
ES 1

1. ��

+∞���´ (a,+∞),ùp a´?¿¢ê.

−∞���´ (−∞, a),ùp a´?¿¢ê.

x0 ���´ (x0 − δ, x0 + δ), δ ´?¿�ê

x0 ��%��´ (x0 − δ, x0 + δ) \ {x0}.

x0 �m>��´ (x0, x0 + δ).

x0 ��>��´ (x0 − δ, x0).
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2. 4��½Â

1) � {an} ´��ê�, a ¢ê. eé?¿�ê ε, �3 +∞ ��� V,

¦�

|an − a| < ε, ∀ n ∈ V ∩ N,

K¡ {an}Âñu a,P� lim
n→∞

an = a.

2) �¼ê f(x) 3 [a,+∞) þk½Â, A ´��¢ê, eé?¿�ê ε,

�3 +∞��� V,¦�

|f(x)−A| < ε, ∀ x ∈ V,

K¡ f(x)� x→ +∞�Âñu A,P� lim
x→+∞

f(x) = A.
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3) �¼ê f(x) 3 x0 �,��%��k½Â, A ´��¢ê, eé?¿

�ê ε,�3 x0 ��%�� V,¦�

|f(x)−A| < ε, ∀ x ∈ V,

K¡ f(x)� x→ x0 �Âñu A,P� lim
x→x0

f(x) = A.

4) �¼ê f(x) 3 x0 �,�m>��k½Â, A ´��¢ê, eé?¿

�ê ε,�3 x0 �m>�� V,¦�

|f(x)−A| < ε, ∀ x ∈ V,

K¡ f(x)� x→ x+
0 �Âñu A,P� lim

x→x+0
f(x) = A.

5) �¼ê f(x) 3 x0 �,��>��k½Â, A ´��¢ê, eé?¿

�ê ε,�3 x0 ��>�� V,¦�

|f(x)−A| < ε, ∀ x ∈ V,

K¡ f(x)� x→ x−0 �Âñu A,P� lim
x→x−0

f(x) = A.
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3. ¦4���{

1)�â4��$�5�.

2)�âü>Y��n.

3)�â Stolz½n, L’Hospital{K

~ 1 � a1, · · · , am, t1, · · · , tm Ñ´�ê,� t1 + · · · + tm = 1.¦

lim
n→∞

n
√
t1a

n
1 + t2a

n
2 + · · · + tmanm.

) Ø�� am = max{a1, · · · , am}.K

n
√
tm am <

n
√
t1a

n
1 + t2a

n
2 + · · · + tmanm < am.

du lim
n→∞

n
√
tm = 1,�âü>Y��nk

lim
n→∞

n
√
t1a

n
1 + t2a

n
2 + · · · + tmanm = am = max{a1, · · · , am}.
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~ 2 � a0 = 1, an = 1 + an−1
an−1+1

.y² {an}Âñ,¿¦Ù4�.

) d4íúª,� {an}´�ê�. a1 > a0.b� an > an−1,K

an+1 − an =
an

an + 1
−

an−1

an−1 + 1

=
an − an−1

(an + 1)(an−1 + 1)

> 0.

�, {an}üN4O.qw,k an < 2.u´ {an}Âñ. � lim
n→∞

an = a.34

íúª¥ü>�4��

a = 1 +
a

a + 1
.

)d�§� a = 1±
√
5

2
.5¿�Ak a > 1.�, a = 1+

√
5

2
.
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~ 3 � a1 = 3, an+1 =
1

an+1
.y² {an}Âñ,¿¦Ù4�.

) d4íúª,� {an}´�ê�.

an+2 − an =
1

an+1 + 1
−

1

an−1 + 1
= −

an+1 − an−1
(an+1 + 1)(an−1 + 1)

.

ù`² an+2−an� an−an−2ÎÒ�Ó.d4íúª, a1 = 2, a2 =
1
4
, a3 =

4
5
,

a4 =
5
9
.u´ {a2n}üN4Okþ. 1, {a2n−1}üN4~ke. 1

4
,§�ÑÂ

ñ,�4�©O� a, b. d4íúª,k

a =
1

b + 1
, b =

1

a + 1
.

�, a = b =
√
5−1
2
.=,

lim
n→∞

=

√
5− 1

2
.
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{� � a =
√
5−1
2
,K a = 1

a+1
.u´

|an+1 − a| =
∣∣∣∣ 1

an + 1
−

1

a + 1

∣∣∣∣ = ∣∣∣∣ an − a
(an + 1)(a + 1)

∣∣∣∣
<

1

a + 1
|an − a|.

dd��

|an+1 − a| <
1

(a + 1)n
|a1 − a| → 0, (n→∞).

ù`² lim
n→∞

an = a.
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~ 4 ¦4� lim
n→∞

n
n√
n!
.

) � an = n
n√
n!
.K

lim
n→∞

ln an

= lim
n→∞

n lnn− (lnn + ln(n− 1) + · · · + ln 2)

n

= lim
n→∞

[(n + 1) ln(n + 1)− (ln(n + 1) + · · · + ln 2)]− [n lnn− (lnn + · · · + ln 2)]

1

= n ln(1 +
1

n
)

= 1.

�, lim
n→∞

n
n√
n!

= e.
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~ 5 � f(x)´ RþëY¼ê, �÷v f(2x) = f(x).¦y: f(x)´~

ê.

y² �â^�,k

f(x) = f(
x

2
) = f(

x

4
) = · · · = f(

x

2n
)

5¿� f 3 0ëY,k

lim
n→+∞

f(
x

2n
) = f(0).

u´

f(x) = f(0).

=, f(x)´~ê.
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~ 6 � f(x)´��õ�ª. y²: 7�3�: x0¦� |f(x0)| 6 |f(x)|
é?¿¢ê x¤á.

y² �

f(x) = anx
n + an−1x

n−1 + · · · + a1x + a0, an 6= 0.

K

|f(x)| = |anxn|
(
1 +

an−1

an
·
1

x
+ · · · +

a1

an
·

1

xn−1
+
a0

an
·
1

xn

)
.

dª`² |f(x)| → +∞, (x→∞).Ïd�3 A > 0¦�

|f(x)| > |f(0)|, x ∈ (−∞,−A) ∪ (A,+∞).

�ëY¼ê |f(x)|3 [−A,A]¥,: x0 ����,d:�´ |f(x)|3¢¶
þ����:.
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~ 7 � f(x)´½Â3 [a, b]þ¿÷v a 6 f(x) 6 b (é?¿ x ∈ [a, b]),

��3 k ∈ (0, 1)¦�

|f(x)− f(y)| 6 k|x− y|, (é?¿ x, y ∈ [a, b]).

¦y�3��� x0 ∈ [a, b]¦� f(x0) = x0.

y² �â^�,k f(a) > a, f(b) 6 b.� g(x) = f(x)− x.K g(x)´

[a, b]þ�ëY¼ê,� g(a) = f(a)− a > 0, g(b) = f(b)− b 6 0.�â0�

½n�, �3 x0 ∈ [a, b] ¦� g(x0) = 0, =, f(x0) = x0. eqk x1 ∈ [a, b]

¦� f(x1) = x1.K

|x1 − x0| = |f(x1)− f(x0)| 6 k|x1 − x0|.

5¿� k ∈ (0, 1).þª%¹ x1 = x0.�,ØÄ:´��5.

y{� P f([a, b]) = [a1, b1],

[an+1, bn+1] = f([an, bn]), n = 1, 2, · · · .
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Kk [an+1, bn+1] ⊂ [an, bn].Ï��3 s, t ∈ [an, bn]¦� an+1 = f(s), bn+1 =

f(t),¤±�â^�,k

bn+1 − an+1 = f(t)− f(s) 6 k|t− s| 6 k(bn − an).

�, bn − an 6 kn(b− a)�â4«m@½n,�3��� x0 ∈ [an, bn], n =

1, 2, · · · .d�,k

f(x0) ∈ f([an, bn]) = [an+1, bn+1]→ x0.

�, f(x0) = x0.

~f: � f(x) = ln(ex + 1). K f(x) 3 R þëY. é?¿ x < y �3

ξ ∈ (x, y)¦� f(x)− f(y) = f ′(ξ)(x− y) = eξ

eξ+1
(x− y).�,

|f(x)− f(y)| < |x− y|.

Ï� f(x) > ln(ex) = x,¤± f(x)vkØÄ:.
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