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1 10 Ù õCþ¼ê�È©

§10.1 �È©

10.1.1 ��«mþ�È©

� D = [a, b]× [c, d]´ R2 ¥���4«m. ©O� [a, b]Ú [c, d]þ�

©�:

Tx : a = x0 < x1 < · · · < xn = b;

Ty : c = y0 < y1 < · · · < ym = d.

üx²1�� x = xi, (i = 0, 1, · · · , n) Ú y = yj, (j = 0, 1, · · · ,m) r D

©¤ n×m�f«m:

Dij = [xi−1, xi]× [yj−1, yj] (i = 1, 2, · · · , n; j = 1, 2, · · · ,m).

ù
f«m|¤ D ���©� T = Tx × Ty. éu3 D þ½Â�¼ê

1/13

‖J I‖ J I �£ �¶ '4 òÑ



�È© \gÈ© �È5

f(x, y),3z� Dij ¥��: ξij,�Úª (RiemannÚ)

S(f, T ) :=

n∑
i=1

m∑
j=1

f(ξij)σ(Dij), (10.1)

Ù¥ σ(Dij) ´ Dij �¡È. P ‖T‖ = max
i,j
{diam(Dij)}, ùp diam(Dij) ´

Dij �é���Ý,¡ ‖T‖�©� T �°Ý.¡ ξij ��:.

½Â 1 � f(x, y)´½Â3 Dþ�¼ê. XJ�3ê A,¦�é?¿�

½� ε > 0,�3 δ > 0,� ‖T‖ < δ �,ØØ�: ξij 3 Dij ¥XÛÀ,Ñk∣∣∣∣∣∣
n∑
i=1

m∑
j=1

f(ξij)σ(Dij)−A

∣∣∣∣∣∣ < ε,

K¡¼ê f 3«m D þ�È,¿ò A��∫∫
D

f(x, y)dxdy ½

∫
D

fdσ,

¡� f 3«m D þ��È©.
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~ 1 ~�¼ê c3 D þ�È,�
∫
D

cdσ = cσ(D).

½n 1 XJ f 3 D þ�È,@o f 3 D þk..

½n 2 e f Ú g Ñ3 D þ�È, c1, c2 ´~ê,K c1f + c2g �3 D þ�

È,� ∫
D

(c1f + c2g)dσ = c1

∫
D

fdσ + c2

∫
D

gdσ.

½n 3 � f Ú g Ñ3 D þ�È.

(1)e f > 0,K

∫
D

fdσ > 0;

(2)e f > g,K

∫
D

fdσ >
∫
D

gdσ.
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10.1.2 \gÈ©

½n 4 (�È©�\gÈ©) � f(x, y)3 D = [a, b]× [c, d]þ�È.

1◦ XJéz� y ∈ [c, d], f(x, y)´ [a, b]þ'u x��È¼ê,KÈ©

ϕ(y) =
∫ b
a
f(x, y)dx½Â
'uCþ y 3 [c, d]þ��È¼ê,¿k∫ d

c

ϕ(y)dy =

∫ d

c

dy

∫ b

a

f(x, y)dx =

∫∫
D

f(x, y)dxdy.

2◦ Ón, XJéz� x ∈ [a, b], f(x, y) ´ [c, d] þ'u y ��È¼ê,

K ψ(x) =
∫ d
c
f(x, y)dy ´'u x3 [a, b]þ��È¼ê,¿k∫ b

a

ψ(x)dx =

∫ b

a

dx

∫ d

c

f(x, y)dy =

∫∫
D

f(x, y)dxdy.

3◦ AO,XJ f(x, y)ëY,w,©Oé xÚ y ëY,Ïdþ¡ 1◦ Ú 2◦

�^�Ñ÷v,Ïdk∫∫
D

f(x, y)dxdy =

∫ d

c

dy

∫ b

a

f(x, y)dx =

∫ b

a

dx

∫ d

c

f(x, y)dy

=,©Oé xÚ y È©�gS´�±���.
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y² � A ´ f 3 D þ�È©, K?� ε > 0, �3 δ > 0, ��

D �©� T �°Ý ‖T‖ < δ, ?� ξi ∈ [xi−1, xi], ηj ∈ [yj−1, yj], ¿P

Pij = (ξi, ηj) ∈ Dij = [xi−1, xi]× [yj−1, yj],ÒÑk

A− ε <
∑
i,j

f(Pij)∆xi∆yj < A + ε.

½

A− ε <
m∑
j=1

∆yj

n∑
i=1

f(ξi, ηj)∆xi < A + ε.

5¿�,éu�½� ηj ∈ [yj−1, yj],
n∑
i=1

f(ξi, ηj)∆xi

´ f(x, ηj)3 [a, b]þ� RiemannÚ.Ï�éu?Û�½� y, f(x, y)�� x

�¼ê´�È�,¤±

lim
‖Tx‖→0

n∑
i=1

f(ξi, ηj)∆xi = ϕ(ηj).
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ùp, ϕ(y) =
∫ b
a
f(x, y)dx. - ‖Tx‖ → 0,�� ‖Ty‖ < δ Òk

A− ε 6
m∑
j=1

ϕ(ηj)∆yj 6 A + ε.

dd�� ϕ(y)3 [c, d]�È,¿k∫ d

c

ϕ(y)dy =

∫ d

c

(∫ b

a

f(x, y)dx

)
dy = A =

∫∫
D

f(x, y)dxdy.

ùÒy²
 1◦.Ón�y² 2◦.

þã(Jw�·�, ��÷v½n¥�^�, ��«mþ¼ê��È

©,Òz�ü���¼ê�½È© (ké��Cþ���¼ê�È©,3é,

��Cþ���¼ê�È©). ù«È©L§�¡�\gÈ©. �\gÈ©�

���,ÀJkéXÈ©,���âÈ©��B½.
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~ 2 ¦
∫∫

D

ex+ydxdy,Ù¥ D = [0, 1]× [0, 1].

) ∫∫
D

ex+ydxdy =

∫ 1

0

dy

∫ 1

0

ex+ydx =

∫ 1

0

eydy

∫ 1

0

exdx

= (e− 1)

∫ 1

0

eydy = (e− 1)2.

~ 3 ¦
∫∫

D

x cosxydxdy,Ù¥ D = [0, π]× [0, 1].

) ∫∫
D

x cosxydxdy =

∫ π

0

dx

∫ 1

0

x cosxydy

=

∫ π

0

(
sinxy

∣∣∣y=1

y=0

)
dx =

∫ π

0

sinxdx = 2.

3ù�~f¥,XJké xÈ©,O�þÒ��
.

7/13

‖J I‖ J I �£ �¶ '4 òÑ



�È© \gÈ© �È5

10.1.3 �È5

éu«m D ±9©� T ,P

mij = inf f(Dij), Mij = sup f(Dij), (i = 1, 2, · · · , n; j = 1, · · · ,m).

ωij = Mij −mij ¡� f 3 Dij þ��Ì.½Â

S(f, T ) =

n∑
i=1

m∑
j=1

mijσ(Dij), S(f, T ) =

n∑
i=1

m∑
j=1

Mijσ(Dij),

©O¡� f 'u©� T �eÚ�þÚ.w,k

S(f, T ) 6 S(f, T ) 6 S(f, T ).

� T = Tx × Ty � T ′ = T ′x × T ′y ´ D �ü�©�. XJ T ′x ' Tx [, Ó�

T ′y ' Ty [,K¡ T ′ ' T [,P� T 6 T ′.
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½n 5 � T � T ′ ´ D �ü�©�,� T 6 T ′.Kk

S(f, T ) 6 S(f, T ′) 6 S(f, T ′) 6 S(f, T ).

ùÒ´`,3©�\[�L§¥,þÚØOeÚØ~.

½n 6 � T1 � T2 ´ D �ü�©�. Kk

S(f, T1) 6 S(f, T2).

�Ò´`?¿eÚØ¬�u?¿þÚ.

w,eÚ¤¤�8kþ., þÚ¤¤�8ke.. þÚ�e(.¡�þ

È©,P�
∫
f dxdy;eÚ�þ(.¡�eÈ©,P�

∫
f dxdy.u´

∫
f dxdy 6

∫
f dxdy.
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½n 7 � f ´½Â3«m D þ�k.¼ê. @oe¡�o�^��d:

(1) f 3 D þ�È;

(2) lim
‖T‖→0

n∑
i=1

m∑
j=1

ωijσ(Dij) = 0,Ù¥ ωij = Mij −mij;

(3)é?¿ ε > 0�3 D ���©� T ¦�

S(f, T )− S(f, T ) < ε.

(4) f �þÈ©ÚeÈ©��,=∫
f dxdy =

∫
f dxdy.
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½Â 2 � D ⊂ R2 ´��8Ü.XJé?¿�½� ε > 0,�3k��

½����«m(=,Ý/) {In, n ∈ N}¦�

D ⊂
⋃
n∈N

In,

∞∑
n=1

σ(In) 6 ε,

(ùp σ(In)L« In �¡È),@o¡ D � (��)"ÿÝ8,{¡"ÿ8. e

þ¡� In �I�k��,K D ¡�"¡È8.

½n 8 (1)�õ�ê8´"ÿ8,�õ�ê�"ÿ8�¿8�´"ÿ8;

(2)k��"¡È8�¿8�´"¡È8;

(3) B ´"¡È8�du B ´"¡È8;

(4)� B ´k.48. K B ´"ÿ8�du B ´"¡È8;

(5) R2 ¥1w�ã´"¡È8.

½n 9 (Lebesgue ½n) � f(x, y) ´��4«m I ⊂ R2 þ�k.¼ê,

@o f 3 I þ�È�¿©7�^�´: f �mä:�N´��"ÿ8.
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½n 10 � f(x, y) ´��4«m I ⊂ R2 þ�k.¼ê. XJ8Ü

B := {(x, y) ∈ I : f(x, y) 6= 0} ´��"¡È8, @o f 3 I þ�È, �

È©�".

y² w,m8 I◦ \ B ¥�:Ñ´ f �ëY:, Ïd f �mä:Ñ3

∂I ∪ B ¥. Ï� ∂I Ú B Ñ´"¡È8, � ∂I ∪ B �´"¡È8. �â

Lebesgue½n� f 3 I þ�È.±e`² f �È©�".

é I �?¿©� T : {I1, I2, · · · , In},du B ´"¡È8,�3?¿f

Ý/ Ii ¥�3 ξi,¦� f(ξi) = 0.ù� RiemannÚ
n∑
i=1

f(ξi)σ(Ii) = 0.

dÈ©��35,�� ∫
I

fdσ = 0.
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½n 11 � f Ú g Ñ´��4«m I ⊂ R2 þ�k.¼ê, �8Ü

B := {(x, y) ∈ I : f(x, y) 6= g(x, y)} ´��"¡È8. XJ f Ú g ¥k

��3 I þ�È,@o,���3 I þ�È,¿�∫
I

fdσ =

∫
I

gdσ.

y² Ø�� g 3 I þ�È.Ï�¦�k.¼ê f − g Ø�"�:8´
"¡È8,¤±�â½n10� f − g 3 I þ�È,�∫

I

(f − g)dσ = 0.

Ï� g 3 I þ�È,¤± f = (f − g) + g �3 I þ�È,�∫
I

fdσ =

∫
I

(f − g)dσ +

∫
I

gdσ =

∫
I

g dσ.
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