
%C½n1 %C½n2 Parseval ½n

12.3.1 Weierstrass %C½nÚ Parseval ½n

½n 1 (Weierstrass n�õ�ª%C½n) � f ∈ C[−π, π] �÷v

f(−π) = f(π).K f(x)3 [−π, π]þ�^n�õ�ª��%C.

y² Ï� f(x) 3 [−π, π] ëY, � f(−π) = f(π), ¤± f(x) �±ò

ÿ¤ (−∞,+∞)þ± 2π�±Ï�ëY¼ê. �â Fejér½n, f(x)� Fourier

?êÜ©Ú�þ� σn(x)3 (−∞,+∞)þ��Âñu f(x).du

σn(x) =
S0(x) + S1(x) + · · · + Sn−1(x)

n

´�� n− 1gn�õ�ª. Ïd f(x)3 (−∞,+∞)þ,AO´3 [−π, π]

þ�^n�õ�ª��%C.y.

dn�õ�ª/ª�%C½n,��±íÑ�êõ�ª/ª�%C½n.
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%C½n1 %C½n2 Parseval ½n

½n 2 (Weierstrass õ�ª%C½n) � f ∈ C[a, b].K f(x)3 [a, b]þ

�^�êõ�ª��%C.

y² �I�Ä [a, b] = [−1, 1]��/. d� f ∈ C[−1, 1].-

g(x) = f(cosx).

K g(x)3 [−π, π]ëY,� g(−π) = g(π).�â Fejér½n,

σn(x)→ g(x), (3 x ∈ [−π, π]þ��).

ùp σn(x)´ g(x)� Fourier?ê�Ü©Ú�þ�.u´?¿ ε > 0,�3 n

¦�

max
x∈[−π,π]

|σn(x)− g(x)| < ε. (12.1)

du g(x) ´ó¼ê, Ù Fourier ?ê´{u?ê. 5¿� cos kx �L«�
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%C½n1 %C½n2 Parseval ½n

cosx� k gõ�ª,'X cos 2x = 2 cos2 x− 1, . �, σn(x)�L�

σn(x) =

n−1∑
k=0

ck cosk x,

ck Ñ´~ê. y3-

Pn(t) =

n−1∑
k=0

ckt
k,

ù´�� n− 1g�êõ�ª. d (12.1),�

max
x∈[−π,π]

|Pn(cosx)− f(cosx)| < ε.

ù�du

max
t∈[−1,1]

|Pn(t)− f(t)| < ε.

ùÒ`² f(x)�^�êõ�ª3 [−1, 1]þ��%C.y.
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~ 1 � an, bn ´ f(x)� FourierXê,K f � Fejér�f (=, Fourier?

êc n�Ú�þ�)�L�

σn(x) =
a0

2
+

n−1∑
j=1

(
1−

j

n

)
(aj cos jx + bj sin jx). (12.2)

y² d½Â

σn(x) =
1

n

n−1∑
k=0

Sk(x) =
1

n

(
a0

2
+

n−1∑
k=1

Sk(x)

)

=
1

n

a0

2
+

n−1∑
k=1

a0

2
+

k∑
j=1

(aj cos jx + bj sin jx)


=
a0

2
+

1

n

n−1∑
k=1

k∑
j=1

(aj cos jx + bj sin jx)
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��¦ÚÒ,��

σn(x) =
a0

2
+

1

n

n−1∑
j=1

n−1∑
k=j

(aj cos jx + bj sin jx)

=
a0

2
+

1

n

n−1∑
j=1

(n− j)(aj cos jx + bj sin jx)

=
a0

2
+

n−1∑
j=1

(
1−

j

n

)
(aj cos jx + bj sin jx)

|^±þ(JÚn�¼ê���5,��e¡�íØ.

íØ 1 � an, bn ´ f(x)� FourierXê, σn(x)´ f(x) Fejér�f. Kk

1

π

∫ π

−π
σ2
n(x) dx =

a2
0

2
+

n−1∑
j=1

(
1−

j

n

)2 (
a2
j + b2

j

)
.
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½n 3 (Parseval ½n) e f(x) ´±Ï� 2π �ëY¼ê, KÙ Fourier X

ê an, bn ÷v
a2

0

2
+

∞∑
n=1

(
a2
n + b2

n

)
=

1

π

∫ π

−π
f 2(x) dx.

y² d Fejér½nÚc¡�~fÚíØ,�Iy²

lim
n→∞

n∑
k=1

k

n

(
2−

k

n

) (
a2
k + b2

k

)
= 0.

du an, bn´ f(x)� FourierXê,�,�â BesselØ�ª,
∞∑
n=1

(a2
n + b2

n)Âñ,

Ï


Ak :=

∞∑
j=k

(a2
j + b2

j)→ 0, (k→∞).
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0 6
n∑
k=1

k

n

(
2−

k

n

) (
a2
k + b2

k

)
6 2

n∑
k=1

k

n

(
a2
k + b2

k

)
=

2

n

n∑
k=1

k
(
a2
k + b2

k

)
=

2

n

n∑
k=1

k∑
j=1

(
a2
k + b2

k

)
=

2

n

n∑
j=1

n∑
k=j

(
a2
k + b2

k

)
6

2

n

n∑
j=1

∞∑
k=j

(
a2
k + b2

k

)
=

2

n

n∑
j=1

Aj → 0 (n→∞).

u´

lim
n→∞

n∑
k=1

k

n

(
2−

k

n

) (
a2
k + b2

k

)
= 0.
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½n 4 e f(x) ´3 [−π, π] þ�È�²��È�¼ê, KÙ Fourier Xê

an, bn ÷v
a2

0

2
+

∞∑
n=1

(
a2
n + b2

n

)
=

1

π

∫ π

−π
f 2(x) dx.

y² ·��y² f(x)3 [−π, π]þ Riemann�È��¹. Ïd f ´k

.�µm 6 f(x) 6 M . Ó�UC f 3�:��ØK��È5±9ÏLÈ©

O� f � FourierXê,Ïdb� f(−π) = f(π).

Ï� Riemann�È,¤±é?¿�ê ε,�3 [−π, π]��©�,

T : −π = x0 < · · · < xk = π

¦�
k∑
i=1

ωi∆xi <
ε2

4Ω
,

Ù¥ ωi = Mi−mi´ f 3�«m [xi−1, xi]þ��Ì, Ω = M −m´ f 3
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��«m [−π, π]þ��Ì.^ò�ë� (xi−1, f(xi−1))Ú (xi, f(xi))ü:

¿Pò�¤�¤�¼ê� g(x), T¼ê´ëY�, ÷v g(−π) = g(π), 
�

3 x ∈ [xi−1, xi]þ, f � g ÷v

mi 6 f(x) 6Mi, mi 6 g(x) 6Mi.

¤±

|f(x)− g(x)| 6 ωi, x ∈ [xi−1, xi]

u´

‖g − f‖2 =

∫ π

−π
|g(x)− f(x)|2 dx = Ω

k∑
i=1

∫ xi

xi−1

|g(x)− f(x)| dx

6 Ω

k∑
i=1

ωi∆xi <
ε2

4
.

�,

‖g − f‖ 6
ε

2
.
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5¿�¼ê g(x) ´ [−π, π] þÅã1w�ëY¼ê, ¿÷v g(−π) = g(π),

Ïd±Ïòÿ�E,´Åã1w�ëY¼ê. �â Dirichlet ½n, g(x) �

Fourier ?ê3 [−π, π] þ��Âñu g(x), �Ò´�3����ê N , �

n > N �, g(x)� Fourier?ê�c n�Ü©Ú,P� Tn(x),÷v

|g(x)− Tn(x)| <
ε

2
√

2
, x ∈ [−π, π]

¤±

‖g − Tn‖2 <
ε2

4
.

=,

‖g − Tn‖ <
ε

2
.

u´

‖f − Tn‖ 6 ‖f − g‖ + ‖g − Tn‖ < ε.

�â Bessel Ø�ª, é¤k� n gn�õ�ª,�k f � Fourier ?ê�Ü©
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Ú Sn(x)� f(x)ål��,¤±� n > N �k

‖f − Sn‖ 6 ‖f − Tn‖ < ε.

=

lim
n→∞
‖f − Sn‖ = 0

ù�·�é [−π, π]þ Riemann�È�¼ê f(x) ,y²
§� Fourier?ê²

�²þÂñu f(x),Ïd Parseval�ª¤á.
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~ 2 � f(x)´±Ï� 2π �ëY¼ê. -

F (x) =
1

π

∫ π

−π
f(t)f(x + t) dt,

^ an, bn Ú An, Bn ©OL« f Ú F � FourierXê. y²:

A0 = a2
0, An = a2

n + b2
n, Bn = 0.

ddíÑ f � Parseval�ª.

y² Ï� f ´±Ï� 2π �ëY¼ê,¤± F (x)�´±Ï� 2π �ë

Y¼ê.

F (−x) =
1

π

∫ π

−π
f(t)f(−x + t) dt

=
1

π

∫ −x+π

−x−π
f(x + u)f(u) du (u = −x + t)

=
1

π

∫ π

−π
f(x + u)f(u) du (�È¼ê± 2π �±Ï)

= F (x).
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¤± F (x)´ó¼ê. �, Bn = 0.

An =
1

π

∫ π

−π
F (x) cosnxdx

=
1

π

∫ π

−π

(
1

π

∫ π

−π
f(t)f(x + t) dt

)
cosnxdx

=
1

π

∫ π

−π
f(t)

(
1

π

∫ π

−π
f(x + t) cosnxdx

)
dt

=
1

π

∫ π

−π
f(t)

(
1

π

∫ π+t

−π+t

f(u) cosn(u− t) du
)
dt

=
1

π

∫ π

−π
f(t) (an cosnt + bn sinnt) dt

=

a2
n + b2

n, n > 1

a2
0, n = 0.

-

g(x) =
a2

0

2
+

∞∑
n=1

(a2
n + b2

n) cosnx.
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Ï�þªmà�?ê3 (−∞,+∞) þ��Âñ, ¤± g(x) ´±Ï� 2π �

ëY¼ê. g(x)� F (x)k�Ó� FourierXê. �, g(x) = F (x),=,

F (x) =
a2

0

2
+

∞∑
n=1

(a2
n + b2

n) cosnx, x ∈ (−∞,+∞).

3dª¥� x = 0,�

a2
0

2
+

∞∑
n=1

(a2
n + b2

n) = F (0) =
1

π

∫ π

−π
f 2(t) dt,

=, f � Parseval�ª¤á.

14/14

‖J I‖ J I �£ �¶ '4 òÑ


	Weierstrass 逼近定理和 Parseval 定理

