
Vg \gÈ© ��

§10.3 nÈ©

10.3.1 nÈ©�Vg

� V = [a1, b1] × [a2, b2] × [a3, b3] ´ R3 ¥�n�4«m. ©O�

Ii = [ai, bi] (i = 1, 2, 3)þ�©�:

T1 : a1 = x0 < x1 < · · · < xn = b1;

T2 : a2 = y0 < y1 < · · · < ym = b2;

T3 : a3 = z0 < z1 < · · · < zl = b3.

nx²1²¡ x = xi, (i = 0, 1, · · · , n), y = yj, (j = 0, 1, · · · ,m) z = zk

(k = 0, 1, · · · , l)r V ©¤ n×m× l�f«m:

Vijk = [xi−1, xi]× [yj−1, yj]× [zk−1, zk]

(i = 1, 2, · · · , n; j = 1, 2, · · · ,m; k = 1, 2, · · · , l.)

ù
f«m|¤ V ���©� T = T1 × T1 × T3.éu3 V þ½Â�¼ê
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f(x, y, z),3z� Vijk ¥��: ξijk,�Úª (RiemannÚ)

S(f, T ) :=

n∑
i=1

m∑
j=1

l∑
k=1

f(ξijk)σ(Vijk), (10.1)

Ù¥ σ(Vijk) ´ Vijk �NÈ. P ‖T‖ = max
i,j,k
{diam(Vijk)}, ùp diam(Vijk) ´

Vijk �é���Ý,¡ ‖T‖�©� T �°Ý.¡ ξijk ��:.

½Â 1 � f(x, y, z)´½Â3 V þ�¼ê. XJ�3ê A,¦�é?¿

�½� ε > 0, �3 δ > 0, � ‖T‖ < δ �, ØØ�: ξijk 3 Vijk ¥XÛÀ,

Ñk ∣∣∣∣∣∣
n∑
i=1

m∑
j=1

l∑
k=1

f(ξijk)σ(Vijk)−A

∣∣∣∣∣∣ < ε,

K¡¼ê f 3«m V þ�È,¿ò A��∫∫∫
V

f(x, y, z)dxdydz ½

∫
V

fdσ,

¡� f 3«m V þ�nÈ©.
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½Â 2 � V ⊂ R3 ´��8Ü.XJé?¿�½� ε > 0,�3k��

½��n�«m {In, n ∈ N}¦�

V ⊂
⋃
n∈N

In,

∞∑
n=1

σ(In) 6 ε,

(ùp σ(In)L« In �NÈ),@o¡ V � (n�)"ÿÝ8,{¡"ÿ8. e

þ¡� In �I�k��,K V ¡�"NÈ8.

½n 1 (1)�õ�ê8´"ÿ8,�õ�ê�"ÿ8�¿8�´"ÿ8;

(2)k��"NÈ8�¿8�´"NÈ8;

(3) B ´"NÈ8�du B ´"NÈ8;

(4)� B ⊂ R3 ´k.48. K B ´"ÿ8�du B ´"NÈ8;

(5) R3 ¥1w¡¡´"NÈ8.

½n 2 (Lebesgue ½n) � f(x, y, z) ´n�4«m I ⊂ R3 þ�k.¼

ê,@o f 3 I þ�È�¿©7�^�´: f �mä:�N´��"ÿ8.
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� f(x, y, z) ´½Â3k.8 V ⊂ R3 þ�¼ê. Ue¡��ªò§ò

ÿ� R3 �¼ê: -

fV (x, y, z) =

f(x, y, z), (x, y, z) ∈ V ;

0, (x, y, z) 6∈ V,

½Â 3 � f(x, y, z)´½Â3k.8 V ⊂ R3 þ�¼ê. I ´��n�

«m, � V ⊂ I. e fV (x, y, z) 3 I þ�È, K¡ f 3 V þ�È. È©�Ò

´ fV (x, y, z)3 I þ�È©�,P�∫∫∫
V

f(x, y, z) dxdydz ½

∫
V

fdσ.

nÈ©�AÛ¿ÂØ�*. �±�ÄÔn¿Â: ��m¥��ÔNÓ

k«� V ⊂ R3, ÔN��Ý¼ê´ ρ(x, y, z), ÏNÈ�� dσ ��þ´

ρ(x, y, z)dσ.u´Ôno�þÒ´È©
∫
V

ρdσ.
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½Â 4 (k.8�NÈ) � V ⊂ R3 ´k.8. e��� 1 �~�¼ê

3 V þ�È,K¡ V ´��kNÈ�8,ÙNÈ½Â� σ(V ) =
∫
V

1 dσ.

½n 3 � V ⊂ R3 ´k.8. K V ´"NÈ8��=� V kNÈ�NÈ

�",= σ(V ) =

∫
V

1 dσ = 0.

½n 4 � V ⊂ R3 ´k.8. K V kNÈ��=� ∂V ´"NÈ8.

½n 5 � V ⊂ R3 ´kNÈ�8. K f 3 V þ�È�È©�u A�¿©

7�^�´: é ∀ ε > 0, ∃ δ > 0,eò V ©��k��pØU�kNÈ

��¬ V1, · · · , Vn,P λi � Vi ��». ��©��°Ý λ = max
16i6n

λi ÷v

λ < δ,@oé ∀ pi ∈ Vi,Ñk∣∣∣∣∣
n∑
i=1

f(pi)σ(Vi)−A

∣∣∣∣∣ < ε.
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10.3.2 nÈ©�\gÈ©

½n 6 � f(x, y, z)3 V = I1 × I2 × I3 (Ii = [ai, bi], i = 1, 2, 3)þ�

È.

1◦XJéz� (y, z) ∈ I2× I3, f(x, y, z)´ I1þ'u x��È¼ê,K

È© ϕ(y, z) =
∫ b1

a1
f(x, y, z)dx ½Â
'uCþ (y, z) 3 I2 × I3 þ��È

¼ê,¿k∫∫
I2×I3

ϕ(y, z)dydz =

∫∫
I2×I3

dydz

∫ b1

a1

f(x, y, z)dx =

∫∫∫
V

f(x, y, z)dxdydz.

2◦Ón,XJéz� x ∈ [a1, b1], f(x, y, z)´ I2× I3þ'u (y, z)��

È¼ê,K ψ(x) =
∫∫

I2×I3

f(x, y, z)dy ´'u x3 [a1, b1]þ��È¼ê,¿k∫ b1

a1

ψ(x)dx =

∫ b1

a1

dx

∫∫
I2×I3

f(x, y, z)dydz =

∫∫∫
V

f(x, y, z)dxdydz.
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½n 7 (\gÈ©,k���) � V ⊂ R3 ´kNÈ�k.8, f ´ V þë

Y¼ê. � V 3 xy ²¡þ�R�ÝK� D, �� (x, y) ∈ D �, Lù�

:�R�u xy ²¡���� V �¤��«m [ϕ1(x, y), ϕ2(x, y)],@ok∫
V

fdσ =

∫∫
D

dxdy

∫ ϕ2(x,y)

ϕ1(x,y)

f(x, y, z)dz. (10.2)

O

x

y

z

D

V

(x, y)

ϕ1(x, y)

ϕ2(x, y)
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y² Ï� f 3 V þëY, ¤± f 3 V þ�È. �n�«m I =

I1× I2× I3 ⊃ V,Ù¥ I1, I2Ú I3Ñ´ R¥�4«m. K fV 3 I þ�È,�∫
V

fdσ =

∫
I

fV dσ.

� (x, y) ∈ D �, ¼ê f(x, y, ·) 3«m [ϕ1(x, y), ϕ2(x, y)] þëY, l´

�È�. Ïd ∫
I3

fV (x, y, z)dz =

∫ ϕ2(x,y)

ϕ1(x,y)

f(x, y, z)dz,

du� (x, y) 6∈ D �, fV (x, y, z) = 0,ù�
∫
I3
f(x, y, z)dz = 0.Ïd∫

V

fdσ =

∫
I

fV dσ =

∫∫
I1×I2

dxdy

∫
I3

fV (x, y, z)dz

=

∫∫
D

dxdy

∫ ϕ2(x,y)

ϕ1(x,y)

f(x, y, z)dz.
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½n 8 (\gÈ©,k���) � V ⊂ R3 ´kNÈ�k.8, f ´ V þë

Y¼ê. � V 3 z ¶þ�ÝK�«m [c, d]�� z ∈ [c, d]�,Lù�:�

R�u z ¶�²¡� V �¤�ã/3 xy ²¡þ�ÝK� Dz,@ok∫
V

fdσ =

∫ d

c

dz

∫∫
Dz

f(x, y, z)dxdy. (10.3)

O

x

y

z

c

d

z

V

Dz
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~ 1 ¦
∫∫∫
D

x2yexyzdxdydz,Ù¥ D = [0, 1]3.

) ∫∫∫
D

x2yexyzdxdydz =

∫∫
[0,1]2

x2ydxdy

∫ 1

0

exyzdz

=

∫∫
[0,1]2

x(exy − 1)dxdy

=

∫ 1

0

xdx

∫ 1

0

exydy −
∫ 1

0

xdx

∫ 1

0

dy

=

∫ 1

0

(ex − 1)dx−
1

2

= e−
5

2
.
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~ 2 O�
∫∫∫
V

dxdydz
(1+x+y+z)3 , Ù¥ V ´d�I¡ x = 0, y = 0, z = 0 �²

¡ x + y + z = 1�¤�o¡N.

) To¡N3�I¡ Oxyþ�ÝK� D : x > 0, y > 0, x + y 6 1.

éu D ¥�?¿�: p = (x, y),�²1u z ¶���,ÙB\ V S�:�

áI´ z = 0,BÑ V 	�:�áI´ z = 1− x− y,

x

y

z

1

1

1

O

D
p

q
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¤±∫∫∫
V

dxdydz

(1 + x + y + z)3
=

∫∫
D

dxdy

∫ 1−x−y

0

dz

(1 + x + y + z)3

=
1

2

∫∫
D

[
1

(1 + x + y)2
−

1

4

]
dxdy

=
1

2

∫ 1

0

dx

∫ 1−x

0

[
1

(1 + x + y)2
−

1

4

]
dy

=
1

2

∫ 1

0

(
1

1 + x
−

3− x
4

)
dx

=
1

2

(
ln 2−

5

8

)
.
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~ 3 O� ∫∫∫
V

zdxdydz,

Ù¥ V ´dI¡

R2z2 = h2(x2 + y2)

9²¡ z = h�¤�IN.

O x

z

y
A B
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) 3I¡�§¥- z = h�� V 3²¡ Oxy þ�ÝK«� D ´�

x2 + y2 6 R2. L D S?¿�: (x, y)�²1u z ¶���,Ù� V �L¡

��ü:�áI�´

z =
h

R

√
x2 + y2, z = h,

u´¦�

∫∫∫
V

zdxdydz =

∫∫
D

dxdy

∫ h

h
R

√
x2+y2

zdz

=
1

2

∫∫
D

[
h2 −

h2

R2
(x2 + y2)

]
dxdy

=
h2

2R2

∫∫
D

[
R2 − (x2 + y2)

]
dxdy

=
h2

2R2

∫ 2π

0

dϕ

∫ R

0

(R2 − r2)rdr

=
π

4
R2h2.
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~ 4 O�
∫∫∫

V
(x2 + y2 + z2)dxdydz,Ù¥ V ´ý¥N x2

a2 + y2

b2 + z2

c2 6 1.

) kO�nÈ©
∫∫∫

V
x2dxdydz. ù��È¼ê��6u x, �¨

ké y, z ��È©. du«� V 3 x ¶þ�ÝK«m´ [−a, a], �LT

«m�: x�R�u x¶�²¡��ý¥N V �,�¡«� Dx ´

y2

b2
+
z2

c2
6 1−

x2

a2
,

ù´�¶� b

√
1− x2

a2 Ú c

√
1− x2

a2 �ý�,¤±∫∫∫
V

x2dxdydz

=

∫ a

−a
x2dx

∫∫
Dx

dydz

= πbc

∫ a

−a
x2

(
1−

x2

a2

)
dx

=
4

15
πa3bc

x

y

z

Dx
x a
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Ó���∫∫∫
V

y2dxdydz =
4

15
πab3c,

∫∫∫
V

z2dxdydz =
4

15
πabc3.

u´¤¦�nÈ©�∫∫∫
V

(x2 + y2 + z2)dxdydz

=

∫∫∫
V

x2dxdydz +

∫∫∫
V

y2dxdydz +

∫∫∫
V

z2dxdydz

=
4

15
πabc(a2 + b2 + c2).
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~ 5 ¦
∫∫∫
B

z
√
x2 + y2dxdydz,Ù¥ B dÎ¡ x2 + y2 = 2x, z = 0Ú

z = a(a > 0), y = 0�¤.

)∫∫∫
B

z
√
x2 + y2dxdydz

=

∫ a

0

zdz

∫∫
x2+y262x

√
x2 + y2dxdy

=
a2

2

∫ π
2

−π2

dϕ

∫ 2 cosϕ

0

r2dr

=
8a2

3

∫ π
2

0

cos3ϕdϕ

=
16

9
a2.

x

y

z

a

O
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~ 6 ¦
∫∫∫
D

dxdydz
1+x2+y2. D : 0 6 z 6 h, x2 + y2 6 4z.

) Ï Dz : x2 + y2 6 4z,�∫∫∫
D

dxdydz

1 + x2 + y2

=

∫ h

0

dz

∫∫
x2+y264z

dxdy

1 + x2 + y2

=

∫ h

0

dz

∫ 2π

0

dϕ

∫ 2
√
z

0

rdr

1 + r2

= π

∫ h

0

ln(1 + 4z)dz

=
π

4

(
(1 + 4h) ln(1 + 4h)− 4h

)
.

O

x

y

z
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10.3.3 nÈ©���

�C� Φ : x = x(u, v, w), y = y(u, v, w), z = z(u, v, w)

r O′uvw �m¥�«� V ′ N¤ Oxyz �m¥�«� V , �dC�´�K

�, = Φ ´ C1 �, Ù Jacobi 1�ª�". ^ O′uvw �m¥�²1u�I²

¡��
²¡ò V ′ ©�¤Nõ�¬, ;.��¬´± ∆u,∆v,∆w �>�

á�N. dá�N²C� Φ �N¤ V ¥��¬, §´��>8¡N, ÙN

ÈCq�ud Φ′u∆u, Φ′v∆v Ú Φ′w∆w ¤Ü¤�²18¡N�NÈ.

O' O

u

v

w

x

y

z

Φ
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u´��� V �NÈ������ª

dV = dxdydz =

∣∣∣∣∂(x, y, z)

∂(u, v, w)

∣∣∣∣ dudvdw.
�����úª�y²aq��XenÈ©��úª.

½n 9 �C�

Φ : x = x(u, v, w), y = y(u, v, w), z = z(u, v, w)

r O′uvw�m¥�«� V ′N¤ Oxyz �m¥�«� V ,�dC�´�K

�,= Φ´ C1 �,Ù Jacobi1�ª det JΦ = ∂(x,y,z)
∂(u,v,w)

6= 0.e¼ê f(x, y, z)

3 V þ�È,Kk∫∫∫
V

f(x, y, z)dxdydz =

∫∫∫
V ′

f ◦ Φ(u, v, w)| det JΦ| dudvdw.
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����C�´¥�IC�

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ.

§� Jacobi1�ª�
∂(x, y, z)

∂(r, θ, ϕ)
= r2 sin θ.

¤±3¥�IC�e∫∫∫
V

f(x, y, z)dxdydz

=

∫∫∫
V ′

f(r sin θ cosϕ, r sin θ sinϕ, r cos θ)r2 sin θdrdθdϕ.
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~ 7 O�nÈ©
∫∫∫
V

(x2 + y2 + z2)dxdydz, Ù¥ V ´dI¡ z =√
x2 + y2 �¥¡ x2 + y2 + z2 = R2 ¤�¤�áN.

) 3¥�Ie, x2 + y2 + z2 = r2,  V �>.¡ z =
√
x2 + y2 Ú

x2 + y2 + z2 = R2 ©O� θ = π
4
, r = R.¤±È©«� V �±L«¤

0 6 ϕ 6 2π, 0 6 θ 6
π

4
, 0 6 r 6 R.

dd=�¤¦�nÈ©���∫∫∫
V

(x2 + y2 + z2)dxdydz

=

∫ 2π

0

dϕ

∫ π
4

0

sin θdθ

∫ R

0

r4dr

=
1

5
πR5(2−

√
2). x

y

z

O
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~ 8 ¦¡ (x2 + y2 + z2)2 = a3z (a > 0)¤�¤�áNNÈ.

) 3¡��§¥Ï x 9 y �Ñy²��, �¤�áN V 'u²¡

Ozx9²¡ Oyz é¡;qÏ z Ø�K�,¤±ù�áN u²¡ Oxy �þ

ý, l�¦�NÈ´§31�%�S�áN V1 �o�, A^¥�I, ¡

��§z¤ r = a
3
√

cos θ.ù
�I3 V1 ¥�Cz��´

0 6 ϕ 6
π

2
, 0 6 θ 6

π

2
, 0 6 r 6 a

3
√

cos θ.

u´¦�áN�NÈ�∫∫∫
V

dxdydz = 4

∫∫∫
V1

dxdydz

= 4

∫ π
2

0

dϕ

∫ π
2

0

sin θdθ

∫ a
3√

cos θ

0

r2dr

=
2

3
πa3

∫ π
2

0

cos θ sin θdθ =
1

3
πa3.

x

y

z

O
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~ 9 O�¡
(
x
a

)2
3 +
(
y
b

)2
3 +
(
z
c

)2
3 = 1¤�¤�áN V�NÈ.

) k�C� x = au3, y = bv3, z = cw3,§ò�m O′uvw �ü ¥

V ′ : u2 + v2 + w2 6 1

N¤�m Oxyz ¥¤��áN V . ù�C�� Jacobi1�ª�

∂(x, y, z)

∂(u, v, w)
= 27abcu2v2w2,

¤± ∫∫∫
V

dxdydz = 27abc

∫∫∫
V ′

u2v2w2dudvdw.

éuþªm>�È©,2|^¥�IC�,��
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∫∫∫
V ′

u2v2w2dudvdw

=

∫∫∫
V ′

r6 sin4 θ cos2 θ sin2ϕ cos2ϕr2 sin θdrdθdϕ

=

∫ 2π

0

sin2ϕ cos2ϕdϕ

∫ π

0

sin5 θ cos2 θdθ

∫ 1

0

r8dr

=
4

945
π.

l¤¦áN�NÈ� ∫∫∫
V

dxdydz =
4

35
πabc.
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