
ýéÂñ ü½n Abel Ún Dirichlet �O{ Abel �O{

7.1.3 ��?ê�Âñ5

(1) ��?ê

¤¢��?êÒ´?ê�����!��K,�±�¤
∞∑
n=1

(−1)n−1an,

Ù¥ an > 0. Ï�� an üN~ªu 0�,��?ê�Ü©Ú÷v

S2n = (a1 − a2) + (a3 − a4) + · · · + (a2n−1 − a2n) 6 S2n+2

S2n = a1 − (a2 − a3)− (a4 − a5)− · · · − a2n 6 a1

¤±, S2n üNOkþ.,ÏÂñµS2n→ S. �

S2n+1 = S2n + a2n+1→ S + 0 = S.
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Ø��O:

Ï�

S2n+1 = S2n−1 − (a2n − a2n+1) 6 S2n−1.

¤± S2n−1 üN4~ªu S.lØ�ª

S2n 6 S2n+2 6 S 6 S2n+1 6 S2n−1,

��

|S − Sn| 6 |Sn − Sn+1| = an+1.

=,c n�Ú�?êÚ�Ø�Ø�L1 n + 1�Ï��ýé�.u´k

½n 1 (Leibniz�O{) � {an}üNªu",K��?ê
∑∞

n=1(−1)n−1an
Âñ,�c n�Ü©Ú Sn �?ê�Ú S �Ø�Ø�L an+1.

��;.~f´:
∞∑
n=1

(−1)n−1 1
n
. ±�,·�ò��§�Ú´ ln 2.
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(2) ýéÂñ5Ú^�Âñ

éu��?ê
∑∞

n=1 an5` (=éÏ���Kvk��),XJ
∑∞

n=1 |an|
Âñ,K¡

∑∞
n=1 an ýéÂñ.

½n 2 XJ
∑∞

n=1 an ýéÂñ,K?ê���½Âñ.

y² w,k

|an+1 + an+2 + · · · + an+p| 6 |an+1| + |an+2| + · · · + |an+p|,

�d CauchyOKÒ�y�(J.

XJ
∑∞

n=1 an Âñ,�
∑∞

n=1 |an|uÑ,Ò¡
∑∞

n=1 an �^�Âñ.

~X,
∞∑
n=2

(−1)n
n
Ú

∞∑
n=2

(−1)n
lnn
ÑÂñ, �´Ï��ýé��, ?ê´uÑ�,

¤±ùü�?ê´^�Âñ�.
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òÏ�©��ÜÚKÜ,-

a+
n =
|an| + an

2
, a−n =

|an| − an
2

,

=

a+
n =

0, an 6 0,

an, an > 0;
a−n =

−an, an 6 0,

0, an > 0.

Ïdd a+
n Ú a−n �¤�?ê

∑∞
n=1 a

+
n Ú

∑∞
n=1 a

−
n Ñ´��?ê,�÷v

|an| = a+
n + a−n , an = a+

n − a
−
n ,

¤±�
∑∞

n=1 an ýéÂñ�,
∑∞

n=1 a
+
n Ú

∑∞
n=1 a

−
n ÑÂñ,�

∞∑
n=1

an =

∞∑
n=1

a+
n −

∞∑
n=1

a−n ,

∞∑
n=1

|an| =
∞∑
n=1

a+
n +

∞∑
n=1

a−n .
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½n 3 XJ
∑∞

n=1 an ýéÂñ, K?¿UC¦ÚgS�¤��#?êE

Âñ,¿�ÙÚØC.

y² �?ê
∑∞

n=1 an �¦ÚgSUC�, �A�
∑∞

n=1 a
±
n �¦Úg

S�éA�UC.�ö´��?ê,UCgS�Âñ5ÚÂñ��ØC.Ï

dcö�Âñ5ÚÂñ��Ø¬C.y..

¯K �
∑∞

n=1 an ^�Âñ�,
∑∞

n=1 a
+
n Ú

∑∞
n=1 a

−
n ñÑ5XÛ?

�
∑∞

n=1 an ^�Âñ�,
∑∞

n=1 a
+
n Ú

∑∞
n=1 a

−
n ÑuÑ� +∞,Ï�±

y²e¡� Riemannü½n.

½n 4 (Riemannü½n) �?ê
∑∞

n=1 an ^�Âñ,K·�UC¦Ú�

gS�±¦#?êÂñu�½�?¿¢ê,��¦#?êuÑ� +∞½u
Ñ� −∞.
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(3) ��?êÂñ��O{

Ún 1 (Abel©Ü¦Úúª) �küGê: a1, a2, · · · , an; b1, b2, · · · , bn.P
Ak = a1 + a2 + · · · + ak (k = 1, 2, · · · , n),Kk

n∑
k=1

akbk =

n−1∑
k=1

Ak(bk − bk+1) +Anbn.

y² P A0 = 0,K ak = Ak −Ak−1.

n∑
k=1

akbk =

n∑
k=1

(Ak −Ak−1)bk =

n∑
k=1

Akbk −
n∑
k=1

Ak−1bk

=

n∑
k=1

Akbk −
n−1∑
k=0

Akbk+1

=

n−1∑
k=1

Ak(bk − bk+1) +Anbn.
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Ún 2 (Abel Ún) � b1 > b2 > · · · > bn ½ö b1 6 b2 6 · · · 6 bn. P

Ak = a1 + a2 + · · · + ak. XJ |Ak| 6M, (k = 1, 2, · · · , n).@o∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ 6M(|b1| + 2|bn|).

y² d Abel©Ü¦Úúª∣∣∣∣∣
n∑
k=1

akbk

∣∣∣∣∣ =
∣∣∣∣∣
n−1∑
k=1

Ak(bk − bk+1) +Anbn

∣∣∣∣∣ 6
n−1∑
k=1

|Ak| |bk − bk+1| + |An| |bn|

6M

(
n−1∑
k=1

|bk − bk+1| + |bn|

)

= M

(∣∣∣∣∣
n−1∑
k=1

(bk − bk+1)

∣∣∣∣∣ + |bn|
)

= M(|b1 − bn| + |bn|) 6M(|b1| + 2|bn|).
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½n 5 (Dirichlet �O{) e {bn} ´üN4~ªu"�ê�, �?ê∑∞
n=1 an �Ü©Úk.µ|An| = |

∑n
k=1 ak| 6M ,K

∑∞
k=1 anbn Âñ.

y² Ï�∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣ =
∣∣∣∣∣
m∑
k=1

ak −
n∑
k=1

ak

∣∣∣∣∣ = |Am −An| 6 2M,

¤±é?¿ ε > 0,d bk → 0 (k→∞),�3g,ê N,¦�� n > N �,

k |bn| 6 ε
6M
.Ï� {bk}üN,¤±�â AbelÚn,k∣∣∣∣∣

n+p∑
k=n+1

akbk

∣∣∣∣∣ 6 2M(|bn+1| + 2|bn+p|)

6 2M
( ε

6M
+ 2

ε

6M

)
= ε,

é�� n > N P��g,ê p¤á. �â CauchyOK
∞∑
k=1

akbk Âñ.
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½n 6 (Abel �O{) e {bn} ´üNk.�ê�, �?ê
∑∞

n=1 an Âñ,

K?ê
∑∞

n=1 anbn Âñ.

y² Ï� {bk}üNk.,¤± {bk}k4�,� b = lim
k→∞

bk,K {bk−b}
üNªu 0. Ï�

∑∞
n=1 an Âñ,¤± Ak = a1 + a2 + · · · + ak k.. u´�

â Dirichlet�O{�,
∑∞

n=1 an(bn − b)Âñ. l

akbk = ak(bk − b) + bak

��
∞∑
n=1

anbn Âñ.
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~ 1 ?Ø?ê
∞∑
n=1

cosnx

n
�ñÑ5.

) � x = 2kπ �,T?êÒ´NÚ?ê,�uÑ.

e x 6= 2kπ,P

An = cosx + cos 2x + · · · + cosnx =
sin
(
n + 1

2

)
x− sin x

2

2 sin x
2

.

u´

|An| <
1∣∣sin x

2

∣∣.
��â Dirichlet�O{�?êÂñ. aq�?Ø?ê

∑∞
n=1

sinnx
n
�Âñ5.

~ 2 ?Ø?ê
∑∞

n=1

(1+ 1
n)
n

n
cos 3n�ñÑ5.

) dþ~,
∑∞

n=1
cos 3n
n
Âñ. q {(1 + 1

n
)n}üNk.,Ïd�â Abel�

O{�
∑∞

n=1

(1+ 1
n)
n

n
cos 3nÂñ.
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~ 3 ?Ø?ê
∞∑
n=1

(−1)n sin2 n
n
�ñÑ5.

) Ï�

(−1)n cos 2n = cosnπ cos 2n = cosn(π + 2),

¤±

(−1)n
sin2 n

n
= (−1)n

1− cos 2n

2n
=

(−1)n

2n
−

(−1)n cos 2n
2n

=
(−1)n

2n
−

cosn(π + 2)

2n

d Leibniz�O{�
∞∑
n=1

(−1)n
2n
Âñ,dc¡�~f�

∞∑
n=1

cosn(π + 2)

4n

�Âñ,¤±
∞∑
n=1

(−1)n sin2 n
n
Âñ.
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~ 4 ?Ø?ê
∞∑
n=1

sin(π
√
n2 + 1)�ñÑ5.

) Ï�

sin(π
√
n2 + 1) = sin(π

√
n2 + 1− nπ + nπ)

= cosnπ sin(π
√
n2 + 1− nπ)

= (−1)n sin
π

√
n2 + 1 + n

,

ê�
{
sin π√

n2+1+n

}
üN4~ªu", ¤±�â Leibniz �O{�?ê

∞∑
n=1

sin(π
√
n2 + 1)Âñ.
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~ 5 Á���Âñ?ê
∑∞

n=1 an ¦�
∑∞

n=1 a
3
n ´uÑ�.

) �

an =
cos 2nπ

3

n1/3
.

Kd Dirichlet�O{�
∑∞

n=1 an Âñ. |^ð�ª

cos 3x = 4 cos3 x− 3 cosx,

��

a3
n =

1

n

(
cos

2nπ

3

)3

=
1

n
·
1 + 3 cos 2nπ

3

4

=
1

4n
+

3

4
·
cos 2nπ

3

n
.

Ï�
∑∞

n=1
1
n
uÑ,

∑∞
n=1

cos 2nπ
3

n
Âñ,¤±

∑∞
n=1 a

3
n uÑ.
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