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ê� {an}Ø± a�4���ã

e�3���ê ε0, ¦�é?¿g,ê N , Ñ�±é�g,ê n > N

÷v |an − a| > ε0,K {an}Ø± a�4�.
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ê� {an}Ø± a�4���ã

e�3���ê ε0, ¦�é?¿g,ê N , Ñ�±é�g,ê n > N

÷v |an − a| > ε0,K {an}Ø± a�4�.

lAÛþ`Ò´: �3��± a �¥%�m«m, ¦�ù�m«m�	

kÃ¡õ��Tê�¥�êéA�:.

x( ). ... . ....
a a + εa− εa1 a2a3a4

aN aN+1
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1.2.2 Âñê��5�

5� 1 (4����5) Âñê��4�´���.
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1.2.2 Âñê��5�

5� 1 (4����5) Âñê��4�´���.

y² XJ {an}kü�4�� aÚ b. �â4��½Â��,éu?¿

��ê ε,éAü�4��,©O�3��ê N1 Ú N2,¦��

n > N1 �k |an − a| <
ε

2
,

n > N2 �k |an − b| <
ε

2
,
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1.2.2 Âñê��5�

5� 1 (4����5) Âñê��4�´���.

y² XJ {an}kü�4�� aÚ b. �â4��½Â��,éu?¿

��ê ε,éAü�4��,©O�3��ê N1 Ú N2,¦��

n > N1 �k |an − a| <
ε

2
,

n > N2 �k |an − b| <
ε

2
,

Ïd, � n > max(N1, N2) �£= n Ó�÷v n > N1, n > N2¤, þ

¡ü�Ø�ªÑ÷v,¤±

|a− b| = |(a− an) + (an − b)| 6 |an − a| + |an − b| <
ε

2
+
ε

2
= ε.

ü�ê�ål��u?¿��ê,ùü�ê7L��,= a = b. y..
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5� 2 (Âñê��k.5) Âñê�´k.�, =, ê�¥�¤k��ý

é�Ø¬�L,��½��ê.
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5� 2 (Âñê��k.5) Âñê�´k.�, =, ê�¥�¤k��ý

é�Ø¬�L,��½��ê.

y² � {an} Âñu a, d½Â��, éu ε = 1, �3��g,ê N ,

¦�� n > N �,k |an − a| < 1§=� n > N �,k |an| < |a| + 1.
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5� 2 (Âñê��k.5) Âñê�´k.�, =, ê�¥�¤k��ý

é�Ø¬�L,��½��ê.

y² � {an} Âñu a, d½Â��, éu ε = 1, �3��g,ê N ,

¦�� n > N �,k |an − a| < 1§=� n > N �,k |an| < |a| + 1.

�

M = max(|a| + 1, |a1|, |a2|, · · · , |aN |),

5¿�,1�,k��ê¥�½U�������;1�,þ¡(½�M w,

� nÃ'.Ké¤kg,ê n,�Ò´ê��¤k�,Ñk |an| 6M.
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5� 3 (ê�4��'�) �ê� {an}Ú {bn}©OÂñu aÚ b.

1◦ XJ a < b,K� n¿©��,k an < bn.

2◦ XJ� n¿©��k an > bn,K a > b;
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5� 3 (ê�4��'�) �ê� {an}Ú {bn}©OÂñu aÚ b.

1◦ XJ a < b,K� n¿©��,k an < bn.

2◦ XJ� n¿©��k an > bn,K a > b;

y² 1◦ � a < b, � ε = b−a
2
, Kd½Â�, =�3�ê N1, ¦�

� n > N1�, k an < a + ε = a+b
2
. Ón, �3 N2, � n > N2 �, k

bn > b− ε = a+b
2
. ¤±� n > max(N1, N2)�,Òk an < bn,

2◦ ù´ 1◦ �íØ.y..
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1.2.3 fê�

lê� {an} ¥�ÑÃ¡õ�Uì�5�^Sü��ê� {ank} ¡�
{an}�fê�.

½n 1 eê� {an}Âñu a,K {an}�?Ûf��Âñu a.
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1.2.3 fê�

lê� {an} ¥�ÑÃ¡õ�Uì�5�^Sü��ê� {ank} ¡�
{an}�fê�.

½n 1 eê� {an}Âñu a,K {an}�?Ûf��Âñu a.

y² � {ank} (k > 1) ´ {an} (n > 1) ���f�, éu?¿�½�

�ê ε,·���Ñ,�3���ê K,¦� k > K �,k |ank − a| < ε

¯¢þ,du {an}Âñu a,¤±éuþã� ε,�½�3���ê N ,

¦�� n > N �,k

|an − a| < ε.
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Ï� n1 < n2 < · · · < nk < · · · ,
�Ñ´��ê,¤±�½�3,� K,¦

�� k > K �, nk > N ,u´,� k > K �,k

|ank − a| < ε,

= lim
k→∞

ank = a.y..

íØ 1 eê� {an}kü�fê�©OÂñuØÓ�ê,K {an}uÑ.

ddN´`²ê� {(−1)n}´uÑ�.
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1.2.4 Âñê��oK$�

5� 4 (ê�4��oK$�) � c ´~ê, ê� {an} Ú {bn} ©OÂñ
u aÚ b,K

1◦ {an ± bn}Âñu a± b;
2◦ {can}Âñu ca;

3◦ {anbn}Âñu ab;

4◦ e b 6= 0,K {an/bn}Âñu a/b.
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1.2.4 Âñê��oK$�

5� 4 (ê�4��oK$�) � c ´~ê, ê� {an} Ú {bn} ©OÂñ
u aÚ b,K

1◦ {an ± bn}Âñu a± b;
2◦ {can}Âñu ca;

3◦ {anbn}Âñu ab;

4◦ e b 6= 0,K {an/bn}Âñu a/b.

y² 1◦ Äké¦Ú��¹?1y². =�y²,éu?¿��ê ε,�

é����ê N ,¦�� n > N �,k |(an + bn)− (a + b)| < ε.

du {an}, {bn} ©OÂñu a Ú b, ¤±éuþã ε§©O�3 N1 Ú

N2 ¦�,

� n > N1 �,k |an − a| <
ε

2
,
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±9

� n > N2 �,k |bn − b| <
ε

2
,

Ïd,e� N = max(N1, N2),K� n > N �,þ¡ü�ªfÓ�¤á,

¤±k

|(an + bn)− (a + b)| 6 |an − a| + |bn − b| <
ε

2
+
ε

2
= ε.

Ó��y²ü�ê��~��¹.

3◦ Äk5¿�

|anbn − ab| 6 |anbn − anb| + |anb− ab|

= |an||bn − b| + |b||an − a|.

Ùg5¿�,du {an}, {bn}´Âñê�,�Ñ´k.�,�����.

M ,¦�

|an|, |bn| < M (n > 1).

16/49

‖J I‖ J I �£ �¶ '4 òÑ



ê� 5� fê� $� ü>Y (. g,éê Ã¡� Stolz þe4�

Ï
 |b| 6 M . 
�, éu?¿��ê ε, �3���ê N§¦�� n > N

�,

|an − a| <
ε

2M
, |bn − b| <

ε

2M
Ó�¤á. ¤±� n > N�,k

|anbn − ab| < M |bn − b| +M |an − a|

< M ·
ε

2M
+M ·

ε

2M
= ε.

4◦ Ï�
an

bn
= an ·

1

bn
,

d 3◦ ��,�Iy²ê� { 1
bn
}Âñu 1

b
=�.

Ø�b½ b > 0. ·�k∣∣∣∣ 1bn − 1

b

∣∣∣∣ = |bn − b||bnb|
.
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¤±,éu?¿�½��ê ε,�3 N ,¦�� n > N �,k

bn > b−
b

2
=
b

2

9

|bn − b| <
b2ε

2
.

��,� n > N � ∣∣∣∣ 1bn − 1

b

∣∣∣∣ < 2

b2
·
b2ε

2
= ε.

= lim
n→∞

1
bn

= 1
b
.y..
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~ 4

lim
n→∞

1 + 2 + · · · + n
n2

= lim
n→∞

n(n+1)
2

n2
= lim

n→∞

1

2

(
1 +

1

n

)
=

1

2
.
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~ 4

lim
n→∞

1 + 2 + · · · + n
n2

= lim
n→∞

n(n+1)
2

n2
= lim

n→∞

1

2

(
1 +

1

n

)
=

1

2
.

~ 5

lim
n→∞

3n3 + 2n2 − n + 5

2n3 + n2 + n + 1
= lim

n→∞

3 + 2
n
− 1

n2 +
5
n3

2 + 1
n
+ 1

n2 +
1
n3

=
3

2
.
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~ 4

lim
n→∞

1 + 2 + · · · + n
n2

= lim
n→∞

n(n+1)
2

n2
= lim

n→∞

1

2

(
1 +

1

n

)
=

1

2
.

~ 5

lim
n→∞

3n3 + 2n2 − n + 5

2n3 + n2 + n + 1
= lim

n→∞

3 + 2
n
− 1

n2 +
5
n3

2 + 1
n
+ 1

n2 +
1
n3

=
3

2
.

~ 6 ¦4�

lim
n→∞

2n + 5 · 3n

3n + 5 · 2n
.
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~ 4

lim
n→∞

1 + 2 + · · · + n
n2

= lim
n→∞

n(n+1)
2

n2
= lim

n→∞

1

2

(
1 +

1

n

)
=

1

2
.

~ 5

lim
n→∞

3n3 + 2n2 − n + 5

2n3 + n2 + n + 1
= lim

n→∞

3 + 2
n
− 1

n2 +
5
n3

2 + 1
n
+ 1

n2 +
1
n3

=
3

2
.

~ 6 ¦4�

lim
n→∞

2n + 5 · 3n

3n + 5 · 2n
.

)

lim
n→∞

2n + 5 · 3n

3n + 5 · 2n
= lim

n→∞

(
2
3

)n
+ 5

1 + 5 ·
(
2
3

)n = 5.

ùp^�

lim
n→∞

(
2

3

)n
= 0.
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1.2.5 Y%�n

½n 2 (Y%�n) eê� {bn}Ú {cn}ÑÂñu a,�é¿©�� n,k

an 6 cn 6 bn,

Kê� {cn}�Âñ,
�4��� a.

20/49

‖J I‖ J I �£ �¶ '4 òÑ



ê� 5� fê� $� ü>Y (. g,éê Ã¡� Stolz þe4�

1.2.5 Y%�n

½n 2 (Y%�n) eê� {bn}Ú {cn}ÑÂñu a,�é¿©�� n,k

an 6 cn 6 bn,

Kê� {cn}�Âñ,
�4��� a.

y² Ï� {an}Ú {bn}ÑÂñu a,¤±éu?¿�½��ê ε,�½

�3�A���ê N1 Ú N2,¦�� n > N1 �, |an − a| < ε,l


a− ε < an.

� n > N2 �, |bn − a| < ε,l


bn < a + ε.

^�¥¤¢/é¿©�� n0,=L²�3�ê N3,¦�� n > N3 �,k

an 6 cn 6 bn.
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y3� N = max(N1, N2, N3), K� n > N �, þãn�Ø�ªÓ�÷v,

?
k

a− ε < an 6 cn 6 bn < a + ε.

= |cn − a| < ε,ùL² {cn}Âñu a. y..
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y3� N = max(N1, N2, N3), K� n > N �, þãn�Ø�ªÓ�÷v,

?
k

a− ε < an 6 cn 6 bn < a + ε.

= |cn − a| < ε,ùL² {cn}Âñu a. y..

~ 7 ¦ lim
n→∞

√
1 + 1

nα
,Ù¥ α´�½��¢ê.
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y3� N = max(N1, N2, N3), K� n > N �, þãn�Ø�ªÓ�÷v,

?
k

a− ε < an 6 cn 6 bn < a + ε.

= |cn − a| < ε,ùL² {cn}Âñu a. y..

~ 7 ¦ lim
n→∞

√
1 + 1

nα
,Ù¥ α´�½��¢ê.

) � α > 0�,w,k

1 <

√
1 +

1

nα
< 1 +

1

nα

� lim
n→∞

(
1 + 1

nα

)
= 1,¤±A^½n 2,¤¦4�� 1.
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~ 8 ¦ lim
n→∞

(
1√
n2+1

+ 1√
n2+2

+ · · · + 1√
n2+n

)
.
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~ 8 ¦ lim
n→∞

(
1√
n2+1

+ 1√
n2+2

+ · · · + 1√
n2+n

)
.

) 5¿�
n

√
n2 + n

6
1

√
n2 + 1

+
1

√
n2 + 2

+ · · · +
1

√
n2 + n

6
n

√
n2 + 1

,



n

√
n2 + n

=
1√
1 + 1

n

,
n

√
n2 + 1

=
1√

1 + 1
n2

Ïd

lim
n→∞

n
√
n2 + n

= lim
n→∞

n
√
n2 + 1

= 1,

¤±,|^½n 2§��¤¦�4�� 1.
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~ 9 ¦y lim
n→∞

n
√
n = 1.
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~ 9 ¦y lim
n→∞

n
√
n = 1.

y² · n
√
n = 1 + λn,Kk

n = (1 + λn)
n = 1 + nλn +

n(n− 1)

2
λ2
n + · · · > 1 +

n(n− 1)

2
λ2
n,

dþª)� λn <
√

2
n
,�k

0 < n
√
n− 1 = λn <

√
2

n
.

dü>Y½n,Ò��¤y(J.
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~ 9 ¦y lim
n→∞

n
√
n = 1.

y² · n
√
n = 1 + λn,Kk

n = (1 + λn)
n = 1 + nλn +

n(n− 1)

2
λ2
n + · · · > 1 +

n(n− 1)

2
λ2
n,

dþª)� λn <
√

2
n
,�k

0 < n
√
n− 1 = λn <

√
2

n
.

dü>Y½n,Ò��¤y(J.

�{�: � n > 2.K

1 6 n
√
n =

n
√√

n ·
√
n · 1 · · · · 1 (n− 2� 1)

6
2
√
n + n− 2

n
= 1−

2

n
+

2
√
n
. (þ�Ø�ª)
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1.2.6 (.�n

� X ´��d�
¢ê|¤���8Ü.

XJ a ∈ X ,�é?¿ x ∈ X,k x 6 a,@o a¡� X �4��.

XJ a ∈ X ,�é?¿ x ∈ X,k x > a,@o a¡� X �4��.

XJ�3��¢ê A, ¦�éu?Û x ∈ X , k x 6 A, K¡ A´ê8

X ���þ..

XJ�3¢ê B, ¦�éu?Û x ∈ X , k x > B, K¡ B ´ê8 X

���e..

XJê8 X Qkþ.,qke.,K¡ X ´k.8Ü.

w,,4��´��þ.,4��´��e.,
�4��Ú4��Ñ´

���. �´XJê8X kþ.£½öe.¤,K§�þ.£½öe.¤�½

Ø´���. ·�a,��´���þ.½���e..
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¤¢ê8 X ����þ. A ´�: 1�, A ´§���þ.; 1�, '

A ��::�êÑØ´§�þ.. ^êÆ��ó5£ãÒ´, éu?¿�

�ê ε, ê A − ε ÑØ´ X �þ., Ïd�½�3��ê xε ∈ X§¦�
xε > A − ε. ù«���þ.¡� X �þ(., P� supX . Ón�½Âe

(.,P� inf X . N´wÑ,þ(.´þ.¥�4��,
e(.´e.¥4

��,Ïdþ(.Úe(.���37½´���.
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¤¢ê8 X ����þ. A ´�: 1�, A ´§���þ.; 1�, '

A ��::�êÑØ´§�þ.. ^êÆ��ó5£ãÒ´, éu?¿�

�ê ε, ê A − ε ÑØ´ X �þ., Ïd�½�3��ê xε ∈ X§¦�
xε > A − ε. ù«���þ.¡� X �þ(., P� supX . Ón�½Âe

(.,P� inf X . N´wÑ,þ(.´þ.¥�4��,
e(.´e.¥4

��,Ïdþ(.Úe(.���37½´���.

~Xµ

inf

{
1

n
, n = 1, 2, · · ·

}
= 0, sup

{
1

n
, n = 1, 2, · · ·

}
= 1

inf(0, 1) = 0, sup(0, 1) = 1

^B�Ñ, XJ X vkþ., KP supX = +∞. XJ X vke., K

P inf X = −∞.
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½n 3 ((.�n) ��kþ.�ê8 X 7kþ(.; ��ke.�ê8

X 7ke(..
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½n 3 ((.�n) ��kþ.�ê8 X 7kþ(.; ��ke.�ê8

X 7ke(..

y² �X ´����kþ.�8Ü,P Y ´X �¤kþ.�¤�8

Ü,�, Y ´��ê8,�éu?¿ x ∈ X Ú y ∈ Y k x 6 y.�â��ú

n,�3¢ê c¦�éu?¿ x ∈ X Ú y ∈ Y k x 6 c 6 y.ù`² c´X

��þ., 
� Y ¥?¿��ÑØ'§�, Ïd, c´ X ���þ., =, þ

(.. Ón�ye(.��¹. y..
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½n 4 (üNk.�O{) üNê�Âñ�¿©7�^�´Ù�k.ê�.
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½n 4 (üNk.�O{) üNê�Âñ�¿©7�^�´Ù�k.ê�.

y² �ê� {an}üN4Okþ.,Ïd�â(.�n,ê8

X = {a1, a2, a3, · · · , an, · · · }

7kþ(., P� a. ·�òw�, a Ò´ê� {an} �4�. 5¿�, éu?

¿�½��ê ε,ê a− εØ´ X �þ.,Ïdê�¥�3��� aN ∈ X ,

¦� aN > a − ε. qÏ� {an} ´üN4O�, ¤±� n > N �, k

an > aN > a − ε w, a + ε > a > an é?Û n ¤á. ¤±� n > N �,

k |an − a| < ε. Ï
, lim an = a.y..
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~ 10 � an =

√
2 +

√
2 + · · · +

√
2 (n­�ª),¦ lim

n→∞
an.
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~ 10 � an =

√
2 +

√
2 + · · · +

√
2 (n­�ª),¦ lim

n→∞
an.

) an Ò´dXe4í'X a1 =
√
2, an+1 =

√
an + 2½Â���ê

�. Äk*	�: a2 =
√

2 +
√
2 > a1, a3 =

√
2 +

√
2 +
√
2 >

√
2 +
√
2 =

a2.XJ an > an−1 ¤á,K

an+1 − an =
√
an + 2−

√
an−1 + 2 =

an − an−1√
an + 2 +

√
an−1 + 2

> 0,

= an+1 > an,¤±d8B{y�, {an}´üN4O�.

,��¡, w, a1 < 2, e an < 2, K an+1 =
√
an + 2 < 2. =ê�

{an}´kþ.�. Ïd {an}Âñ. �Ù4�� a. ò4íúªC�

a2
n+1 = an + 2

3þªüà- n → ∞ � a2 = a + 2, )� a = −1 ½ a = 2. �´ an > 0,

� a > 0,l
�� lim
n→∞

an = 2.
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½n 5 (Bolzano-Weierestrass½n) k.ê��½�3Âñ�f�.

29/49

‖J I‖ J I �£ �¶ '4 òÑ



ê� 5� fê� $� ü>Y (. g,éê Ã¡� Stolz þe4�

½n 5 (Bolzano-Weierestrass½n) k.ê��½�3Âñ�f�.

y² � {an} ´��k.�ê�, Ø�� {an} ⊂ [c, d]. [c, c+d
2
] Ú

[c+d
2
, d] ùü�«m¥��k��¹kê� {an} �Ã¡õ�, Pù�«m

� [c1, d1].Ó�,3 [c1,
c1+d1

2
]Ú [c1+d1

2
, d1]ùü�«m¥��k��¹kê�

{an}�Ã¡õ�,Pù�«m� [c2, d2].UY�e�,����«m [ck, dk],

k = 1, 2, · · · ,¦�z�ù��«mÑ¹kê� {an}�Ã¡õ�,�

dk − ck =
1

2k
(d− c), k = 1, 2, · · · ,

c 6 c1 6 c2 6 · · · 6 ck−1 6 ck < dk 6 dk−1 6 · · · 6 d1 6 d.

dùü�ªf¿�â½n 4,��

lim
k→∞

ck = lim
k→∞

dk = a.

3 [c1, d1]¥�ê���� an1,�X3 [c2, d2]¥� an2,� n2 > n1.UYe

�,�� {an}�f� ank ∈ [ck, dk].�âü>Y½n� lim
k→∞

ank = a.y..
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½Â 2 ê� {an} ¡� Cauchy ê� (½Ä��), eé?¿�½��ê ε,

�3�ê N = N(ε)£= N �U�6u ε¤,¦��m,n > N �,Òk

|an − am| < ε.
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½Â 2 ê� {an} ¡� Cauchy ê� (½Ä��), eé?¿�½��ê ε,

�3�ê N = N(ε)£= N �U�6u ε¤,¦��m,n > N �,Òk

|an − am| < ε.

5¿, Ä���^���±`¤: é?¿�½��ê ε, �3g,ê N ,

¦�� n > N �,Ø�ª

|an+p − an| < ε

é¤kg,ê p¤á.
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½n 6 (CauchyOK) ê� {an}Âñ�¿©7�^�´: {an}´Ä��.
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½n 6 (CauchyOK) ê� {an}Âñ�¿©7�^�´: {an}´Ä��.

y² 7�5´N´y²�, e¡y²¿©5. éu�ê 1, �3�ê

N1,¦��m,n > N1 �,k |am − an| < 1.-

M = max(|a1|, |a2|, · · · , |aN1|, |aN1| + 1).

Kk |an| 6M, n = 1, 2, · · · .ù`² {an}´k.�. d½n 5,�3Âñ�

f� {ank}.

Ï� {an} ´Ä��, ¤±é?¿�ê ε, �3�ê N2, ¦�� m,n >

N2 �, k |am − an| < ε
2
. Ï� lim

k→∞
ank = a, éuù� ε, �3���ê K,

¦�� k > K �, k |ank − a| <
ε
2
. AO���� nk ¦� nk > N2 �

k > K.u´,� n > N2 �,k

|an − a| 6 |an − ank| + |ank − a| <
ε

2
+
ε

2
= ε.

¤±, lim
n→∞

an = a.y..
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n + 1)

(n + 1)2
+ · · · +

sin(n + p)

(n + p)2

∣∣∣∣
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n + 1)

(n + 1)2
+ · · · +

sin(n + p)

(n + p)2

∣∣∣∣
6

1

(n + 1)2
+ · · · +

1

(n + p)2
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n + 1)

(n + 1)2
+ · · · +

sin(n + p)

(n + p)2

∣∣∣∣
6

1

(n + 1)2
+ · · · +

1

(n + p)2

<
1

n(n + 1)
+ · · · +

1

(n + p− 1)(n + p)
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n + 1)

(n + 1)2
+ · · · +

sin(n + p)

(n + p)2

∣∣∣∣
6

1

(n + 1)2
+ · · · +

1

(n + p)2

<
1

n(n + 1)
+ · · · +

1

(n + p− 1)(n + p)

=
1

n
−

1

n + p
<

1

n
.
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~ 11 � an = sin 1
12

+ sin 2
22

+ · · · + sinn
n2 ,¦y {an}Âñ.

y² Ï�

|an+p − an| =
∣∣∣∣sin(n + 1)

(n + 1)2
+ · · · +

sin(n + p)

(n + p)2

∣∣∣∣
6

1

(n + 1)2
+ · · · +

1

(n + p)2

<
1

n(n + 1)
+ · · · +

1

(n + p− 1)(n + p)

=
1

n
−

1

n + p
<

1

n
.

¤±,éu?¿�½��ê ε,� N =
[
1
ε

]
,� n > N �,é?Ûg,ê pÑ

k

|an+p − an| < ε.

d CauchyOK�� {an}Âñ.
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~ 12 � an = 1 + 1
2
+ 1

3
+ · · · + 1

n
. ¦y {an}uÑ.
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~ 12 � an = 1 + 1
2
+ 1

3
+ · · · + 1

n
. ¦y {an}uÑ.

y² é?Ûg,ê n,� p = n,Kk

a2n − an =
1

n + 1
+

1

n + 2
+ · · · +

1

n + n
>

1

2n
+

1

2n
+ · · · +

1

2n
=

1

2
.

d CauchyOK�� {an}uÑ.
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~ 12 � an = 1 + 1
2
+ 1

3
+ · · · + 1

n
. ¦y {an}uÑ.

y² é?Ûg,ê n,� p = n,Kk

a2n − an =
1

n + 1
+

1

n + 2
+ · · · +

1

n + n
>

1

2n
+

1

2n
+ · · · +

1

2n
=

1

2
.

d CauchyOK�� {an}uÑ.

��/,� α > 1,

an = 1 +
1

2α
+

1

3α
+ · · · +

1

nα
,

K {an}Âñ.
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1.2.7 g,éê. e

½n 7 � en =
(
1 + 1

n

)n
, n > 1,Kê� {en}Âñ.
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1.2.7 g,éê. e

½n 7 � en =
(
1 + 1

n

)n
, n > 1,Kê� {en}Âñ.

y² d²þØ�ª

en = 1 ·

n �︷ ︸︸ ︷
(1 +

1

n
) · (1 +

1

n
) · · · (1 +

1

n
)
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1.2.7 g,éê. e

½n 7 � en =
(
1 + 1

n

)n
, n > 1,Kê� {en}Âñ.

y² d²þØ�ª

en = 1 ·

n �︷ ︸︸ ︷
(1 +

1

n
) · (1 +

1

n
) · · · (1 +

1

n
)

<

(
1 + n(1 + 1

n
)

n + 1

)n+1

=

(
n + 2

n + 1

)n+1

= en+1.
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1.2.7 g,éê. e

½n 7 � en =
(
1 + 1

n

)n
, n > 1,Kê� {en}Âñ.

y² d²þØ�ª

en = 1 ·

n �︷ ︸︸ ︷
(1 +

1

n
) · (1 +

1

n
) · · · (1 +

1

n
)

<

(
1 + n(1 + 1

n
)

n + 1

)n+1

=

(
n + 2

n + 1

)n+1

= en+1.

ù`² {en}´üN4Oê�.
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- dn = (1 + 1
n
)n+1.d²þØ�ª

(
n

n + 1

)n+1

= 1 ·

n + 1 �︷ ︸︸ ︷
n

n + 1
· · ·

n

n + 1
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- dn = (1 + 1
n
)n+1.d²þØ�ª

(
n

n + 1

)n+1

= 1 ·

n + 1 �︷ ︸︸ ︷
n

n + 1
· · ·

n

n + 1

<

(
1 + (n + 1) n

n+1

n + 2

)n+2

=

(
n + 1

n + 2

)n+2

,
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- dn = (1 + 1
n
)n+1.d²þØ�ª

(
n

n + 1

)n+1

= 1 ·

n + 1 �︷ ︸︸ ︷
n

n + 1
· · ·

n

n + 1

<

(
1 + (n + 1) n

n+1

n + 2

)n+2

=

(
n + 1

n + 2

)n+2

,

= 1
dn
< 1

dn+1
,Ï
 dn > dn+1.u´k

e1 < e2 < · · · < en < dn < dn−1 < · · · < d2 < d1.

dd��ê� {en}î�üN4Okþ.,¤±dê�Âñ.
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P

e = lim
n→∞

(
1 +

1

n

)n
.

±�·�ò^ Taylor Ðm��{?�Úy², e ´��Ãnê, Ùê�´

e = 2.718281828 · · · . 3�È©±93ó§Eâ$^¥,~^�± e�.�é

ê,ù«éê¡�g,éê,{P� ln.
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P

e = lim
n→∞

(
1 +

1

n

)n
.

±�·�ò^ Taylor Ðm��{?�Úy², e ´��Ãnê, Ùê�´

e = 2.718281828 · · · . 3�È©±93ó§Eâ$^¥,~^�± e�.�é

ê,ù«éê¡�g,éê,{P� ln.

~ 13 ¦ lim
n→∞

(
1− 1

n

)−n
.
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P

e = lim
n→∞

(
1 +

1

n

)n
.

±�·�ò^ Taylor Ðm��{?�Úy², e ´��Ãnê, Ùê�´

e = 2.718281828 · · · . 3�È©±93ó§Eâ$^¥,~^�± e�.�é

ê,ù«éê¡�g,éê,{P� ln.

~ 13 ¦ lim
n→∞

(
1− 1

n

)−n
.

)

lim
n→∞

(
1−

1

n

)−n
= lim

n→∞

(
1 +

1

n− 1

)n
= lim

n→∞

(
1 +

1

n− 1

)n−1(
1 +

1

n− 1

)
= e.
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1.2.8 uÑ�Ã¡��ê�

½Â 3 � {an}´�½�ê�, eéu?¿�½��êM , Ñ�3g,ê

N ,¦�� n > N �,k |an| > M ,K¡ê� {an}uÑ�Ã¡�,P�

lim
n→∞

an =∞, ½ an→∞ (n→∞)

~X§{n}, {
∑n

k=1
1
k
}, {−

√
n}, {(−1)nn}.
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½Â 4 � {an}´�½�ê�, eéu?¿�½��êM , Ñ�3g,ê

N ,¦�� n > N �,k an > M ,K¡ê� {an}uÑ��Ã¡�,P�

lim
n→∞

an = +∞, ½ an→ +∞ (n→∞)

½Â 5 � {an}´�½�ê�, eéu?¿�½��êM , Ñ�3g,ê

N ,¦�� n > N �,k an < −M ,K¡ê� {an}uÑ�KÃ¡�,P�

lim
n→∞

an = −∞, ½ an→ −∞ (n→∞)
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½n 8 üNê�uÑ�Ã¡��¿©7�^�´Ù���Ã.ê�.
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½n 8 üNê�uÑ�Ã¡��¿©7�^�´Ù���Ã.ê�.

y² ^��7�5´w,�. y3y²¿©5, ·��ÄüN4O�

�/,=: XJ {an}´üN4O�Ãþ.�ê�,K an→ +∞ (n→∞).

¯¢þ,é?¿��êM ,Ï� {an}Ãþ.,�7,�3g,ê N ,¦

� aN > M . duê�´üN4O�,¤±� n > N �,k an > aN > M .

ùÒ´¤��y². y..
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1.2.9 Stolz ½n

e¡�½n3¦ê��4��,�´~^�.

½n 9 (∞∞ . Stolz½n) � {an}, {bn}´ü�ê�, � {bn}î�4Oª
u +∞.e

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.
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1.2.9 Stolz ½n

e¡�½n3¦ê��4��,�´~^�.

½n 9 (∞∞ . Stolz½n) � {an}, {bn}´ü�ê�, � {bn}î�4Oª
u +∞.e

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.

y² ·��y A´¢ê��¹,Ù¦�¹�±aqy². Ø�� {bn}
´�ê�. b�^�¤á,Ké?¿�ê ε,�3g,ê k ¦�

A− ε <
an+1 − an
bn+1 − bn

< A + ε, n > k,
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=,

(A− ε)(bn+1 − bn) < an+1 − an < (A + ε)(bn+1 − bn), n > k.

3þ¡Ø�ª¥,- n©O� k, k + 1, · · · , k + p− 1¿ò¤�Ø�ª¦Ú,

��

(A− ε)(bk+p − bk) < ak+p − ak < (A + ε)(bk+p − bk).

Ïd,

ak

bk+p
−
Abk

bk+p
− ε

(
1−

bk

bk+p

)
<
ak+p

bk+p
−A <

ak

bk+p
−
Abk

bk+p
+ ε

(
1−

bk

bk+p

)
.

5¿� {bn}ªu +∞,é�½� k �3g,ê q,¦�� p > q �,k

−ε <
ak

bk+p
−
Abk

bk+p
< ε.

u´� p > q �,k

−2ε <
ak+p

bk+p
−A < 2ε.

l
½n�y.
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~ 14 � {an}´ê�,� lim an = a ∈ R.Kk

lim
n→∞

a1 + a2 + · · · + an
n

= a.

y² - An = a1+a2+ · · ·+an, Bn = n.K {Bn}î�4Oªu +∞,
�÷v lim

n→∞
An+1−An
Bn+1−Bn

= lim
n→∞

an+1 = a.�â Stolz½n,=�(Ø.
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~ 14 � {an}´ê�,� lim an = a ∈ R.Kk

lim
n→∞

a1 + a2 + · · · + an
n

= a.

y² - An = a1+a2+ · · ·+an, Bn = n.K {Bn}î�4Oªu +∞,
�÷v lim

n→∞
An+1−An
Bn+1−Bn

= lim
n→∞

an+1 = a.�â Stolz½n,=�(Ø.

~ 15 � k ´g,ê. ¦4� lim
n→∞

1k + 2k + · · · + nk

nk+1
.
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~ 14 � {an}´ê�,� lim an = a ∈ R.Kk

lim
n→∞

a1 + a2 + · · · + an
n

= a.

y² - An = a1+a2+ · · ·+an, Bn = n.K {Bn}î�4Oªu +∞,
�÷v lim

n→∞
An+1−An
Bn+1−Bn

= lim
n→∞

an+1 = a.�â Stolz½n,=�(Ø.

~ 15 � k ´g,ê. ¦4� lim
n→∞

1k + 2k + · · · + nk

nk+1
.

) �â Stolz½n,k

lim
n→∞

1k + 2k + · · · + nk

nk+1

= lim
n→∞

(n + 1)k

(n + 1)k+1 − nk+1
= lim

n→∞

(n + 1)k∑k
i=0C

i
k+1n

i

= lim
n→∞

(1 + 1/n)k∑k
i=0C

i
k+1(1/n)

k−i
=

1

k + 1
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½n 10 (0
0
. Stolz½n) � {an}, {bn}´ü�Âñu 0�ê�,� {bn}

´î�4~ê�. XJ

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.

43/49

‖J I‖ J I �£ �¶ '4 òÑ



ê� 5� fê� $� ü>Y (. g,éê Ã¡� Stolz þe4�

½n 10 (0
0
. Stolz½n) � {an}, {bn}´ü�Âñu 0�ê�,� {bn}

´î�4~ê�. XJ

lim
n→∞

an+1 − an
bn+1 − bn

= A,

Kk

lim
n→∞

an

bn
= A,

Ù¥ A�±´¢ê,��±´ +∞½ −∞.

y² �y A ´¢ê��¹, Ù¦�¹�±aqy². Ø�� {bn} ´
�ê�. b�^�¤á,Ké?¿�ê ε,�3g,ê N ¦�

A− ε <
an − an+1

bn − bn+1

< A + ε, n > N,

=,

(A− ε)(bn − bn+1) < an − an+1 < (A + ε)(bn − bn+1), n > N.

3þ¡Ø�ª¥,- n©O� k, k + 1, · · · , k + p− 1¿ò¤�Ø�ª¦Ú,
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��

(A− ε)(bk − bk+p) < ak − ak+p < (A + ε)(bk − bk+p).

3dª¥- p→∞�

(A− ε)bk 6 ak 6 (A + ε)bk, (k > N).

=, ∣∣∣∣akbk −A
∣∣∣∣ 6 ε, (k > N).

u´ lim
n→∞

an
bn

= A.
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1.2.10 þ4��e4�

·���Âñê�´k.�
�?Ûf���ê�k�Ó�4�.q�

â½n 5, k.ê�7kÂñf�. ��5`k.ê��UkNõkØÓ4

��f�. XJ a ´ê� {an} �,�f��4�, @o¡ a � {an} ��
�Ü©4�.·��¯: �k.ê��?ÛÂñf�Ñk�Ó�4��,�Ò

´�k��Ü©4�,Tk.ê�´ÄÂñ? £�´�½�,y²3�SK.

Ïd, ØÂñ�k.ê���kü�f�©OÂñ�ØÓ�ê. w,k

.ê��¤kf��4�¤¤�8ÜE´k.�8Ü,ù�8Ük(½�þ

(.Úe(.. éuÃ.�ê�,��±�Ñªu +∞½ −∞�f�.
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éuê� {an},8Ü

E = {l ∈ R ∪ {+∞,−∞} : an ¥kf� akn → l, n→∞}

o´���. - a∗ = supE, a∗ = inf E, ¦�©O�¡�ê� {an} �þ4
�Úe4�,P�

lim sup
n→∞

an, lim inf
n→∞

an, ½ö lim
n→∞

an, lim
n→∞

an

�âþ(.Úe(.�½Â, �±y² a∗ Ú a∗ Ñ3 E ¥, Ïdk.ê

� {an} �þ(e)4��´§���Âñf��4�¤|¤�8Ü¥�

��(�)ö. w,e(.Ø�Lþ(., 
�ØJy² an → a �du

lim
n→∞

an = lim
n→∞

an = a.
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½n 11 lim
n→∞

an = lim
n→∞

sup
k>n

ak, lim
n→∞

an = lim
n→∞

inf
k>n

ak.

47/49

‖J I‖ J I �£ �¶ '4 òÑ



ê� 5� fê� $� ü>Y (. g,éê Ã¡� Stolz þe4�

½n 11 lim
n→∞

an = lim
n→∞

sup
k>n

ak, lim
n→∞

an = lim
n→∞

inf
k>n

ak.

y² ·��ék.ê���¹y². � {an}´��k.ê�,K8Ü

Bn = {an, an+1, · · · }´k.ê8,P

βn = inf Bn = inf
k>n

ak.

ØJwÑ {βn} üN4O�k., Ïdk4� β = limβn. |^e(.�½

Â,�3g,ê k1 ¦�

β1 6 ak1 < β1 + 1.

q�3 k2 > k1 + 1¦�

βk1+1 6 ak2 < βk1+1 +
1

2
.

Ud{�8B/ÀÑg,ê kn ¦�

βkn−1+1 6 akn < βkn−1+1 +
1

n
,
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±9 kn−1 < kn.Ï� {βkn−1+1}´ {βn}�f�,§k4� β,¤±�âY%

�n� lim
n→∞

akn = β.ù`² β ´��Ü©4�.

β �´���Ü©4�, Ï�éz� ε > 0, �3g,ê n, ¦�

β − ε < βn.Ïd� k > n�,k ak > βn > β − ε.dd� {an}�Ü©4
�ÑØ¬' β− ε�. Ï� ε´?¿�ê,¤±Ü©4�ÑØ¬' β�,ù`

² β ´���Ü©4�.=, β = lim
n→∞

an.Ón�y²þ4���¹.

5� 5

lim
n→∞

(−an) = − lim
n→∞

an (1)

lim
n→∞

(−an) = − lim
n→∞

an (2)
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5� 6 e¡�ªfüàÑk¿Â�¤á:

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn (3)

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn (4)

� an, bn Ñ�K�,þ¡ªf¥�\ÒU�¦Ò��¤á.
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5� 6 e¡�ªfüàÑk¿Â�¤á:

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn (3)

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn (4)

� an, bn Ñ�K�,þ¡ªf¥�\ÒU�¦Ò��¤á.

y² � a = lim
n→∞

an, b = lim
n→∞

bn.é?¿ ε > 0,?¿g,ê N,�3

g,ê n > N ¦� an < a + ε, bn < b + ε.Ï


an + bn < a + b + 2ε.

ù`²

lim
n→∞

(an + bn) 6 a + b + 2ε.

- ε→ 0,=� (3)mà�Ø�ª. Ù§�'Ø�ª�aqy².
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