
11ÙnÜSKK)

1. ¦e�ê��4�:

£1¤ an =
1

2
· 3
4
· · · · 2n− 1

2n
(J«:

1 · 3 · · · · · · (2n− 1)

2 · 4 · · · · · (2n)
6

1√
2n+ 1

.);

£2¤an =
10

1
· 11
3
· 12
5
· · · · · n+ 9

2n− 1
;

£3¤� a1 > 1, an+1 = 2− 1

an
, n = 1, 2, · · · ;

£4¤� a1 = 3, an+1 =
1

1 + an
, n = 1, 2, · · · .

)£1¤ |^e�Ø�ª√
(2n− 1)(2n+ 1) 6

2n− 1 + 2n+ 1

2
= 2n

�

0 6 an =
1

2
· 3
4
· · · · 2n− 1

2n
6

1√
1
√
3

3√
3
√
5
· · · 2n− 1√

2n− 1
√
2n+ 1

=
1√

2n+ 1

=⇒ lim
n→∞

an = 0.

:µµTaK8Ì�´�ÑØ�ªT���O, 2|^ü>Y��ª�Ñ4�Â

ñ�. ¤¢T��O, Ò´�¦Ø�ª/Â�kÝ0, ¦�¤¦ê��ü�äk�Ó4

��{üê�3 n ¿©���Y4.

)£2¤ Ï�� n > 10 �,

an+1

an
=
n+ 11

2n+ 1
< 1,

¤±é¿©�� n (n > 10), {an} ´üN~ke.(an > 0) ê�, ÏdÂñ. P

lim
n→∞

an = a > 0,

e a > 0, K

1 = lim
n→∞

an+1

an
= lim

n→∞

n+ 11

2n+ 1
=

1

2

gñ, ¤± a = 0. =

lim
n→∞

an = 0,

:µµ�K��{´ÄkÏL?Øê��üNk.5, �äê�Âñ, ,�2¦

4�. ��5`, ?ØüN5Ã�´�Äê�c����, ½�'.
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,��¡, �Äê�4��, ÃØ´í�ü>Y�Ø�ª, �´?Øê��üNO

£~¤, ��é¿©�� n ¤áÒ1
, =¦éc¡k��Ø÷vü>Y�Ø�ª,

½Ø÷vüN5�Ã�.

)£3¤ |^8B{: Ï a1 > 1, a2 = 2− 1

a1
> 1, e an > 1, K� n+ 1 �, k

an+1 = 2− 1

an
> 1.

¤±ê�ke.. 2^8B{: � n = 1 �:

a2 − a1 = 2−
(

1

a1
+ a1

)
6 2− 2 = 0,

íÑ a2 6 a1. b�é n k an 6 an−1, @o� n+ 1 �

an+1 − an =
1

an−1
− 1

an
=
an − an−1
anan−1

6 0.

¤±{an}´üN~ke.ê�, ÏdÂñ. � lim
n→∞

an = a > 1. 3

an+1 = 2− 1

an

ü>�4��

a = 2− 1

a
=⇒ a2 − 2a+ 1 = 0

)� a = ±1. � a = −1 ØÜK¿, ¤±4�´

lim
n→∞

an = 1.

)£4¤ ØJwÑ 0 < an < 1, = an kþ.Úe.. |^8B{�±�y

a2 =
1

4
, a3 =

4

5
, a4 =

5

9
, a5 =

9

14
, · · ·

=⇒ a4 − a2 > 0, a5 − a3 < 0

bXé?Û n, k a2n > a2n−2; a2n+1 6 a2n−1, @oé n+ 1, k

a2n+2 − a2n =
1

1 + a2n+1

− 1

1 + a2n−1
=

a2n−1 − a2n+1

1 + a2n+1a2n−1
> 0

a2n+3 − a2n+1 =
1

1 + a2n+2

− 1

1 + a2n
=

a2n − a2n+2

1 + a2n+2a2n
6 0

íÑê�{an}�f� {a2n} üNOkþ., {a2n+1} üN~ke.. Ïd©OÂñ . P

lim
n→∞

a2n = a, lim
n→∞

a2n+1 = b,

2



©O3

a2n+1 = 2− 1

a2n
; a2n = 2− 1

a2n−1

ü>�4��

b =
1

1 + a
, a =

1

1 + b
,

íÑ a = b, Ïd

a =
1

1 + a

)�

a± =
−1±

√
5

2

Ï� an ���ê�, Ïda− ØÜK¿, ù�4��

lim
n→∞

an =
−1 +

√
5

2
.

:µµ1£3¤!£4¤üKÑ´ÏL¤�Ñ�4í'X, ÏéüNk.�5Æ

£^8B{¤, �äê�Âñ. ,�ÏL�½�4í'Xª�4�, ��4��÷v

��§. �´�§�)  Ø��, ÏdI��âK¿�äÑ@�)â´ê��4�.

1£4¤K��Uþã�{1ØÏ, ÏdI�©¤Ûê�Úóê�©O�Ä, ���ä

ê�Âñ.

2. � {an} �üN4O�ê�, ¿�Âñu a, y², é�� n k an 6 a. (éüN4

~�k4��ê�, aq�(Ø¤á.)

y² é?¿�½���ê m, �� n ¿©�, Òk

am 6 an,

3þªü>- n→∞, �â4���Ò5, Òk

am 6 a,

Ï� m ´?¿�, ¤±am 6 a é?¿��ê m ¤á.

:µµ�K(J´w,�, Ï�½n1.13 ®²�²üNO£~¤k.ê��Âñ

�´ê��þ£e¤(.. ùp�y²Ã�´�Ñ,�«w{
®.

3. y²e¡�ê�Âñ:

£1¤an = 1 +
1

22
+ · · ·+ 1

n2
;

3



£2¤an =

(
1 +

1

2

)(
1 +

1

22

)
· · ·
(
1 +

1

2n

)
.

y²£1¤ w, an+1 = an +
1

(n+ 1)2
> an, Ïd an üNO. qÏ�

an = 1 +
1

22
+ · · ·+ 1

n2
6 1 +

1

1 · 2
+

1

2 · 3
+ · · ·+ 1

(n− 1)n

= 1 + 1− 1

2
+

1

2
− 1

3
+ · · ·+ 1

n− 1
− 1

n
= 2− 1

n
< 2,

¤± an kþ.. ÏdÂñ.

y²£2¤ Ï�
an+1

an
= 1 +

1

2n+1
> 1,

¤±an üNO. �
y²kþ., |^ê�
(
1 +

1

n

)n
üNO�4�� e �(J, k

(
1 +

1

n

)n
< e, n = 1, 2, · · · ,

=⇒
(
1 +

1

n

)
< e1/n, n = 1, 2, · · · ,

AOé 2n, k (
1 +

1

2n

)
< e1/2

n

=⇒ an =

(
1 +

1

2

)(
1 +

1

22

)
· · ·
(
1 +

1

2n

)
< e1/2+1/22+···+1/2n = e1−1/2

n

< e.

í� an < 2 kþ., ¤±ê�Âñ.

:µµ3y²k.¥, ����^Ø�ª

an =

(
1 +

1

2

)(
1 +

1

22

)
· · ·
(
1 +

1

2n

)
6

n+
1

2
+

1

22
· · ·+ 1

2n

n


n

=

(
1 +

1

2n
− 1

n2n

)n
6

(
1 +

1

2n

)2n/2

6
√
e

ùp^�

(
1 +

1

n

)n
üNO�4�� e, Ïd

(
1 +

1

n

)n
6 e.
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4. Á�E��uÑ�ê� {an},÷v^�:é?¿�ê ε,�3g,ê N ,¦� n > N

�, k |an+1 − an| < ε.

y² ù��~féõ, ~Xê�

an = 1 +
1

2
+ · · ·+ 1

n

÷v,

|an+1 − an| =
1

n+ 1
→ 0 (n→∞)

¤± ∀ε > 0, � N >
1

ε
− 1, k |an+1 − an| < ε.

XJTê�Âñ, K�âCauchyÂñOK, é?¿� ε > 0, �3 N > 0 ¦��

n > N �, k

|an+p − an| =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ p
< ε

é?Û��ê p ¤á. AO� p = n, k

ε > |a2n − an| =
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n
>

n

2n
=

1

2
.

ù� ε ´?¿�êgñ, Ïdê�an = 1 + 1
2
+ · · ·+ 1

n
uÑ, qÏ� an üNO, ¤±

an = 1 +
1

2
+ · · ·+ 1

n
→ +∞.

.

:µµ�K`²=¦ê���ü��� |an+1 − an| → 0 (n→∞), �ØU�yê

�Âñ. Ïd�±N¬CauchyÂñOK¥/?¿��êp0�­�5.

5. eê� {an} ÷v: �3~ê M , ¦�é�� n k

An = |a2 − a1|+ |a3 − a2|+ · · ·+ |an+1 − an| 6M.

y²: (1) ê� {An} Âñ; (2) ê� {an} �Âñ.

y² w, An > 0, üNO¿kþ., Ïd {An} Âñ, �âCauchy ÂñOK,

é?¿�é?¿� ε > 0, �3 N > 0 ¦�� n > N �, k

0 6 An+p − An < ε.

é?Û��ê p ¤á. Ïd� n > N + 1 �£n+ 1 > N¤k

|an+p − an| 6 |an+p − an+p−1|+ · · ·+ |an+1 − an| = An+p−1 − An−1 < ε

5



é?Û��ê p ¤á, íÑ {an} Âñ.

:µµÎÜK8^��ê�¡�k.C�ê�. �Ky²L§`², k.C�ê

��½÷vCauchyÂñOK, Ïd�½Âñ. ���Ø,, =Âñê��7´k.C

��. ~X

an =
(−1)n

n
→ 0 (n→∞),

Âñ. �´

An = |a2 − a1|+ |a3 − a2|+ · · ·+ |an+1 − an|

=

∣∣∣∣12 + 1

∣∣∣∣+ ∣∣∣∣13 +
1

2

∣∣∣∣+ · · ·+ ∣∣∣∣ 1

n+ 1
+

1

n

∣∣∣∣
= 2

(
1 +

1

2
+ · · ·+ 1

n

)
− 1 +

1

n+ 1

> 2

(
1 +

1

2
+ · · ·+ 1

n

)
− 1.

d~1.2.18� An →∞ (n→∞),ÏdÃ.,¤± an =
(−1)n

n
Âñ�Ø´k.C��.

6. � {an} ´�î�4Oê�. ¦y: e an+1 − an k., Ké?¿ α ∈ (0, 1) k

lim
n→∞

(
aαn+1 − aαn

)
= 0. ¿`²d(Ø�_Øé, =, �3�î�4Oê� {an} ¦�é

?¿ α ∈ (0, 1)k lim
n→∞

(
aαn+1 − aαn

)
= 0,�´ an+1−anÃ.. (J«: �Ä an = n lnn.)

y² Ï {an} ��î�üNO, Ïd� n → ∞ �, {an} �oÂñuk�ê a,

�ouÑ� +∞.

(1) e lim
n→∞

an = a£k�ê¤, @oÏ {an} ��î�üNO, ¤±

0 < an < a.

í�

0 < aα − aαn = aα − (a− a+ an)
α = aα

[
1−

(
1− a− an

a

)α]
.

Ï 0 < α < 1, kØ�ª

1 >

(
1− a− an

a

)α
> 1− a− an

a

=⇒ 0 < 1−
(
1− a− an

a

)α
<
a− an
a

¤±

0 < aα − aαn = aα
[
1−

(
1− a− an

a

)α]
< aα−1(a− an)→ 0 (n→∞).
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= lim
n→∞

aαn = aα, ÏdíÑ

lim
n→∞

(
aαn+1 − aαn

)
= 0.

(2) e lim
n→∞

an = +∞, @o� an+1 − an 6M , d an+1 6M + an íÑ

aαn+1 6 (M + an)
α

aαn+1 − aαn 6 (M + an)
α − aαn = aαn

[(
1 +

M

an

)α
− 1

]
ÓnÏ 0 < α < 1, kØ�ª

1 <

(
1 +

M

an

)α
< 1 +

M

an
,

Ïd

0 < aαn+1 − aαn 6 aαn

[(
1 +

M

an

)α
− 1

]
6

M

a1−αn

→ 0 (n→∞).

=

lim
n→∞

(
aαn+1 − aαn

)
= 0.

e¡y²TK�_·KØ¤á, ��Þ���~=�. - an = n lnn > 0. K

an+1 − an = (n+ 1) ln(n+ 1)− n lnn > (n+ 1) lnn− n lnn = lnn→ +∞ (n→∞)

¤± an î�üNO� an+1 − an Ã..

e¡y²é?¿ α ∈ (0, 1) k lim
n→∞

(
aαn+1 − aαn

)
= 0, Ï�� n > 2 �:

an+1 − an = (n+ 1) ln(n+ 1)− n lnn < (n+ 1) ln

(
1 +

1

n

)
+ lnn < 3 lnn

¤±

aαn+1 − aαn < (an + 3 lnn)α − aαn = aαn

[(
1 +

3 lnn

an

)α
− 1

]
<

3 lnn

a1−αn

= 3
lnα n

n1−α = 3

(
lnn

n(1−α)/α

)α
�âÖþ~1.3.23£147�¤(J��

lim
n→∞

lnn

n(1−α)/α = 0 =⇒ lim
n→∞

(
lnn

n(1−α)/α

)α
= 0

¤±

lim
n→∞

(
aαn+1 − aαn

)
= 0.

7



:µ �K�«AÏ�¹´é 0 < α < 1, k

lim
n→∞

((n+ 1)α − nα = 0.

Ï��an = n w, an = n ÷vK8^�an+1 − an = 1 k.. du0 < α < 1, íÑ

1 <

(
1 +

1

n

)α
< 1 +

1

n
,

¤±

0 < (n+ 1)α − nα = nα
[(

1 +
1

n

)α
− 1

]
< nα

[(
1 +

1

n

)
− 1

]
=

1

n1−α

=⇒ lim
n→∞

((n+ 1)α − nα = 0

7. �ê� {an} ÷v lim
n→∞

(an+1 − an) = a. y²: lim
n→∞

an
n

= a.

y² � bn = n→ +∞, ��|^
∞
∞
.Stolz ½n:

lim
n→∞

an
n

= lim
n→∞

an+1 − an
n+ 1− n

= a.

5¿µ3
∞
∞
.Stolz ½n¥, ¿Ø�¦©fê��½´Ã¡�þ.

8. y²: e lim
n→∞

an = a, � an > 0, K lim
n→∞

n
√
a1a2 · · · an = a.

y² |^e�Ø�ª±9~1.2.19

n
√
a1a2 · · · an 6

a1 + a2 + · · ·+ an
n

→ a (n→∞)

±9

n
√
a1a2 · · · an =

1

n

√
1
a1

1
a2
· · · 1

an

>
n

1
a1

+ 1
a2

+ · · · 1
an

→ a (n→∞)

=��¤y².

:µ : (Ü~1.2.19, Âñê���â²þÚAÛ²þ�ê�ÑÂñ�Ó���.

9. y²: e an > 0, � lim
n→∞

an+1

an
�3, K lim

n→∞
n
√
an ��3, ¿�

lim
n→∞

n
√
an = lim

n→∞

an+1

an
.

8



y² � lim
n→∞

an+1

an
= a, Ké?¿ ε > 0, �½�3 N0 > 0, ¦�� n > N0 �, k

a− ε

2
<
an+1

an
< a+

ε

2
.

=⇒
(
a− ε

2

)n−N0−1
<

an
an−1

· · · aN0+2

aN0+1

<
(
a+

ε

2

)n−N0−1

=⇒
(
a− ε

2

)n−N0−1
<

an
aN0+1

<
(
a+

ε

2

)n−N0−1

=⇒
(
a− ε

2

)n−N0−1
n
√
aN0+1 < n

√
an <

(
a+

ε

2

)n−N0−1
n
√
aN0+1

|^ n
√
a→ 1 (n→∞), ØJ��

lim
n→∞

(
a− ε

2

)1−(N0−1)/n
n
√
aN0+1 = a− ε

2

lim
n→∞

(
a+

ε

2

)1−(N0−1)/n
n
√
aN0+1 = a+

ε

2

Ïd, ©O�3 N1 Ú N2, � n > N = max{N1, N2} �, k(
a− ε

2

)1−(N0−1)/n
n
√
aN0+1 > a− ε

2
− ε

2
= a− ε,

(
a+

ε

2

)1−(N0−1)/n
n
√
aN0+1 < a+

ε

2
+
ε

2
= a+ ε,

=⇒ a− ε < n
√
an < a+ ε

¤±{ n
√
an} Âñ, �:

lim
n→∞

n
√
an = lim

n→∞

an+1

an
.

10. ¦e�4�:

(1) lim
n→∞

1 +
√
2 + 3
√
3 + · · ·+ n

√
n

n
(2) lim

n→∞

n
n
√
n!
.

) £1¤µ|^Öþ~1.2.19 (J, k

lim
n→∞

1 +
√
2 + 3
√
3 + · · ·+ n

√
n

n
= lim

n→∞
n
√
n = 1.

£2¤- an =
nn

n!
, K

lim
n→∞

an+1

an
= lim

n→∞

(
1 +

1

n

)n
= e

9



|^19K(J, k

lim
n→∞

n
n
√
n!

= lim
n→∞

n
√
an = e.

11. ®� lim
n→∞

an = a, ¦y lim
n→∞

a1 + 2a2 + · · ·+ nan
n2

=
a

2
.

y² - An = a1 + 2a2 + · · ·+ nan, Bn = n2 → +∞, �

lim
n→∞

An − An−1
Bn −Bn−1

= lim
n→∞

nan
2n− 1

=
a

2
,

|^ Stolz½n5¿3
∞
∞
¥¿Ø�¦©f´Ã¡�þ,

lim
n→∞

a1 + 2a2 + · · ·+ nan
n2

= lim
n→∞

An − An−1
Bn −Bn−1

=
a

2
.

12. � {an} � an → a ∈ R, q� {bn} ´�ê�, cn =
a1b1 + a2b2 + · · ·+ anbn

b1 + b2 + · · ·+ bn
. ¦y:

(1) {cn} Âñ; (2) e (b1 + b2 + · · ·+ bn)→ +∞, K lim
n→∞

cn = a.

y² Ø�� a = 0, ÄK^ {an − a} �O {an} . -

An = a1b1 + a2b2 + · · ·+ anbn; Bn = b1 + b2 + · · ·+ bn,

Ù¥ {Bn} î�üNO, Ïd {Bn} �oÂñ, �ouÑ� +∞.

e {Bn} Âñ: Bn → b (n → ∞), íÑ Bn 6 b, K��y² {An} Âñ, ÒíÑ

cn =
An
Bn

�Âñ. Ï� an → a (n → ∞), ¤±é?¿� ε > 0, �3 N > 0, ¦��

n > N �, k

|an| <
ε

b
.

Ïdé n > N , k

|An+p − An| = |an+1bn+1 + · · ·+ an+pbn+p|

6 |an+1|bn+1 + · · ·+ |an+p|bn+p

<
ε

b
(bn+1 · · ·+ bn+p) < ε,

�âCauchy ÂñOK, {An} Âñ, íÑ {cn} Âñ.

e Bn → +∞, |^ Stolz ½n,

lim
n→∞

cn = lim
n→∞

An
Bn

= lim
n→∞

An − An−1
Bn −Bn−1

= lim
n→∞

an = 0.

10



13. y²: lim
x→+∞

(
1 +

1

xp

)x
=


1, p > 1,

e, p = 1,

+∞, p < 1.

y² � p > 0�, lim
x→+∞

xp = +∞,


(
1 +

1

xp

)xp
´f(y) =

(
1 +

1

y

)y
� y = xp

�EÜ, Ïd

lim
x→+∞

(
1 +

1

xp

)xp
= e.

¤±� x ¿©��, k

2 <

(
1 +

1

xp

)xp
< 3 =⇒ ln 2 < ln

(
1 +

1

xp

)xp
< ln 3.

e p > 1:

0 < ln

(
1 +

1

xp

)x
= ln

[(
1 +

1

xp

)xp]x1−p

= x1−p ln

(
1 +

1

xp

)xp
< x1−p ln 3→ 0

=⇒ lim
x→+∞

(
1 +

1

xp

)x
= 1.

e 0 < p < 1:

ln

(
1 +

1

xp

)x
= ln

[(
1 +

1

xp

)xp]x1−p

= x1−p ln

(
1 +

1

xp

)xp
> x1−p ln 2→ +∞

=⇒ lim
x→+∞

(
1 +

1

xp

)x
= +∞.

e p = 1: (Øw,.

� p < 0 �: é¿©�� x k(
1 +

1

xp

)x
>

(
1 +

1

xp

)
→ +∞.

14. � f(x) �±Ï¼ê, � lim
x→∞

f(x) = 0, y² f(x) ð�".

y² £�y{¤�¼ê��±Ï� T , e�3 x0 ¦� f(x0) 6= 0, � an =

x0 + nT → +∞ (n→∞). �â½n1.32, k lim
x→+∞

f(an) = 0, �¯¢þ

lim
n→∞

f(an) = lim
n→∞

f(x0 + nT ) = lim
n→∞

f(x0) = f(x0) 6= 0,
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gñ. Ïd(Ø¤á.

15. y² £1¤¼ê f(x) 3 x→ x0− �k4� l �¿©7�^�´: éu?¿��

± x0 �4��üN4Oê� {an} (an 6= x0), Ñk lim
n→∞

f(an) = l; £2¤¼ê f(x) 3

x→ x0+ �k4� l �¿©7�^�´: éu?¿��± x0 �4��üN4~ê�

{an} (an 6= x0), Ñk lim
n→∞

f(an) = l.

y² ��aq½n1.32 �y²�{, �´5¿�� an üN4O£½4~¤¿

±x0 �4��ê�, ©ª�± an < x0 £½ an > x0¤.

:µ: ½n1.32�,�?Ø
 x → x0 ��/, �ØJí2� x → +∞ ��/,

=:

lim
x→+∞

f(x) = l⇐⇒ lim
n→∞

f(an) = l

é?Û an → +∞ (n→∞) �ê�¤á.

16. � ξ ´��Ãnê. a, b ´¢ê, � a < b. ¦y: �3�ê m,n ¦� m + nξ ∈
(a, b), =, 8Ü

S = {m+ nξ |m,n ∈ Z}

3 R È�.

y² Ø�� 0 < a < b. é?¿��ê i, P ni = −[iξ], ùp [x] L« x ��ê

Ü©, Ïd xi = ni + iξ ∈ S � xi = iξ − [iξ] L« iξ ��êÜ©. Ï ξ ´Ãnê, iξ

�êÜ©Ø�U� 0, é?¿��ê i, j, iξ � jξ ��êÜ©�Ø��: xj 6= xi.

���ê k ¦�
1

k
< b− a,

K x1, x2, · · · , xk+1 ∈ (0, 1) �k + 1 �pØ���ê¥, ��kü�, P� xi, xj, ÷v

0 < xj − xi <
1

k

� n ´¦� n(xj − xi) > a �����ê, =

n(xj − xi) > a > (n− 1)(xj − xi),

ddíÑ

a < n(xj − xi) = (n− 1)(xj − xi) + (xj − xi) < a+
1

k
< a+ b− a = b,
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w,

n(xj − xi) = n(nj − ni) + n(j − i)ξ ∈ S,

ù�Òy²
3?Ûü�ê a < b �m, �½k S ¥���ê, ¤± S 3 R ¥È�.

:µ: �K`²Ø
knê� Q 3¢ê� R ¥È�	, S = {m+ nξ |m,n ∈ Z}
(ξ �?¿Ãnê) 3R ¥�È�. 8Ü S �¹0 Ú 1, ¿�÷v\£~¤{$�, =?

¿� m+ nξ, m′ + n′ξ ∈ S, k

(m+ nξ)± (m′ + n′ξ) = (m±m′) + (n± n′)ξ ∈ S,

�´Ø÷v¦£Ø¤{$�.�´éξ =
√
2, 8Ü

S(
√
2) = {m+ n

√
2 |m,n ∈ Z},

÷v\£~¤{Ú¦{$�. �´Ø÷vØ{$�. XJ-

Q(
√
2) = {p+ q

√
2 | p, q ∈ Q},

(Q ´knê�), K Q(
√
2) ÷v\£~¤{Ú¦£Ø¤{$�, ��¹ 0 Ú 1, Ïd

´��ê�£÷v\~{Ú¦Ø{$�¿�¹ 0 Ú 1 �ê8¡�ê�¤. ù´Ø


¢ê� R Úknê� Q 	, @£���#�ê�.
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