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�!O�e��K (z�K 6©,� 42©)

(1) � f (x) = 1− x

π
(0 ≤ x ≤π)�{u?ê�Ú¼ê�S(x),¦S(−3),S(12).

)))ò�ó5òÿ,=

f (x) =


1− x

π
, 0 ≤ x ≤π,

1+ x

π
, −π≤ x ≤ 0.

d±Ï5�,S(12) = S(12− 4π),5¿�12− 4π ∈ (−π,0),¤±S(12) = 12−3π

π
. ,

	S(−3) = s(3) = π−3

π
.

(2) O�­�È©I =
∫

L

p
y ds,Ù¥L : x = t − sin t , y = 1−cos t , 0 ≤ t ≤π.

)))I =
∫ π

0

√
y(t )

√
x ′(t )2 + y ′(t )2 dt =p

2π.

(3) O�­¡È©I =
Ï

S
z dS,ùpS´Ú^¡: r= (u cos v,u sin v, v),Ù¥0 ≤ u ≤ 1,

0 ≤ v ≤ 2π.

)))��O�: r′u = (cos v, sin v,0), r′v = (−u sin v,u cos v,1),¤±

E = ||r′u ||2 = 1, F = (r′u ,r′v ) = 0, G = ||r′u ||2 = u2 +1.

¤±
√

EG −F 2 =
√

u2 +1.l
I =
Ï

0≤u≤1
0≤v≤2π

v
√

u2 +1dudv =π2
(p

2+ ln
(
1+p

2
))

.

(4) O�
Ï
Ω

(x+1)dydz+(y+2)dzdx+(z+3)dxdy ,Ù¥Ω�þ�¥¡z =
√

R2 −x2 − y2,�

��þý.
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)))�Ω1: z = 0, x2 + y2 ≤ R2,���e.V�dÚ¤�¤�áN«�,K

Ï
Ω

(x +1)dydz + (y +2)dzdx + (z +3)dxdy =
Ï

Ω+Ω1

(x +1)dydz + (y +2)dzdx + (z +3)dxdy

−
Ï
Ω1

(x +1)dydz + (y +2)dzdx + (z +3)dxdy

=
Ñ

V

3dxdydz +
Ï

x2+y2≤R2

(0+3)dxdy = 2πR3 +3πR2.

(5) O�
∮
L

ydx + z dy + x dz,Ù¥L´x2 + y2 + z2 = 9�x + z = 0���,lz¶�� K

�wL�_����.

))) L´���,òLÀ�²¡x + z = 0þ�­�,�T²¡�z¶Óý�{�þ.

∮
L

ydx + z dy +x dz =
Ï
Σ

∣∣∣∣∣∣∣∣∣∣
dydz dzdx dxdy
∂

∂x

∂

∂y

∂

∂z

y z x

∣∣∣∣∣∣∣∣∣∣
=−

Ï
Σ

dydz + dzdx +dxdy

=
Ï

Dx y

(−z ′
x − z ′

y +1)dxdy =−2
Ï

Dx y

dxdy =−9
p

2π.

w,���Ú�Dx y´ý�: 2x2 + y2 = 9.

(6) � f (x)���äkëY�ê, F (x) =
∫ x

0

[∫ t

0
u f (u2 + t 2)du

]
dt ,¦F ′′(x).

)))w,F ′(x) =
∫ x

0
u f (u2 +x2)du,l


F ′′(x) = x f (2x2)+
∫ x

0

∂

∂x

(
u f (u2 +x2)

)
du = x f (2x2)+

∫ x

0
2xu f ′(u2 +x2)du

= x f (2x2)+x
∫ x

0
f ′(u2 +x2)d(u2 +x2)

= x f (2x2)+x
∫ 2x2

x2
f ′(t )dt = 2x f (2x2)−x f (x2).

.

(7) O�È©I =
∫ +∞

0

dx

1+x4
.

)))-t = x4,K

I = 1

4

∫ +∞

0

t
1
4−1

1+ t
dt = 1

4
B

(
1

4
,

3

4

)
= Γ

(
1

4

)
Γ

(
1− 1

4

)
= 1

4

π

sin π
4

= π

2
p

2
.
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�!(12©)�¼ê f (x) =


1

2
(π−1)x, 0 ≤ x ≤ 1,

1

2
(π−x), 1 < x ≤π.

Áò¼ê f (x)3«m[−π,π]þÐm

¤�u?ê¿�ÑÙÂñ5,¿ddy²
∞∑

n=1

sin2 n

n4
= (π−1)2

6
.

))) f (x) =
∞∑

n=1

sinn

n2
sinnx, |x| ≤π. (6©)

dParseval�ª,
∞∑

n=1

sin2 n

n4
= 1

π

∫ π

−π
f 2(x)dx = (π−1)2

6
.

(6©)

n! (8©)y²�þ|v =
(

x2, y z,
y2

2

)
´��m�k³|,¿¦Ù³¼ê.

)))du

∂P

∂y
= 0 = ∂Q

∂x
,
∂P

∂z
= 0 = ∂R

∂x
,
∂Q

∂z
= y = ∂R

∂y
,

¤±v´�Å|. (4©)

ϕ(x, y, z) =
∫ (x,y,z)

(0,0,0)
x2dx + y z dy + y2

2
dz = x3

3
+ y2z

2
+C .

(4©)

o!(12©)�2ÂÈ©�
∫ +∞

1

esin x cos x

xp

(
1+ 1

x

)x

dx, (p > 0). �©O�Ñ¿y²T2

ÂÈ©ýéÂñÚ^�Âñ�ëêp�����.

))) 1. �p > 1�,

du

∣∣∣∣esin x cos x

xp

(
1+ 1

x

)x∣∣∣∣≤ 3e

xp
,d'��O{�,d�2ÂÈ©ýéÂñ. (6©)

2.�0 ≤ p ≤ 1�,

(1) é?¿A > 1,

∣∣∣∣∫ A

1
esin x cos xdx

∣∣∣∣= ∣∣∣∣esin x
∣∣∣A

1

∣∣∣∣= ∣∣esin A −esin1
∣∣< 2e,k..

�x →+∞�,
1

xp
üN4~ªu0.dDirichlet�O{��

∫ +∞

1

esin x cos x

xp
dxÂñ.

Ù�

(
1+ 1

x

)x

3[1,+∞)þüNk.,dAbel�O{�,
∫ +∞

1

esin x cos x

xp

(
1+ 1

x

)x

dxÂñ.

(2)

∣∣∣∣esin x cos x

xp

(
1+ 1

x

)x∣∣∣∣> 2cos2 x

exp
= 1

exp
+ cos2x

exp
.d�,

∫ +∞

1

1

xp
dxuÑ;
dDirichlet�

O{�,
∫ +∞

1

cos2x

xp
dxÂñ.¤±�0 ≤ p ≤ 1�§

∫ +∞

1

∣∣∣∣esin x cos x

xp

(
1+ 1

x

)x∣∣∣∣dxuÑ.

¤±,�0 ≤ p ≤ 1�,2ÂÈ©
∫ +∞

1

esin x cos x

xp

(
1+ 1

x

)x

dx^�Âñ. (6©)
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Ê!(10©)O�I =
∮

L

(x − y)dx + (x +4y)dy

x2 +4y2
,Ù¥L�ü �x2 + y2 = 1,�_����.

)))-P = x − y

x2 +4y2
, Q = x + y

x2 +4y2
.K�x2 + y2 6= 0�,k

∂Q

∂x
= 4y2 −x2 −8x y

(x2 +4y2)2
= ∂P

∂y
.

(4©)

�L¤�«�SÜ�ý�L1 : x2 +4y2 = ε2 (ε> 0¿©�,^����),PLÚL1¤�¤�

«��D ,dGreenúª�∮
L+L1

(x − y)dx + (x +4y)dy

x2 +4y2
=

Ï
D

(
∂Q

∂x
− ∂P

∂y

)
dxdy = 0.

(3©)

qÏ� ∮
L1

(x − y)dx + (x +4y)dy

x2 +4y2
= 1

ε2

∮
L1

(x − y)dx + (x +4y)dy

=− 1

ε2

Ï
x2+4y2≤ε2

[
∂(x +4y)

∂x
− ∂(x − y)

∂y

]
dxdy

=− 2

ε2

Ï
x2+4y2≤ε2

dxdy =−π,

¤±

∮
L

(x − y)dx + (x +4y)dy

x2 +4y2
=

(∮
L+L1

−
∮

L1

)
(x − y)dx + (x +4y)dy

x2 +4y2
=π. (3©)

8!(8©)�P (x, y, z)ÚR(x, y, z)3n��mþkëY �ê,Pþ�¥¡S : z = z0 +√
r 2 − (x −x0)2 − (y − y0)2,����þ.eé?¿:(x0, y0, z0)Úr > 0,1�.­¡È©Ï
S

P dydz +Rdxdy = 0.¦y:
∂P

∂x
≡ 0.

yyyPS1 = {(x, y, z0)|(x − x0)2 + (y − y0)2 ≤ r 2},�eý,KS +S1�¤�µ4­¡�	ý.d

K�^�

Ï
S

P dydz +Rdxdy = 0,k

Ó
S+S1

P dydz +Rdxdy =
Ï
S1

P dydz +Rdxdy.

qPS +S1¤����m«��Ω,|^Gaussúª�Ó
S+S1

P dydz +Rdxdy =
Ñ
Ω

(
∂P

∂x
+ ∂R

∂z

)
dxdydz.

(3©)




Ï
S1

P dydz+Rdxdy =−
Ï
D

R(x, y, z0)dxdy ,Ù¥D = {(x, y)|(x−x0)2+(y−y0)2 ≤ r 2}´S13xO y²
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¡þ�ÝK,¤± Ñ
Ω

(
∂P

∂x
+ ∂R

∂z

)
dxdydz =−

Ï
D

R(x, y, z0)dxdy.

(2©)

éþªü>©O|^n­È©��­È©�¥�½n,�3:(ξ,η,ζ) ∈ Ω9(x ′, y ′) ∈
D ,¦�

2πr 3

3

(
∂P

∂x
+ ∂R

∂z

)∣∣∣
(ξ,η,ζ)

=−πr 2R(x ′, y ′, z0),

=
2r

3

(
∂P

∂x
+ ∂R

∂z

)∣∣∣
(ξ,η,ζ)

=−R(x ′, y ′, z0). (∗)

-r → 0+,K(ξ,η,ζ) → (x0, y0, z0), (x ′, y ′) → (x0, y0),�dþª��R(x0, y0, z0) = 0.du

:(x0, y0, z0)�?¿5,¤± R(x, y, z) ≡ 0,l
k
∂R

∂z
≡ 0,�\(∗)ª,�

∂P

∂x

∣∣∣
(ξ,η,ζ)

= 0.

-(ξ,η,ζ) → (x0, y0, z0),�
∂P

∂x

∣∣∣
(x0,y0,z0)

= 0.du:(x0, y0, z0)�?¿5,Ïd
∂P

∂x
≡ 0. (3©)

Ô!(8©)�ϕ(t ) =
∫ +∞

0

ln(1+ t x)

1+x2
dx,Ù¥t > 0.

(1) (3©)¦y: éu?ÛT > 0,2ÂÈ©
∫ +∞

0

ln(1+ t x)

1+x2
dx3(0,T ]þ��Âñ.

(2) (5©)¦y: é?Ût > 0,kϕ(t ) =ϕ
(

1

t

)
+ π

2
ln t .

yyy (1)´�:�x > 0�, ln(1+x) <p
x.¤±

0 ≤ ln(1+ t x)

1+x2
<
p

T

p
x

1+x2
, x ∈ [0,T ].

d

∫ +∞

0

p
x

1+x2
dxÂñ,��

∫ +∞

0

ln(1+ t x)

1+x2
dx3(0,T ]þ��Âñ. (3©)

(2)

ϕ

(
1

t

)
=

∫ +∞

0

ln(1+ x
t )

1+x2
dx

x= 1
u=====

∫ 0

+∞

ln(1+ 1
tu )

1+ 1
u2

(
− 1

u2

)
du

=
∫ +∞

0

ln(1+ tu)− ln(tu)

1+u2
du

=ϕ(t )−
∫ +∞

0

ln t

1+u2
du −

∫ +∞

0

lnu

1+u2
du

=ϕ(t )− π

2
ln t −

∫ +∞

0

lnu

1+u2
du.

Ï� ∫ +∞

0

lnu

1+u2
du

u= 1
x=====

∫ 0

+∞
− ln x

1+ 1
x2

(
− 1

x2

)
dx =−

∫ +∞

0

ln x

1+x2
dx,
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¤±

∫ +∞

0

lnu

1+u2
du = 0.�

ϕ

(
1

t

)
=ϕ(t )− π

2
ln t .

(5©)
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