� α(M1,1) = α(M1,2) = f(0, 0) = −500. b α1 = −500, � x(1) = (0, 0)T .f 2: �_ β(M1,2) = −500 = α1, �u6� M1,2. q3Q� M1,1 �??l �q3*<� M1,1 l 
)�sGE+=�

M2,1 = conv{(0, 0)T , (0, 20)T , (20, 20)T}, M2,2 = conv{(0, 20)T , (0, 40)T , (20, 20)T}.�W[ 1 fTG�t�XE�Ay� φ2,1(x1, x2), Y!A M2,1 Th_#Ty�v�GTy�Ty�v�>�3�RO φ2,1(x1, x2) = 20x1 − 500. 
�>��o/
min φ2,1(x1, x2)

s.t. (x1, x2)
T ∈M2,1 ∩D,R (x1, x2)

T = (0, 0)T > β(M2,1) = −500.�_ M2,2∩D = {(20, 20)T},�u
EeXE M2,2 :T�Ay� φ2,2(x1, x2) "O�j (x1, x2)
T =

(20, 20)T � β(M2,2) = f(20, 20) = −100.\d�
β2 = −500,

SM2,1 = {(0, 0)T , (0, 10)T , (0, 20)T , (20, 20)T}, α(M2,1) = −500,

SM2,2 = {(20, 20)T}, α(M2,2) = −100.��� α2 = −500 � x(2) = (0, 0)T .�_ β2 = α2, �u����fÆz� x(2) = (0, 0)T e�#>���
§15.5 ',�K�d���L(lX?~(��� kj���
��#>��o/REe yTCGo/�!3�8i��TnoA�℄=<�v-��eB��\-o/6Q

(1) )��<��?l �
(2) )�
�l <:GTy�T���
(3) )��j6�mIu6�
HeTl <�
(j) �[E+= M0 T�j��_z(w�jl <:GTy�T��� kj����Tl < M“='” 2��4e>\ET�8=�<�q3re*Kj<�l 
E+=���= (1) /�8(V��8�?E+=l �℄�!ex���T M0 >q��Tl <re n aE+=�?&~rUFB?" D ⊆ Rn emeF<�� D eDG8<TE6��KjT D, mj

aj , min{xj | x ∈ D}, j = 1, . . . , n, a , max







n
∑

j=1

xj | x ∈ D







. (15.15)
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&-)rj{<�
M0 ,







x ∈ Rn | aj − xj ≤ 0, j = 1, . . . , n,

n
∑

j=1

xj − a ≤ 0







, (15.16)I,� M0 "ejG6w D E+=� M0 T n+ 1 G8 Xe�h8
{x ∈ Rn | xj = aj}, j = 1, . . . , n,







x ∈ Rn |
n
∑

j=1

xj = a







.
L:��\ n+ 1 G�h8re D Tm
h8�.O�E+= M0 Th_<Bu0

V1 = {v(0), . . . , v(n)},q��
v(0) = (a1, . . . , an)T ,

v(j) = (a1, . . . , aj−1, a−
∑

i6=j

ai, aj+1, . . . , an)T , j = 1, . . . , n. yO (15.15) �6wsGGTy�5_�Ay�TFm�o/��uBuY�J��+T#h>����G�!3T���.�<� M0 T�j
8A#�G�o/�)XZ�)r D e6w� Rn
+ TjGF<�I, M0 BQ�_<�

M0 = {x ∈ Rn | xj ≥ 0, j = 1, . . . , n,

n
∑

j=1

xj ≤ a}..R� M0 Th_ X_�_ v(0), v(j) = aej , j = 1, . . . , n. \
TI} ej V_[ j G v_ 1, q� v�_ 0 TEh!v�
(�) E+=Tl ���#yKjT n aE+= M , Iqh_<_ V (M) = {v(0), . . . , v(n)}. A M MQ�_ w, G

w /∈ V (M). )r w B� M T n+ 1 Gh_V__
w =

n
∑

i=0

λiv
(i), λi ≥ 0, i = 0, 1, . . . , n,

n
∑

i=0

λi = 1.I,�0jGKjTxT i, J λi > 0 R�Bui=<�
M(i, w) = conv{v(0), . . . , v(i−1), w, v(i+1), . . . , v(n)}.e M TjG0<���gejGE+=��jf�Bui=�

(1) M ⊆ ∪M(i, w).

(2) J i 6= k R� M(i, w) ∩n
i=0 M(k, w) = ∅. �u�<�
{M(i, w) | λi > 0, w ∈M,w /∈ V (M)}
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zE+= M TjGl �q3�p_ M T9=l �_8i kj���TnoA�A:}9=l ��q3�
O�OQ� M MT_ w. <��B� w _l < M T>�KT�_�\R�
w =

1

2
(v

(r)
M + v

(s)
M ),q�� v

(r)
M , v

(s)
M V_ M T>�KTsGz_�VM:�.R M > 
sG n aE+=��!3-��>T15��.�\�l �℄��_� l �)r� δ(M)V_M T0��q3�E+=L} {Mk}∞0 e℄℄T�)r {δ(Mk)}∞0 e℄℄L}��8T�/E�z� l -�TA���V 15.5.1 �� {Mq}∞0 *���`�FS}S��/5� n _'�w}Z�qh

(1) AF�/ q, bk� δ(Mn+q) ≤
√

3
2 δ(Mq).

(2) limq→∞ δ(Mq) = 0.I� ��?~-�T9=l 8YBuZ
Z�����= (1) ��8(Tl �
(0) ��T�j���8[ d� kj����3)tT�#>��o/R�)��jGTy�Al < M :T�� β(M) �q3q
;� Lipschitz >��o/�UF M _6wB?" D TE+= (/���1), GTy�

f A M : Lipschitz mN��q Lipshctz ��_ L.F M T0�_ δ(M). 
��J M eE+=R� δ(M) e M T>�KT�x�J M e���1
{x ∈ Rn | a ≤ x ≤ b, a, b ∈ Rn, a < b} (15.17)R� δ(M) emx “��q” h_� “�:q” h_T�q�T�x�� f T Lipschitz mNA��#yT x, z ∈M , �

f(z) ≥ f(x)− L‖z − x‖. (15.18))r V
′

(M) e M Th_< V (M) T#y0<�I,
β(M) = max{f(x) | x ∈ V ′} − Lδ(M).
�e f(x) A M :TjG���[ 1 )rsn M T#y0< M

′

, I,:℄�Th_0< V
′

(M) Bu� M
′ B3�[ 2 )r M e (15.17) ℄�j{T���1�I,Bu�

β(M) = f(
1

2
(a+ b))− L

2
δ(M)B_ f(x) A M :T���!
�B (15.18) ℄N{��j-T�81 M , JGTy�-�D�)t�XR�q3gOK�-1T���j���
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&-)r f(x) e M :'y��I,
inf f(M ∩D) ≥ min f(M) = min f(V (M)),q� V (M) e M T (��) h_<��.�q3BuQ���

β(M) = min f(V (M)).)r f(x) e d.c. y��� f(x) B0

f(x) = f1(x) + f2(x),q� f1(x) e M :T'y�� f2(x) e M :TFy��A M M#�j_ v∗, Q�

v̄ ∈ argmin{f1(v) + f2(v
∗) + p∗T (v − v∗) | v ∈ V (M)},q� V (M) e M Th_<�

p∗ ∈ ∂f2(v∗) , {v ∈ Rn | f2(x) − f2(v∗) ≥ vT (x− v∗), ∀x ∈ Rn}.
���Ay�
l(x) = f2(v

∗) + p∗T (x − v∗)&79

l(x) ≤ f2(x), ∀x ∈ Rn,� l(x) e f2(x) TjG��y��3�����T x ∈ Rn �
f1(x) + l(x) ≤ f(x).�_ f1(x) + l(x) e M :T'y���u!A M :T>&v� M TDGh_ v̄ #;O�\d"
LROGTy� f(x) A M :T��

β(M) = f1(v̄) + f2(v
∗) + p∗T (v̄ − v∗).>	��Nj-TGTy��) M :T�0mNy��eG�!A M :T�� β(M), WWEed� M T\E�X/UFGTy� f(x) -�)t=℄TV;℄�uXE f(x) A M :TF��y�

(/F6") φ(x), ?d� φ(x) TG� β(M). �enXTz�ep:�#>���8T"2k��)
[12].

(�) 6�mI�KjTl < M , -��gT6�mIuaX M ∩D = ∅ /Z M ∩D 6= ∅, e6�
B?l <T|-��8q3"-�D�)t�XTB?"-��gT6�mI��j-��gT “6�mI”, "eK�BG�TOaX M ∩D = ∅ / M ∩D 6= ∅ T9
�\
rUF��Tl < M reF�81���B�!Th_< V (M) ℄j�j�
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:>\ETj��=�UFB?"
D = {x ∈ Rn | h(x) ≥ 0},q�� h : Rn → R eFy��\R��KjTl < M , )r!T (��) h_< V (M) &79


V (M) ⊆ {x ∈ Rn | h(x) < 0}, (15.19)I,"Buaj M _
B?l <�3�>6��
��9
 (15.19) eBG�T��8?:</>j_T�=�UFB?" D e-�)�V_=℄T�<�
D = {x ∈ Rn | g(x) ≤ 0}, (15.20)q� g : Rn → R eFy��q3�UFsn D TjGM_ y(0), � g(y(0)) < 0.�_�KjTl < M , )r8AjGh_ v ∈ V (M) YR v ∈ D, I,J�� M ∩D 6= ∅, �uq3Bu+.aj M _B?l <�3�
>6��Ge��_ V (M)∩D = ∅ ℄
yg. M ∩D = ∅,�u
O*.9
B_6� M T9
�\"e	�e6� M , )rsn V (M) ∩D = ∅ �
[�Ee-�	j-BG�T9
�F p e<� M\D �T#y_�G� “�{”[y(0), p ] � D TK� ∂D Tm_ z. M+ D TFAn
z = λy(0) + (1− λ)p, (15.21)q� λ e�}EPvFm�o/T℄j��

min{µ ∈ [0, 1] | µy(0) + (1− µ)p ∈ D}. (15.22)F s(z) ∈ ∂g(z) ey� g(x) A z #T0+x�)r�!�jT�h8
s(z)T (x− z) = 0*<� M � D YD \�I,�l < M �B>6��4:�}�q3Bu-�)�6�mI�6�mI 1 � ���}H
! M , N�b}��! V (M) ��f'

(1) V (M) ∩D = ∅.
(2) V (M) ⊆ {x | s(z)T (x− z) > 0}, J� z ∈ [y(0), p] ∩ ∂D, s(z) ∈ ∂g(z).DAH
! M kj3zH
!�w�fQr�vR yTe�6�mI 1 �TsG9


eaX
B?l <T� 9
�>	?;�N/>j_TB?" D. UF D = D1 ∩D2, � D1 � D2 -�)�V_=℄�

D1 = {x ∈ Rn | g(x) ≤ 0},
D2 = {x ∈ Rn | hj(x) ≥ 0, j = 1, . . . , r}.q� g : Rn → R, hj : Rn → R, j = 1, . . . , r, eFy�� D1 e�<�q3�UFsn D1 TjGM_

y(0).
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Cj , {x ∈ Rn | hj(x) < 0}, j = 1, . . . , r.d�6�mI 1, q3Bu-�)�6�mI�6�mI 2 �R M k��H
!� V (M) Xb}��!�{� D1 ye D T� V (M) ��Qr�Æ 1, ��x
�� j ∈ {1, . . . , r} U| V (M) ⊆ Cj , DAH
! M #3fQr.>dZ�6�mI 2 �T9
g

eaX
B?l <T� 9
���-�q!)tA�TB?"�gO-���T6�mI�.#�
jj�?�

§15.6 "sO���/>T�#>��o/�?~he�?Tm%��e���+T��pj�>|8I~�?T�jA��
>�m%��z��4>����/
�jA���!K
e
GTy�-�)jTA��g
e
B?"-�{T�X��.�4��l�����3J�/>TVMo/�)<uo/��udxo/��?9o/�B℄XXo/�V">��o/V�
(j) m%��T2?G�f�m%��<�r6Qu�CGG�f��[jf�4~Kjj�GT 31��jm%���T “ 31”, ex\dj'�+/�<�!3>�TB_�e
�T>��o/T�TB$�q?H�
jje>���\-�4~KT 31X
zjG������ 31T�G
_��T>&���TmB�[�fXEjWy�ujW0jG 31T���� 31���Tg��x�\�g�x�g�x�T 31k�d��	Tm%<��[0f3J|���Q��rT 31�Y!3
_3jBT 31�a} 31��T,I"eI 31-�Tg�x6�T 31>QGT4(h6��<tjjT4QO~Kz3T���[�f�3T��
�?mxm%<� (�J�Kvm%�T>mt�), ?�?P�m%<��uN2���G1T�dA�D)BO�+#h�TG\��t:8�f<�t�~KT 31
_	B��3~KT	B�/:}<�f��sO�ATfB0�;ODG

KjTv�*�ROT 31B_>��o/T>����8q3�u�CGo/�?N��T�?�
(1) )�~K�[ 31�
(2) )�XEjWy��
(3) )�� 31�?4Q�
(4) )��?mxm%<��P�m%<��
(�) �[ 31T~KAm%����
Pj-A�rBuUF�
�T>��o/�|w�
V℄4�9
�)rVMo/T�SB;�w�V℄4�9
�) gi(x1, . . . , xn) = 0, i = 1, . . . , ke, I,Bu<t�\-V℄4�X
T��<��jh Pv (2�Pv) V_q!Pv�℄h!3B+Oq!��
V℄4�9
��
���t\d#^	To/|w�
V℄4��
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 253ÆUF���w�T 31TG�_ p. m%��T[jf"ee�4Z~K p G�[ 31����
�>��o/T/>A��uj-
(8A~KB?�[ 31T�z���VM��q3���8s���T~KB?�[ 31�[j���eUF3tZO[K�>��o/TB?"TDGM_�
�Ip_ P0. KjjG� >TV� M(qVM>&��e�3T3to/�j), q3AGY Rn ��4ZQGDG�!!v
d. )r P0 +Md &7o/���T
V℄4�9
�I, P = P0 +Md OB_jG�[ 31�&I�M _ 0O M pYTDG�4���3[` P0 +Mde&&7��T
V℄4�9
��� P0 eB?"TM_��uA��0u?:}<�t�	�5BuTO&7��
V℄4�9
TB?��A Rn �Q� p G
>T�!!v d, "Bu%W:}��~K p GB?�[ 31 P1, . . . , Pp.[����eUF3tZ

K
�B?"TM_�GBuM+�3tTo/�jjG6w>��T�"�\G�"
jjeB?"�g
jjeB?"T0<�j-�O��q3Bu*\G�"FG
jG n a�h�1�3snT�h�1���4~Kj_�℄`i!e&&7��T
V℄4�9
�sOROB?TM__z��.�q3Bu�[j���~K p GB? 31 P1, . . . , Pp.

(0) jWy�TXEXE� 31TjWy��"e�J|���T0jGKj 31�FjjG8� (E�!>QG~K	BT4() q>&�4 31�q! 31Tg�A
Bf�VM:"e<t�`w�g�A�T 31>QG~K	BT4(�4e>�Bu��TjWy�e2�LTjWy��UFG|4B�T 31_ P = {P1, . . . , Ps}, ��3tZBu�4 s G 31K�j�LTe��L}6&T�>%_e6{T 31�e)	A (EGT) �#>&�o/����0jG 31r�jzjGGTy�v (>:
e4 31Tg�x), �u 31TLB�GTy�vT>&�j����TGTy�v6& 31TL}g6>�)r���Ty�v�>�I,"%_\- 31pY.�|X�l��4_L�2� 31T_L�q3Buj{)�jWy� E : P → R:

E(Pi) = c(1− c)i−1, i = 1, . . . , s. (15.23)q� c ∈ (0, 1) _DGKjv�;�OA��T��t��BO�Æ�8s�Æ#�je���oBO(�Æj-g�x��T 31�!3A��t��>
}Z%Bf/��3�Y\-��T 31BOA���O�u>TBf����!3T�djH���BO(I�eGQGt��������T�#>��AO��Æ�jT “CxÆ#”. �e��Ojj�x	����0G 31Tg�xrROzmS68�3�YR��Th5g�xx��>� 31Tg�x�\yg.>� 31T�djT�k���M�	o��t��Æ�jT “�4�oÆ#”. �ujWy�B�)��℄XE�I f1, . . . , fs  X_ 31 P1, . . . , Ps ��Tg�x ()I2TGTy�v).

f

′

i = afi + b, i = 1, . . . , s, (15.24)q� f
′

i �_ 31 Pi 3Tg�x� a, b _Djp�� a, b TQ��sG9
�j�jG9
e8i
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&-3Tg�xTh5vV�+g�xTh5v�[�G9
e8i3T>�g�xe+h5g�xTxj<��q3*:}�j 31T3g�xTt�vAg�xjT�d�jT	Tg�xBuXE)�jWy��
E(Pi) =

f
′

i
s
∑

j=1

f
′

j

, i = 1, . . . , s. (15.25)

(�) � 31T4Q� 31T4Qt�Z
�P#w�Tt��
t4w�:TExe%J|���0jG 31Tg�xT� T��.�w�:TExj-
e5;� T� 31Tg�x6>�!Aw�:�OT85g6>�4 31>4Q�TT8�"6>�hw�P#j0�w�x_�x�"�_3T��QGzjG 31��/P#w� s 0�IRO3T���:}�`wt�B0
)�G��L�M� 15.3 (*0Z1�M�)~ 0 Aj�`��O Pi, �AJ�\a qi:

{

q0 = 0

qi =
∑i

j=1 E(Pi), i = 1, . . . , s.~ 1 �	� (0, s] N���`C�5 r.~ 2 �p qi−1 < r < qi, 1�03 i `��O Pi(1 ≤ i ≤ s).~ 3 RX~ 1 u~ 2 f s ��1D�-+ s `XK/��O�
(u) m%<��t4Q�TT 31Ee�?s�m%<��j�vAmxm%<��\�mx<��	j�vAP�m%<��\�P�<���tmx�P�<�	K
T 31"X
z	B 31��j “mx<�”, ex�8sGt��
1. QG0?KjjGp� pc,�!V_J|���0G 31BO�q! 31�?mx<�T8��\d�

s G 31�p�mx<�T 31T�G X )3�� e B(s, pc), 3��4Pv X T�SoX_
ec = spc. "e	J|���T 31p�mx<�Th5 31�G_ ec._z~Kp�mx<�T 310?�q3u?)����M� 15.4 (�>!RM� 1)~ 0 a: pc, ^ N = 1, k = 1.~ 1 - [0, 1] N�
�`C�5 r.~ 2 �p r < pc, qh�0 PN ^"�*A/Ys�^ k := k+ 1 �V1^ N := N + 1, Bx~ 3.~ 3 �p N > s, AJPF�m�0�H/Ys
��^ P

′

1, . . . , P
′

k−1 a^-x"�*A/Ys�V1V~ 1.
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2. 0?�?mx<�*:}��~KT k − 1 G0?�?�4
��IVRO (k − 1)/2(/ (k − 2)/2) � 31�UF
(P

′

1, P
′

2) eq�Tj� 31�I!3pYT “mx<�” ex�?)�<�uK
	BM� 15.5 (4g:yM�)~ 0 �:_#���5 N . ^ k = 1.~ 1 -	� (0, 1) s�
�`C�5 r1.~ 2 ^
Pa = r1P

′

1 + (1− r1)P
′

2, Pb = (1 − r1)P
′

1 + r1P
′

2. (15.26)~ 3 �� Pa, Pb *V^'_�}aN/V`Dx6��pV`6;*�1�Hk%P�Y%�AJPF��pG��`6*�1q_9`6 ((|t
%�Ys), ^ k := k + 1, Bx~ 4 ��pV`;|*�1^ k := k + 1, Bx~ 4.~ 4 �p k > N ��1�V`Dx6rq_hH�1�V`Dx6
%Ys�AJPF�V1�L�~ 1.���
� 31�?:}mx<�IRO	B 31�Z
mx<��q3�J|��� 31�?TP�<�g6Q�8sGt��
1. QG0?KjjGp� pm, �!V_J|���0G 31BO�q! 31�?P�<�T8��\d� s G 31�p�P�<�T 31T�G Y )3�� e B(s, pm), 3��4Pv Y T�SoX_ em = spm. "e	J|���T 31p�mx<�Th5 31�G_ em._z~Kp�P�<�T 310?�q3u?��� 15.4 Z
T���M� 15.6 (�>!RM� 2)~ 0 a: pm, ^ N = 1, k = 1.~ 1 - [0, 1] N�
�`C�5 r.~ 2 �p r < pm, qh�0 PN ^w�*A/Ys�^ k := k+ 1 �V1^ N := N + 1, Bx~ 3.~ 3 �p N > s, AJPF�m�0�H/Ys
��^ P

′

1, . . . , P
′

k−1 a^-xw�*A/Ys�V1V~ 1.

2. �QG�TT0?�?P�<��j “P�<�” ex�8Tt��� P = (x1, x2, . . . , xs) V_�:}��~KTp�P�<�T0?� M e~K�[� 31Tt��FjT7[>T�� d eGY Rn ��4~KTDGP��!�)r
P

′

= P +Mde+>��o/TB?_�I P
′ �_P�	T 31�℄�!B30? 31 P .)r P

′ 
B?�I M _ (0,M) pYDG�4K
T��℄�jf[` P
′ TB?A��/\jt�sO~KP� 31_z�)rA&
KjT>>U�0�M.�TOB?TP� 31�I8�0?�+	Bm%�
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(�) m%��TG��L>�f>�T 31�t4Q�mx�P�m%<��OROzjG3T���℄,=�+�jB���\�t�U��0	�eGm%��Ajj9
�Æz�Eex�Te�G|m%��TÆz9
�.�j��Aj-VM>��o/T
�t�����:��T 31e&s��Oj�mj'%��I 31Tg�x���IÆzU�t�����m%��
�j-T>��o/�q3BuK�)�G��L�M� 15.7 (!rM�)~ 0 �
 s `�&��O�~ 1 A��O-x"�Æ�*Auw�Æ�*A�~ 2 �AF���O/pxs5C�~ 3 b:pxs5C��Aj`��O/,�=�~ 4 Uq�V<b�����O�~ 5 RX~ 1 H~ 4, A+fZPFR��~ 6 mAJPF!_t/��Oa^_�}aN/(�[ ��ÆzR>{T 31
jje>	jB�T 31��.��e
*eG��t��sTOT>{ 318��T��_ P0. J3T���
ÆN{T 31R�Ih!�3.vK P0, sO��Æz�� 15.6.1 �Æ�AJ�(�h	#}aN















max
√
x1 +

√
x2 +

√
x3

s.t. x2
1 + 2x2

2 + 3x2
3 ≤ 1,

x1, x2, x3 ≥ 0.

(15.27)` q
�q3eF�Ee�OTp����mB_ 30;  31p�mx<�T8�_ 0.3;  31p�P�<�T8�_ 0.2; 2�LTjWy���OTp� c = 0.05. \-p�T
>Q�
(�m%���
�T�~K$>���"e	m%���\-p�TFjemeT (Robust).� 31 P = (x1, x2, x3) B_ (15.27) T�TB$���o/ (15.27) TB?<6w�h�1
X = {(x1, x2, x3) | 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1, },�uq3Bu3 X �Q��[ 31

x1 = U(0, 1), x2 = U(0, 1), x3 = U(0, 1),q� xi = U(0, 1), i = 1, 2, 3 V_ xi eT2�Y [0, 1] :T5; eT�4��)r4 31
B?�I*4xs�℄�3~K\dT�4�B_�[ 31�)rB?�Ixs!_���Tj?
.�
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 257�/:}t�uRO 30 GB?T�[ 31� 3�t 4000Tm%<�	�ROT>� 31_
x∗ = (0.636, 0.395, 0.307).qg�x_ 1.980.�.�q3Bu%_o/ (15.27) T�
�_ (0.636, 0.395, 0.307).sY 15

1. G f : D → R f(z�� D f�H�G=�j>� f(x) B D ;U�$:(wkkB D U:�`$�P�
2. Gz� fi(x), i = 1, . . . , m, sf d.c. z��j>

min
1≤i≤m

fi(x)f d.c. z��
3. G fi : M ⊆ Rn → Rn, i = 1, . . . ,m, f Lipschitz z��� F (x) , (f1(x), . . . , fm(x))T . j>� ‖F (x)‖2 f M;U Lipschitz z��
4. 	�-:�Æ�	~p0�

min e−x sin(1/x)

s.t. x ∈ [10−5, 1],

5. *sB (15.12) ^
��
p(k) = (x(k) − π(k)), y(k) = π(k), βk = 0,r
 π(k) f` x(k) BC�# D ;UD
�j>�SCi9��LU`~ {x(k)} U$�)`f,p0U��

6. Gz� f nOCZ�j>
∇f(x) = ∂f(x) , {v ∈ Rn | f(y) − f(x) ≥ vT (y − x), ∀y ∈ Rn}.

7. �!lk���Æ�	~p0�
min f(x1, x2) , −(x1 − 10)2 − (x2 − 20)2

s.t. 1
2
x1 + x2 ≤ 10,

(x1 − 10)2 + (x2)
2 ≤ 500,

x1 ≥ 0, x2 ≥ 0.

8. G M ` n bF,>�Jri`=` V (M) = {v(0), v(1), . . . , v(n)}. ` w ∈ M H w /∈ V (M). *s w f� MU n+ 1 Hi`W`^`
w =

n
∑

i=0

λiv
(i), λi ≥ 0, (i = 0, 1, . . . , n),

n
∑

i=0

λi = 1.j>v	� Æi�
(1) �1kHLkUyU i, K λi > 0 S�=�

M(i, w) = conv{v(0), . . . , v(i−1), w, v(i+1), . . . , v(n)}.
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(2) M ⊆ ∪M(i, w).

(3) K i 6= k S� M(i, w) ∩M(k,w) = ∅.

9. �n&��Æ�*	:?�p0














max
√
x1 +

√
x2 +

√
x3

s.t. 2x2
1 + x2

2 + 5x2
3 ≤ 1,

x1, x2, x3 ≥ 0.



#	� az��lb~d+N�Kj n (�A��<






















a11x1 + a12x2 + · · ·+ a1nxn = b1,

a21x1 + a22x2 + · · ·+ a2nxn = b2,

· · · · · · · · · · · · · · ·
an1x1 + an2x2 + · · ·+ annxn = bn.

(A.1)

A =













a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
an1 an2 · · · ann













, x =















x1

x2

...

xn















, x =















b1

b2
...

bn















.I�A��< (A.1) B\0
%`=℄
Ax = b. (A.2)Uj det(A) 6= 0. � Gramer �I���< (A.1) T�8A℄j�?Pq3h�?
��A��< (A.1)T��T�v���

§A.1 Gauss �8�
Gauss $(�ej���T
��A��<Tsx��_�? Gauss $(��q3q
 z
�jZ)t�A��< — 0q=�A��<Tsx��0q=�A��< �0q=�:0q=�A��<sZ���%`_�0q=%`T�A��<��=)























l11x1 = b1,

l21x1 + l22x2 = b2,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
ln1x1 + ln2x2 + · · ·+ lnnxn = bn

(A.3)T�A��<�_�0q=�A��<����%`_:0q=%`T�A��<��=)






















u11x1 + u12x2 + · · ·+ u1nxn = b1,

u22x2 + · · ·+ u2nxn = b2,

· · · · · · · · · · · · · · · · · ·
unnxn = bn

(A.4)T�A��<�_:0q=�A��<�q�� l11l22 · · · lnn 6= 0, u11u22 · · ·unn 6= 0. ���0q=�A��< (A.3), B�|Lt�
���
{

x1 = b1/l11,

xi = (bi − li1x1 − · · · − li,i−1xi−1)/lii, i = 2, . . . , n.
(A.5)

259



260 Æ;� +r{�p�}n�`
���:0q=�A��< (A.4), IB<t'Bt�
��
{

xn = bn/unn,

xi = (bi − ui,i+1xi+1 − · · · − linxn)/uii, i = n− 1, . . . , 1.
(A.6)

Gauss $(�T2?
�e
<t�0$(h+�A��<�_>�T:0q=�A��<��	'B
���8�? Gauss $(
��A��<TeG
�t���� n (�A��< (A.1) /VWZ (A.2), Gauss $(�Tf�)��M� 1.1 (Gauss �7�)\ 0 ^ A = A(1) = (a
(1)
ij ), b = b(1) = (b

(1)
i ).\ 1 � a

(1)
11 6= 0, ^

li1 = a
(1)
i1 /a

(1)
11 , i = 2, . . . , n.� li1 �N�^ (A.1) N3�`N��+3 i `N� (i = 2, . . . , n), Dp�3 i `N�N/wW x1, (A.1) w^V(kyN�^�























a
(1)
11 x1 + a

(1)
12 x2 + · · ·+ a

(1)
1n xn = b

(1)
1 ,

a
(2)
22 x2 + · · ·+ a

(2)
2n xn = b

(2)
2 ,

· · · · · · · · · · · · · · · · · · · · · · · ·
a
(2)
n2 x2 + · · ·+ a

(2)
nnxn = b

(2)
n ,

(A.7)�N
a
(2)
ij = a

(1)
ij − li1a

(1)
1j , i, j = 2, . . . , n,

b
(2)
i = b

(1)
i − li1b

(1)
1 , i = 2, . . . , n.\ 2 � a

(2)
22 6= 0, ^

li2 = a
(2)
i2 /a

(2)
22 , i = 3, . . . , n.� li2 �N�^ (A.7) N3F`N��+3 i `N� (i = 3, . . . , n), Dp�3 i `N�N/wW x2, (A.7) w^V(kyN�^�



































a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1 ,

a
(2)
22 x2 + a

(2)
23 x3 + · · ·+ a

(2)
2n xn = b

(2)
2 ,

a
(3)
33 x3 + · · ·+ a

(3)
3n xn = b

(3)
3 ,

· · · · · · · · · · · · · · · · · · · · · · · ·
a
(3)
n3 x3 + · · ·+ a

(3)
nnxn = b

(3)
n ,�N

a
(3)
ij = a

(2)
ij − li2a

(2)
2j , i, j = 3, . . . , n,

b
(3)
i = b

(2)
i − li2b

(2)
2 , i = 3, . . . , n.
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 261\ k − 1 � a
(k−1)
k−1,k−1 6= 0, ^

li,k−1 = a
(k−1)
i,k−1 /a

(k−1)
k−1,k−1, i = k, . . . , n.RX�3p&q��D kyN�^ (A.1) w
V(kyN�^











































a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · · · · ·+ a

(1)
1n xn = b

(1)
1 ,

a
(2)
22 x2 + a

(2)
23 x3 + · · · · · ·+ a

(2)
2n xn = b

(2)
2 ,

a
(3)
33 x3 + · · · · · ·+ a

(3)
3n xn = b

(3)
3 ,

· · · · · · · · · · · · · · · · · · · · · · · ·
a
(k)
kk x

(k) + · · ·+ a
(k)
kn xn = b

(k)
k ,

a
(k)
nk x

(k) + · · ·+ a
(k)
nnxn = b

(k)
n ,�N

a
(k)
ij = a

(k−1)
ij − li,k−1a

(k−1)
k−1,j , i, j = k, . . . , n, (A.8)

b
(k)
i = b

(k−1)
i − li,k−1b

(k−1)
k−1 , i = k, . . . , n. (A.9)��1 n− 1 ~p&x�kyN�^ (A.1) w^�hV(/��#wkyN�^�



































a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · ·+ a

(1)
1n xn = b

(1)
1 ,

a
(2)
22 x2 + a

(2)
23 x3 + · · ·+ a

(2)
2n xn = b

(2)
2 ,

a
(3)
33 x3 + · · ·+ a

(3)
3n xn = b

(3)
3 ,

· · · · · · · · · · · · · · ·
a
(n)
nnxn = b

(n)
n .

(A.10)

\ n �%�(��#wkyN�^ (A.10):

{

xn = b
(n)
n /a

(n)
nn ,

xi = (b
(i)
i − a

(i)
i,i+1xi+1 − · · · − a(i)

in )/a
(i)
ii , i = n− 1, . . . , 1.:} Gauss $(��� a

(k)
kk �_[ k fT�(� Gauss $(�T| n− 1 f�_$(t��[ nf�_'Bt����� 1.1Bn�Gauss $(�VM:e
h�A��<�?$(�hq�
>�T�w�
�T:0q=�A��<�?�'B
Ro/T��gz (A.8), (A.9) u> (1.1), BR Gauss$(�TG�v�qS����<�v5_ 1

3O(n3).

Gauss$(�j-e
mjT����.E�?6��>��T6���eQ�( Gauss$(��Q�( Causs $(�<� _sZ�jZe�Q�(���	jZe}Q�(���M� 1.2 (%�Z7 Causs �7�)\ 0 ^ A = A(1) = (a
(1)
ij ), b = b(1) = (b

(1)
i ).
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\ k (k = 1, . . . , n− 1) �1q k − 1 ~��T& Gauss p&x�kyN�^w^










































a
(1)
11 x1 + a

(1)
12 x2 + a

(1)
13 x3 + · · · · · · · · · . . .+ a

(1)
1n xn = b

(1)
1 ,

a
(2)
22 x2 + a

(2)
23 x3 + · · · · · · · · · · · ·+ a

(2)
2n xn = b

(2)
2 ,

a
(3)
33 x3 + · · · · · · · · · · · ·+ a

(3)
3n xn = b

(3)
3 ,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
a
(k)
kk x

(k) + · · ·+ a
(k)
kn xn = b

(k)
k ,

a
(k)
nk x

(k) + · · ·+ a
(k)
nnxn = b

(k)
n .-3 k ~p&q�N�0i��T&��� p u q, $-

|a(k)
pq | = max

k≤i,j≤n
|a(k)

ij |.z�3 k `"3 p `N���"�wW x(k) " xq. Æx�,k6U�/ Gauss p&J-xp&�\ n �%�(��Q�($(�2?:B8i�+x|
(R2�!ejGmjT���Ge�4��T0j$(frEeQ�(�KSzG�RYu>�LFGTLx���A[ k f�_z�j>>v max
k≤i,j≤n

|a(k)
ij |,EA (n− k)2 G(���?Bu��.��Q�($(�5TBu0�_ 1

3O(n3)._z℄=�Q�($(�TBu0��Bl�}Q�($(�q
�eA[ k f}Q�($(t���

A a
(k)
kk , . . . , a

(k)
nk �Q��(��
 p ≥ k, YR

|a(k)
pk | = max

k≤i≤n
|a(k)

ik |.Æ [ k G�[ p G����	?%W<�T Gauss $(��?$(�:}}Q�( Gauss $(�\�}�($(��
L���!TBu0�
_ 1
2O(n2). ��Q�(�B�Bu0�kYzjG�vB�����LFGg�\E�.O�}Q�($(�2?:emjT���:}+��"3j-Y��}Q�($(��
��Q�($(�
��A��<�

§A.2 LU �b)r A = LU , q� L � U  X_�0q%`�:0q%`�I� LU _%` A TjG0q ��%`T0q �A
��A��<���l���� Gauss $(�T$(t�VM:e��A��<�?j�}�V?P Tt����A��<T�VP �J��qKl%`V?�V?P �g��J�Kl%`�K�ujG�V%`�
Li=� Gauss $(�VM:�J�
h��%` A�?0q ��
A = LU, (A.11)
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L =













1

l21 1

· · · · · · · · ·
ln1 ln2 · · · 1













, U =













u11 u12 · · · u1n

u22 · · · u2n

· · · · · ·
unn













.�	
�j�0q=�A��<�
{

Ly = b,

Ux = y.
(A.12)<tsxBu (A.11) szIG(��BM�0q � A = LU TG�T℄��� i = 1, . . . , n,

uij = aij −
i−1
∑

k=1

likukj , j = i, . . . , n, (A.13)

lji = (aji −
i−1
∑

k=1

ljkuki)/uii, j = i+ 1, . . . , n. (A.14)�0q=�A��<� (A.12), IB<t�8|Lt��'Bt�
��
{

y1 = b1,

yi = bi − li1y1 − · · · − li,i−1yi−1, i = 2, . . . , n,
(A.15)

{

xn = yn/unn,

xi = (yi − ui,i+1xi+1 − · · · − uinxn)/uii i = n− 1, . . . , 1.
(A.16)0q � (A.11) g�_%` A T Doolittle  ���G�T℄ (A.13) � (A.14) n�Doolittle  �TS����TG�v5_ 1

3O(n3). �8K� Doolittle  �8A℄jTjG�e9
��} 1.2.1 �7: A Q���)�,)7: A /F�9}TY';|^\!�� Doolittle S(
(A.11)  -��S(*℄�/�� Gauss $(�jd�_z8i��TB?A�G�TmjA�%`T0q �j-�l�Q�(E{�f)�FA}Q�( Doolittle  �T[ k − 1 f	�%` �T�5D℄_





























u11 u12 · · · u1,k−1 u1k · · · u1n

l21 u22 · · · u2,k−1 u2k · · · u2n

· · · · · · · · · · · · · · · · · · · · ·
lk−1,1 lk−1,2 · · · uk−1,k−1 uk−1,k · · · uk−1,n

lk1 lk2 · · · lk,k−1 akk · · · akn

· · · · · · · · · · · · · · · · · · · · ·
ln1 ln2 · · · ln,k−1 ank · · · ann





























.

A:88"�℄��
lji ⇒ aji, i = 1, . . . , k − 1, j = i+ 1, . . . , n,
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uij ⇒ aij , i = 1, . . . , k − 1, j = i, . . . , n,A[ k fG�R� )�sf�

• (Q�() �G�
sj = ajk −

k−1
∑

t=1

ajtatk ⇒ ajk, j = k, . . . , n,℄
 p, YR
|sp| = max

k≤j≤n
|sj |.)r k 6= p, IÆ %`[ k ?�[ p ?��

s = akj , akj = apj , apj = s, j = 1, . . . , n.

• (G� L T[ k }� U T[ k ?) �
ljk =

ajk

akk
⇒ ajk, j = k + 1, . . . , n,

ukj = akj −
k−1
∑

t=1

aktatj ⇒ akj , j = k + 1, . . . , n.��}Q�( Doolittle  ���)�����} 1.2.2 �p7: A Q���1Z�T& Doolittle S( -�� -J�7: P u&?/>AC|# 1 /'`h�#w7: L ��Q����#w7: U , $-
PA = LU.FA0q � A = LU �� L _�0q=%`� U _Eh:0q=%`��

A = LU =













l11

l21 l22

· · · · · · · · ·
ln1 ln2 · · · lnn

























1 u12 · · · u1n

1 · · · u2n

· · · · · ·
1













. (A.17)I� � (A.17) _%` A T Crout  �� Crout  �� L � U TG�T℄_�
lji = aji −

i−1
∑

k=1

ljkuki, j = i, . . . , n,

uij = (aij −
i−1
∑

k=1

likukj)/lii, j = i+ 1, . . . , n.

Crout  �TS����TG�v� Doolittle  ��>�BZ
fh%`T Crout  �T8AA�℄jAj^�>d�_Y��mj�%`T Crout  �g�l�Q�(E{�J%` A ��gjR��8��
h�
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+ 265�} 1.2.3 �7: A A�=:�1 A  -℄�/�#S(�
A = L̃L̃T =













l̃11

l̃21 l̃22

· · · · · · · · ·
l̃n1 l̃n2 · · · l̃nn

























l̃11 l̃21 · · · l̃n1

l̃22 · · · l̃n2

· · · · · ·
l̃nn













. (A.18) � (A.18) �_%` A T Cholesky  �� Cholesky  � L̃ TG�T℄_�


















l̃ii =

√

aii −
i−1
∑

k=1

l̃2ik, i = 1, . . . , n,

l̃ji = (aji −
i−1
∑

k=1

l̃jk l̃ik)/l̃ii, i = 1, . . . , n, j = i+ 1, . . . , n.

(A.19)� (A.19) n���gj%` A T Cholesky  �TS����TG�v5_ 1
6O(n3), 4_ Doolittle  �/ Crout  �Tj0�GEB n 08h�<��A
���%`��gjT�A��< Ax = b R�B
���%` A �? Cholesky  ��

A = L̃L̃T , �	
�j�0q=�A��<
{

L̃y = b,

L̃Tx = y.�:}��A��<��_h�M���8(�0�q�A��< Ax = d T
����.R�
A =



























b1 c1

a2 b2 c2

a3 b3
. . .

. . .
. . .

. . .

. . . bn−1 cn−1

an bn



























, d =

























d1

d2

d3

...

dn−1

dn

























.

�T℄ (§A.2) � (§A.2), BR��%` A T Crout  ��
A =



























l1

a2 l2

a3 l3
. . .

. . .

. . . ln−1

an ln





















































1 u1

1 u2

1
. . .

. . .
. . .

1 un−1

1



























,
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q�














l1 = b1,

li = bi − aiui−1, i = 2, . . . , n,

ui = ci/li, i = 1, . . . , n− 1.

(A.20)
��A��< Ly = d R
{

y0 = 0,

yi = (di − aiyi−1)/li, i = 1, . . . , n.
(A.21)
��A��< Rx = y R��

{

xn = yn,

xi = yi − uixi+1, i = n− 1, . . . , 1.
(A.22)T℄ (A.20)-(A.22) �_
�0�q�A��< Ax = d T*<��T℄ (A.20) � (A.21) �_*Tt��� (A.22) �_<Tt��
L:��*<�TS�T<�v 3O(n), ��T<�v_ 5O(n).

§A.3 �z��sx�
��&;�AB���<R��xL�x>�ej�Q �+T���GeJ
�>mBo/�)Xe>mB�vo/R�fB��!T�6A�B)8"v"'LK �8q3�?C��_TfB���h�AB���<
Ax = b (A.23)0
D�VW=℄

x = Bx+ g. (A.24)+.XEfBD℄
x(k+1) = Bx(k) + g, (A.25)q�%` B �_fBD℄ (A.25) TfB%`�K��[!v x(0), B<tfBD℄ (A.25) ~K��TfBL} {x(k)}. )r lim

k→∞
x(k) = x∗, I x∗ He�A��< (A.23) T��q3�8K�fBL}noT9
u>fBx|T\G��} 1.3.1 8%_' (A.25) /U/�	R�^8%7: B /~o3 ρ(B) < 1. ρ(B) < 1 ��^8%_' (A.25) //Uo3�%`Tn0�TG���#���8j^K�zfBL}noTjG� 9
��} 1.3.2 �pAoQM5 || · || 
R ||B|| < 1, 18%_' (A.25) /U (A.23) /(���d�i�'

||x(k) − x|| ≤ ||B||
1− ||B|| ||x

(k) − x(k−1)||, (A.26)
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||x(k) − x|| ≤ ||B||k
1− ||B|| ||x

(1) − x(0)||, (A.27)�N x ^kyN�^ (A.23) /(�� (A.27) Bn�-e
 ||x(k) − x|| < ǫ, fB0� k &7
k >

[

ln
ǫ(1− ||B||)
||x(1) − x(0)||

/ ln ||B||
]�B�3\G (A.26) Bn�A ||B|| 
x� 1 T�O��B�s0��fB�p|T��>&Ta}fB�T���x�)rVW�A��< (A.24) �_

x = x− θ(Ax − b),� B = I − θA, IRO���nT Richardson fB�
x(k+1) = x(k) − θ(Ax(k) − b). (A.28)

Richardson fBD℄ (A.28) B% v0
�
x

(k+1)
i = x

(k)
i − θ(

n
∑

j=1

aijx
(k)
j − bi), i = 1, . . . , n, k = 0, 1, . . . .�} 1.3.3 �7: A /J;C��^#5�1 Richardson 8%_' (A.28) /U/�	R�*

0 < θ < 2/λmax(A),�/Uo3^
ρ(I − θA) = max{|1− θλmin(A)|, |1 − θλmax(A)|},�N λmin(A) u λmax(A) Szy)7: A /_q/u_#/J;C�3j^ 1.3.3 Bn�)r%` A T)bv�h_gV��IJ

θopt =
2

λmin(A) + λmax(A)R� Richardson fBno>L�.RTno0�_
ρopt =

λmax(A) − λmin(A)

λmax(A) + λmin(A)
.�8?�?C���T`afB���h A  �


A = M −N, (A.29)q� M �s��I�A��< (A.23) VW�
Mx = Nx+ b /VWZ x = M−1Nx+M−1b.
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�.BXEfBD℄
x(k+1) = M−1Nx(k) +M−1b.I A = D − L− U , q� D, L � U  X_�q%`�YD�0q=%`�YD:0q=%`�)rA (A.29) �� M = D IRO Jacobi fB�

x(k+1) = D−1(L+ U)x(k) +D−1b

= x(k) −D−1(Ax(k) − b).
(A.30)

Jacobi fBD℄ (A.30) B% v0
�
x

(k+1)
i = x

(k)
i − 1

aii
(

n
∑

j=1

aijx
(k)
j − bi), i = 1, . . . , n, k = 0, 1, . . . .)rA (A.29) �� M = D − L IRO Gauss-Seidel fB�

x(k+1) = (D − L)−1Ux(k) + (D − L)−1b

= x(k) −D−1[−Lx(k+1) + (D − U)x(k) − b].
(A.31)

Gauss–Seidel fBD℄ (A.31) B% v0
�
x

(k+1)
i = x

(k)
i − 1

aii
(

n
∑

j<i

aijx
(k+1)
j +

n
∑

j≥i

aijx
(k)
j − bi), i = 1, . . . , n, k = 0, 1, . . . .)rA (A.29) �� M = 1

ω (D − ωL) = 1
ωD − L IRO SOR(successive overrelaxation) fB�

x(k+1) = (D − ωL)−1[(1 − ω)D + ωU ]x(k) + ω(D − ωL)−1b

= x(k) − ωD−1[−L(k+1)x(k+1) + (D − U)x(k) − b].
(A.32)

SOR fB (A.32) B% v0
�
x

(k+1)
i = x

(k)
i − ω

aii
(

n
∑

j<i

aijx
(k+1)
j +

n
∑

j≥i

aijx
(k)
j − bi), i = 1, . . . , n, k = 0, 1, . . . .

SOR fB� (A.32) �T ω �_���0����0�A�Y (0,2) M�v�)�Q����0Yno�xSLe(��0��fB�TjG�eM(�G||�=�B;o/�k��jYno�x;O>�T���0 (�_>R���0) T^�T℄�f)�J��%`_0�q��gj%`R��8��
h��} 1.3.4 �7: A ^�A#A�=:7:�1 ρ(BG) = [ρ(BJ )]2 < 1, �_�=��Y^
ωopt =

2

1 +
√

1− [ρ(BJ )]2
.�!�

ρ(Bωopt) = ωopt − 1.��� ρ(BG) u ρ(BJ ) Szy) Gauss-Seidel 8%u Jacobi 8%//Uo3�
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 269�� ρ(BJ) LuG��:8j^VM��vT&�PL�<�T2�e<tQjCG���0�?Cfl��u�jjG�
>R���0�?�.���0ONfB�j-Z��}��
h��} 1.3.5 �7: A ^kx (�Z) �_A#4�7:�^|D)kx (�Z) A#4�7:�1
A Q���� Jacobi 8%u Gauss-Seidel 8%?/U��} 1.3.6 �7: A ^A�=:7:�1℄; - �,E8%/U�� Jacobi 8%/U/�	R�* 2D −A A�=:��} 1.3.7 � aii 6= 0, i = 1, . . . , n. � SOR 8%/U�1 0 < ω < 2.�} 1.3.8 �7: A ^A�=:7:�1 SOR 8%/U/�	R�* 0 < ω < 2..O�J�A��< (A.1) T��%` A ��gjR��A��< Ax = b T
�VW��8T>��o/T
��

min f(x) =
1

2
xTAx+ bTx.�.�Bl�[uP[j~�TVI�!�
�����T��_
��A��< Ax = b TVI�!�/VI/v��-1�~_[uP�
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#	� MATLAB -�
MATLAB ?3� MATRIX (%`) � LABORATORY (V`j) sG�kE-T|0G3F<��
�!eG|qM:T%_,��B=T�SG�T,,
�.,


A�vG��8tOME����-��J
:T�+IkQO�
MATLAB ,
ejGg����Z;G�4�sB�BT�v,
h#�BuY�MATLAB TG�4>OI�xiBT)wy�&O-�j-
�T PC 4� MATLAB T2?�+E(e
Exja�T%`���Bu* MATLAB k_jGG�4 \�G!Y�vTBq3x�Tq!>B \\�R��VM:�|e��T4y:$&z MATLAB ,
�|E8, MATLAB, OBRO MATLAB Tx
( (Command Window) . x
(T�8eT,TWindows �8��(J�O-9�oEQ�0h <
�x
(ThheoEQ��w� “File” � “Edit” � “Window” � “Help” ����yTE1oEQ��T#yjGQ��OBROjG�S℄oE�J��_T�
rBA\-oE�TO�oEQ��8j?ej:"=+TO-9 (JkT_A��O-9G:R�(�Æ��T�k�h) . d�\-O-9�BL�=8j-��Tx
�K��AT�O�\EsB�

1. _1 “help” BRO3�(J��.z��Rr MATLAB ,
T��87��
2. G�yQO� MATLAB x
(OejGQOu�TG�y�B)�T�
 12 + 2× (7− 1)

32 T�{�r�sxAx
(�u+�
?�
(12+2*2*(7-1))/3 ˆ 2℄%'�a�<?�rh�(Ax
(�
_�T�

3. )r���R
�9x
��?u+��x
�B�09x
A%'�a	O(u?�|e
����
/�3.v�<?T�rrh!�AM8��
4. )r���h<?T�+�r (.�+BO�t�RY<?kRO��BOw��J>T�+v)88�uOAu	T�L�Y��B�u�C��℄;OGT�

(a) A MATLAB x
(�QG “File � Save Workspace As” oE���	M+-_�QGDf�+k
TG��KDf�+k
�? (u mat _RN?) , ?_1 “88”, �B~K�+k
�.k
h88OBGY (Workspace) �T�h�+M(�
(b) Y� save �
BN�,�O�u�}�C9�e�
���QO�

save FileName h�hM8Pv8+ FileName.mat k
�q� FileNameBA���G
eRN?
save FileName v1 v2 hPv v1 � v2 8+ FileName.mat k

save FileName v1 v2 -append hPv v1 � v2 5SO FileName.mat k


(c) )rAu	<?�LR�Ee\-�+�BY� load �
hPv�3&+M8�)
271
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load FileName h FileName.mat k
�TM(�h&+M8
load FileName v1 v2 h FileName.mat k
�TPv v1 � v2 &+M8

5. )r���MjGu/>T�L�B�yT_1x
(hzT “File ” Q��OB=8M;(J�M; M �k
z ( j-�fh��2DTOBG��uOh2DTk
8+q�) .

6. )r���<?2DOBG��T M �k
�E
hOBG�F�_J|G��-1A�e�
_1x
(O-9:TG�FXy�I���N��	_1 “Browse”, QG��OBG�	%
“OK” �>	A��FXy�QG “File � Save Path” �SoE�

§B.1 ES=O
1. %`<��%`�vG�e MATLAB ,
T�;�A��.�S�Y� MATLAB ,
T>{��sqe
S� MATLAB e)�#^%`T�\geq3?~T�eM(�%`ejG��<
T%=`}�q)f6Q 1 � 1 %`g�����
� 1 ?/ 1 }T%`g�?!v/}!v�

MATLAB �B�q!�℄"8�3;/��3;�+�G��SZ�
�UF���+5_%`�MATLAB A#^%`R��(wO��?~�+jG����T%`�q3�_ Magic`�%`












16 2 3 13

5 11 10 8

9 7 6 12

4 14 15 1











_�zT Magic `�!B<t MATLAB �Mhy� magic(4) K
�q3hu.`_f�	=
MATLAB A#^%`RTI�<��
(a) %`Tu+� MATLAB B��8C��℄u+%`�

i. sxu+%`(��sxu+%`(��)�2?+I�
A. >j?T(�pYuGD/q}F8�
B. 0j?� }B_�eT~�
C. %`(�0A�Q}M�f)�u+:} Magic `|Ea+�

A=[16 3 2 13; 5 10 11 8; 9 6 7 12; 4 15 14 1]/Z
A=[16,3,2,13; 5,10,11,8; 9,6,7,12; 4, 15, 14, 1]

ii. <tMhy�~K%`�B~KCZ)t%`TMhy��
zeros �%` zeros(m,n)

eye Eh%` eye(m,n)
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ones (�_ 1 T%` ones(m,n)

rand j� eT�4%`rand(m,n)

randn g% eT�4%`randn(m,n)

magic(n) n z Magic ` magic(n)q� m V_%`T?�� n V_%`T}���A%`y� magic(n) � n V_
Magic �`Ta��

iii. <t2MT M �k
~K%`�<t M �k
u+%`RH
fhjG	+_�mT
M �k
�B)jG?_ example.m Tk?k
6Q�8C?�
A=[ 16 .0 2.0 3.0 13.0

5.0 11.0 10 .0 8.0

9.0 7.0 6.0 12.0

4.0 14.0 15.0 1.0];Ia+
exampleh~K��T%` A.

iv. <tOh�+k
u+%`�
(b) %`T2?<��

i. 
%`I}�T<� sum.

ii. 
%`#�T<� A’.

iii. 
%`�q(T<� diag(A) ��q(
�T<� sum(diag(A)).�zu:%`<�uO�q3����O�8j-Mh%`y�
det(A) %` A T?}℄
rref (A) �%` A V?�V?P �_z+`
inv(A) A TU%` (- A 
BUI�Æ�A7�)

eig(A) A T)b!v�)bv
poly(A) A T)b��℄T��
mean(A) � A T}
5v
orth(A) 
!vTT,gm2

(c) %`T(�V_� (�TV_�) . �<��ST℄jd�q3� A(i, j) V_%` A T[ i ?[ j }(��f)a+x
�
A(1,4)+A(2,4)+A(3,4)+A(4,4)BRO%` A [ 4 }I(�p��)r�T���I�:�Ge)rK��(�.v�IeG%`6Pz��

(d) ��℄TV;�℄>q��<������℄�q���jj��e���.�Bh��℄k_jGja�<�
V:�
MATLAB �ge� n + 1 a�< P = [a1, a2, . . . , an, an+1] V_ n 0k6��℄ p(x) =

a1x
n + a2x

n−1 + · · · anx+ an+1 T�~K��℄T2?x
_



274 Æ;� MATLAB OB
P=poly(PA))r PA _!v�) PA = [r1, r2, . . . , rn], I PA V_q���_ 1 T n 0k6��℄ (x −

r1)(x− r2) · · · (x− rn) = xn + a2x
n−1 + · · ·+ anx+ an+1, � r1, r2, . . . , rn _��℄T n GM��.�e�ROV����℄�M!v [r1, r2, . . . , rn] �T/�MHHVI
��)r PA _�`�I PA V_%` PA T)b��℄ det(xI − PA).�e��℄�_Tx
��

poly2str h��℄%"3�jT�℄
_
real ����Vh�.�
��TJ7���+ATTGhDJ
root 
��℄TM

2. +}<�(�+} (�) A MATLAB �ejG���eT<�(}�!�ÆAu�I����
(a) V_jGV|�}�f)�

1:10V_jG (�}) ?!v�q(�_� 1 O 10 Te�<
��
1 2 3 4 5 6 7 8 9 10

(b) )rI��(�pY�|
_Eh�gBZ
V_�B)�
100 � -7 � 50V_
100 93 86 79 72 65 58 51�
0 � pi/4:piIV_
0 0.7854 1.5708 2.3562 3.1416

(c) %`T�TV_��+}<�(B:}%`TDjh �f)����z Magic %` A,

B=A(1:3,4)V_%` A T| 3 ?[ 4 }T(�<
T0%`�
B =

13

8

12

(d) :}V;℄gB� B=A(1:3,end) V_�q� “end” V_%`T>	j?/>	j}��
B=A(1:3,2:4)IV_%` A T| 3 ?	 3 }<
T0%`�



§B.1 �g�` 275

B =

2 3 13

11 10 8

7 6 12

3. V;℄��>���L \jd� MATLAB g-R�SV;℄�G�>���L \
>Te�
MATLAB T�SV;℄B_�eG%`�=℄N_\��V;℄T2?X
 _u��Z�
(a) Pv�MATLAB 
H�Pv�?Z;	=�MATLAB0$OjG3Pv�%:2o~K4Pv℄ 
gJT8"GY�JKs8ATPv.3vR�-�HeT��B 
3T8"GY�Pv?_3F8ET3('�B6w3F��3�����MATLAB 
� 3('T| 26 G3(��� >&3F�f)�

num student31=25~KjG?_ num student31 T 1×1 %`℄Kq.v 25.

(b) �v� MATLAB V_�vT�℄�0��Q��V_�x�V_�/�V_ (Gh� i / j�e) . f)
3 -99 0.0001 9.6397238

1.60210e-20 -6.02252e23

1i -3.14159j 3e5i 1 + 2.2361i

(c) <�(�<�(6Qe�<�(�!;<�(��{<�(�f)<�T�{<�(�� S�� ℄�
* ��
/ ��
\ ��� (A%`��AB��<�)

ˆ �6
’ /�TVI
( ) xjT<��LA%`pY�?��<�R�6Q�����s�� X=A\ B (��) V_ AX=B T�� X=

B/A (��) V_ XA=B T��A%`�!vT<���)rE+e��(�pY�? * � / � \ � ˆ �’ <��IA<�(|8S_ “.” u�X�<��Sy{�T��<��f)��u|jOT magic %`
A, A.*A V_%`�

256 4 9 169

25 121 100 64

81 49 36 144
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16 196 225 1

(d) T,y�� MATLAB -R>vTT,2?�Sy��6Q abs (
4�v), sqrt (8h�),

exp(x�), � sin(g�) VV�A MATLAB ��1��?8h����<�
�:�qv_DG/�=℄�	O�A MATLAB ��w�>v>BT,y��B) Bessel y��!y�V�>��T,y�rxs/�_2Pv�)r Xa+x

help elfun

help specfun

help elmatB��ROT,y�V�>BT,y�V�%`y�V��8}�CG)ty� (g�_&j{Pv) :

pi 3.1415926� inf s

i +G� √−1 eps 4y�Æv
j +G� √−1 NaN ��3
realmax >>g*_� realmin >&g*_�A MATLAB ��J��_�/:�Rv�s
�J�Æ 0/0 / inf/inf V
j�OR�v NaN. A MATLAB �T,y�vgB���3.v�
K6P�B)a+x
�
inf=piI~K

inf =

3.1416-�8�T,y�vB���y��B)-?a+
clear infI&/ inf �T,v�

MATLAB TV;℄�:}2?X
<
�f)a+x

rho=(1+sqrt(5))/2~K

rho =

1.6180a+x

a=abs(3+4i)~K

a =

5
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4.  1?�TT_(}�T_A MATLAB �TZh9q�e�_.�q3*IGT_TB�oJ)��GD u+v�u+vpYT F( (_4y�R%)�<(� F(q} , e
_G��rTx
�q	x
pYT F(u+v�u+vpYT F(�<(� F(1} . �v�T&�_ } ; 

_G��rTx
T ” �e ” TX(

_G��rTx
�q	x
pYT F(�<?pYT F(+} : K
ja�v�<E�T-�R�V_�h%`X
�}��T-�R�V_%`D?/ZD}T�h, } ( h}) %  h}	T��v^?h >:
�u? 1E�}� ’ ’ 3('I}(/Q}� ( ) A�<-�R�y�x
u+Pv}VR��Q}� [ ] u+�<R�y�x
u�Pv}VR��Q}� {} (5�<I}(�k( jGPv�y�/k
?�Tm3( (_Y"w�:v)N?} (0G1}) � N?}��8j?:
eN?}�A?TON��uX
jGReT� 1
5. ��M;x
�u�ej-��T MATLAB M;�
�� ctrl-p kToO:j?� ctrl-n kToO�j?Æ ctrl-b kToO|j3(
 ctrl-f kToO	j3(

ctrl 
 ctrl-r kT�ojGE-
ctrl Æ ctrl-l kT�ojGE-
home ctrl-a kToO?q
end ctrl -e kToO?e
esc ctrl-u ��J|?
del ctrl-d 6�kT#3(
backspace ctrl-h 6�kT�K3(
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ctrl-k 6�kT�K3(

§B.2 ESC

MATLAB *I<tj-*Iy�R
���T*Iy��y�? QO:}
axes DT�h�F�
axis DT�TxF�
box DT��'F�
brighten I=xxde
caxis DT�dn3F�
colorbar ℄39F�
diffuse I )AF�
fill fill3 6���0a�K=
grid DTVD�8eF�
hold F�J|I=8
B℄
lighting kWB℄
mesh 0aVDI=*�
plot plot3 �a�ADTI=�0a�/_;I=*�
polar �a9DTI=*�
specular F��8�A
subplot F�I=0(J
surf 0aV8I=*�
surf1 AkWT0aV8*�
text AyTh�Sk3	=
title KI=ST/
xlabel ylabel zlabel  XKI=0GDTS	=
zoom �aI=��\-2?*Iy�B
�j-)tI=y�Y���_T)tI=y��y�? QO:}
area �a�"6�
bar barth �a9=I��h9=I*�
bar3 bar3h 0a9=I�0a�h9=I*�
clabel �aV>�>�T~
comet comet3 �a�0aG9'p7*�
contour �aV>�*�
contour3 0aV>�*�



§B.2 �g�i 279

contourf �aV>�6�*�
errorbar �ax|9=I*�
feather �a!'I=*�
hist �as�I*�
pcolor d3*�
pie �a['I=*�
quiver quiver3 �a�0a�!I (bE) *�
stem �a\2L}I=*�
stairs �a+=I'*�
surfc AV>�T0aV8*��8u�a*I_f�	=*ITj-f��\ 0: �+,= a;x
Qj�eVÆT�\ t=pi*(0:100)/100~K2Pvld!v y=sin(t).*sin(9*t)G���Ty�v!v\ 1: QjI=(�0Ih� a;x
�NR�=8 Fingure No 1, /J|0I figure(1) % xj 1 }I=(B�x
xjI=(}�0I} subplot(2,2,3) % xj 3 }0I\ 2: d�>w*Ix
 a;x
�=�3n��+_= plot(t,y,’b-’) % �W3V���\ 3: F��T�\�Ex�DT D� a;x


axis([0,pi,-1,1]) % F��T�\
grid on % �DT D�\ 4: I= h a;x
I?�DT?�If�k3	= title(’ d�_=’) % I=

xlabel(’t’);ylabel(’y’ ) % �?
legend(’sin(t)’,’sin(t) sin(9t)’) % If
text(2,0.5,’y=sin(t) sin(9t)’) % k3	=\ 5: I=T��Ci (IZsB) a;x
d��#zAvF� set(h,’MarkerSize’,10) % F��+_>&d�I=(O-9�?\ 6: =��A*It����8C_vR y�

1. f� 0 � 2 _2?*If��j-	T�E�\sf�*�TI=s�-=7[TVÆj���q!f��℄
R�HH�
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2. f� 3 � 4 � 5 BM+VMEe6P0L�
3. f� 5 C>IZsB�E�I=�#�?zAF��f)x
<�

x=0:π/100:2*π;

y=sin(x);

p1=0.25*π;

p2=0.5*π;

y1=sin(x-p1);

y2=sin(x-p2);

plot(x,y,’*’)

hold on

plot(x,y1,’-.’)

plot(x,y2,’:’)

hold on

axis([0 2*π -1 1])

xlabel(’-π ≤ x ≤ π’)

title(’Periodic Function’)

text(0.35,0.2,’sin (x)’)

text(0.9,0,’sin (x-0.25π)’)

text(1.5,-0.25,’sin (x-0.5π)’)ROTI=_I B.1.

§B.3 ÆGxP
MATLAB �u�u�!;I��
�

1. 9
 1�
2. 8eI� 1�
3. for U� 1�
4. while U� 1�
5. break  1��8 X�?\C� 1TY�D℄�
1. 9
 1�
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0 1 2 3 4 5 6
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

−π ≤  x ≤ π

Periodic Function

sin (x)

sin (x−0.25π)

sin (x−0.5π)

sin (x)

sin (x−0.25π)

sin (x−0.5π)

b B.1 �\EBI_f�
(a) 2?1; 1:

if !;V;℄� 1 1

else,  1 2

endw{_�-!;V;℄^�u? 1 1 &Iu? 1 2.

(b) 2?1; 2:

if !;V;℄ 1,  1 1

elseif !;V;℄ 2,  1 2

else  1 3

endw{_�-!;V;℄ 1 ^�u? 1 1 &I�-!;V;℄ 2 ^�u? 1 2 &Iu? 1 3.:}I 1�Buej<Bu? 1X
T 1<�A if 1;�e y��q}� }/<t ?T=℄*!;V;℄� 1 8�f)u�9
 1
if x < 0

’y=-1’

elseif x==0

’y=0’
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elseif x>0

’y=1’

else

error(’Unexpected situation’)

endB�TG�y�
y =









−1, if x < 0,

0 if x = 0,

1 if x > 0.

MATLAB �Te�<�(�!;<�(�<�( w{ <�( w{
> >� & �
< &� | /
== �V ˜ �
>= >�V� <= &�V�
˜ = 
V�

2. 8eI� 1�2?1;�
switch(V;℄)

case �vV;℄ 1,  1 1

case �vV;℄ 2,  1 2

...

case �vV;℄ n,  1 n

otherwise ,  1 n+1

end� C  \
>�JV;℄Tv�DjG case	8T�vV;℄Tv�VR�u?4	8T 1℄;� switch  1��.�.#
Ee break  1�>d�A case 1;�ge y��q}� }/<t ?T=℄*�vV;℄� 1 8�
3. for U� 1�

(a) 1; 1:

for U�Pv.�v�U�PvÆv 1
end
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(b) 1; 2:

for U�Pv 1 .�v�U�Pv 1 Æv
for U�Pv 2 .�v�U�Pv 2 Æv 1
end

endf)�q3B<tu�U� 1u+U�%`� H =
(

1
i+ j

)

m×n
:

for i=1:m

for j=1:n

H(i,j)=1/(i+j)

end

end

4. while U� 1�2?1;�
while V;℄ 1
end

5. Break  1� Break  1AU� 1�B�T;�U�1�
§B.4 M �iU

MATLAB T M �k
=℄�p�;�y�;s��p�; M �k
.�u+Pvg.�u�Pv���sB�hAOBGY��x
(��?�k
�TPvvr88AOBGYTM8
8�q�6Q~KTI=�f)jG?_ magicrank.m Tk
�u�M(<
�
% gz magic `T�
r=zeros(1,32);

for n=3:32

r(n)=rank(magic(n));

end

r �
bar(r) % *�s�Ia+x

Magicrankh~K��Ts�I℄h n �!v r Tv88AOBGYTM8��
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B�u+PvgB�u�Pv��z\s�Pv�k
��ÆTq!Pv�_#hPv�
MATLAB �z>vMhy�Busxd�O��B2Mj- M �k
℄h!38+��2DTOBG���-�d�!3|EAOBGY�xj�����B�f)�)r
fh M �y�k


humps.m )��
function y=humps(x)

y=1./((x-.3).ˆ 2+0.01)+1./((x-.9).ˆ 2+0.04)-6;AJ|G�x
(�a+x

x=0:.002:1;

y=humps(x) �
plot(x,y)h~Ky�

y =
1

(x− 0.3)2 + 0.01
+

1

(x− 0.9)2 + 0.04
− 6TI=���:}y��q3�B<td�j-Mhy�z�!TA��f)�a+x


p=fmins(’humps’,0.5)RO humps y�A 0.5 3�T9&v_�
p =

6370a+
q=fzero(’humps’,0.5)RO humps y�A 0.5 3�T�_�

q =

-0.1316

MATLAB -R�>vTKy�R��Q����BAO-��yT�



ashx
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