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§9.1 õCþ¼ê9ÙëY5

9.1.1 ²¡þ�:8

3²¡þ�½�����IX,ù��²¡P� R2. �IX¥�ékS

�ê (x, y)éAX²¡þ���: P , §��I´ xÚ y, � E ⊂ R2, kX

e�X�Vg.

(1) ål �M1(x1, y1),M2(x2, y2)´ R2¥�ü�:,§��m�ål�±

dúª

ρ(M1,M2) =
√

(x1 − x2)2 + (y1 − y2)2

½Â£a'u��þ�ýé�¤,ù�½Â�ål,÷vål�n��,=

1◦ �½5: ρ(M1,M2) > 0,�Ò¤á��=�M1 = M2.

2◦ é¡5: ρ(M1,M2) = ρ(M2,M1).

3◦ n�Ø�ª: ρ(M1,M2) 6 ρ(M1,M3) + ρ(M3,M2).
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(2) �� k
ål,Ò�±½Â�:��� (½NC):

B(M0, r) = {M | ρ(M,M0) < r}

ù´��± r ��»�	�,XJ�K�%,ù��:8P�

B−(M0, r) = {M | 0 < ρ(M,M0) < r}.

k�r:8 {(x, y)| |x− x0| < r, |y− y0| < r}���M0(x0, y0)��

�.§´����/�SÜ.�/��Ú�/��¿vk����O,·��

±�âI��¿ÀJ. ùü«���L«�ª, Ñ�±w¤´���/±�

:�¥%�m«m�í2.
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(3) k.8�Ã.8 ��²¡:8 E ¡�k.�, XJ�3���ê R,

¦ E ⊂ B(O,R) (O ��I�:). ÄK¡�Ã.8. éuk.��:8 E,

§��»P�

diamE = sup{ρ(M ′,M ′′)|M ′,M ′′ ∈ E}.
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(4) {8 R2 ¥Øáu E �Ù{Ü©,¡� E �{8,P¤ Ec. w,k

(Ec)c = E.

(5) S:!	:Ú>.: �â{8�½Â, ²¡þ�:�±Uì§� E �

'X©¤n«.

1◦ XJ�3�ê r,¦ B(M, r) ⊂ E,K¡M � E �S:;

2◦ XJ�3 r > 0,¦ B(M, r) ⊂ Ec,K¡M � E �	:;

3◦ XJé?Û r > 0, B(M, r)¥Ñk E

Ú Ec �:, K¡M � E �>.:. E ��

N>.:�8Ü¡� E �>., P¤ ∂E. E

�>.:�±3 E ¥, ��±3 Ec ¥. E �

�NS:|¤�8Ü� E �Ø,P¤ E◦.

E

Ec

S:

	:

>.:
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(6) �á:�à: �M ∈ R2,XJ�3�ê r ¦

B(M, r) ∩ E = {M},

K¡M ´ E ��á:. w, E ��á:7´ E �>.:.

XJé?¿ r > 0, B−(M, r) ¥Ñk E ¥�:, K¡M � E �à:.

5¿, E �à:�±´ E ¥�:,��±Ø´ E ¥�:.

E �S:7½´ E �à:. XJM ∈ ∂E �Ø´ E ��á:, KM

7´ E �à:.

dd��>.:½´�á:,½´à:.

à:K�)
8Ü�S:Ú��á�>.:.
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(7) ²¡:��4� � {Mn}´²¡:�. XkM0 ∈ R2,¦

lim
n→∞

ρ(Mn,M0) = 0,

K¡:� {Mn}�Âñ:�. M0 ¡�:��4�.P¤

lim
n→∞

Mn = M0.

�Mn(xn, yn),M0(x0, y0). Ï�

|xn − x0|, |yn − y0| 6 ρ(Mn,M0) 6 |xn − x0| + |yn − y0|,

¤± limMn = M0 �¿�^�´ limxn = x0 Ú lim yn = y0.

���þ�ê�ØÓ�´,²¡þk4��:�±±�gd��ªÂñ

u�:, ~X:� Pn = (e−n/4 cosn, e−n/4 sinn), w, Pn → O = (0, 0) �

ªu��ª´±Ú^/ª?1�.
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²¡þ�k.:�÷vXe5�,§´¢êëY53 R2 þ�Ny.

½n 1 (Å��ì) ²¡þ�k.:�kÂñ�f�.

y² � Pn = (xn, yn)´k.:�,K {xn}Ú {yn}Ñ´k.ê�. �

âê��Å��ì½n, {xn}kÂñf� {xnk}.

y3�Ä {ynk}.ù�´k.�,Ïd�kÂñf� {ynki}.-

Pnki = (xnki, ynki)

§´ {Pn}�f�,�´Âñ�.
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9.1.2 m8�48

� E ⊂ R2,

e E = E◦,K¡ E ´��m8.

=m8¥�:Ñ´S:.

e Ec ´m8,K¡ E ´48.

m8Ú48��u���ÿ�m«mÚ4«m. ~X, ��²¡ R2, �

²¡ x > 0,�� B(M, r), B−(M, r)�´m8. �8 ∅�´m8,Ï�§v

kØ´S:�:. �´ R2 Ú ∅�´48,�m¥,�kùü�8Ükù«A

Ï5.

m8Ú48kéõ5� (ù
5�3���/´w,�)µ
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5� 1 ü�m8�¿8Ú�8E´m8; ü�48�¿8Ú�8�Ñ

�´48.

T5��í2�: k��m8�¿8Ú�8E´m8; k��48�¿

8Ú�8E´48. �xm8�¿8E´m8,�x48��8E´48.
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5� 2 E ⊂ R2 ´m8�¿©7�^�´ ∂E ∩ E = ∅.

du R2 Td E �S:!>.:!	:¤|¤,=,

R2 = E◦ ∪ ∂E ∪ (Ec)◦,

Ï�>.:Ø´S:,¤±� E ´m8�, ∂E ∩E = ∅. ��,?�M ∈ E,

Ï� E �§�>.vkú�:,¤±M Ø´>.:,�7´S:.
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5� 3 E ⊂ R2 ´48�¿©7�^�´ ∂E ⊂ E.

du ∂E = ∂Ec ¤±� E ´48�, Ec ´m8,d5� 2��,

∂Ec ∩ Ec = ∅,

�Ò´

∂E ∩ Ec = ∅,

¤± ∂E ⊂ E. ù��í�´���_�.
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5� 4 E ⊂ R2 ´48�¿�^�´ E �¹Ù�Üà:.

ù´Ï���à:½´S:, ½´>.:. �48�¹Ù�Üà:. �

�, Ï���:8�>.:dÙà:½´�á:|¤, ¤±à:3 E ¥, Ò

¿�X E �¹Ù�Ü>.:.
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9.1.3 ëÏ5

²¡��ëêL« �kü�ëY¼ê

x = x(t), y = y(t), (α 6 t 6 β),

¡²¡þ�:8

L = {(x(t), y(t))| α 6 t 6 β}

��^²¡�. x = x(t), y = y(t)¡� L�ëê�§.

XJ x(t), y(t)Ñ3 [α, β]ëY��, ¿� x′(t), y′(t)ØÓ��", K¡

� L´1w�.

XJé?¿ α 6 t1 < t2 < β,Ñk (x(t1), y(t1)) 6= (x(t2), y(t2)),K¡ L

´�^{ü�½ Jordan�.

XJM(α) = (x(α), y(α)) = M(β) = (x(β), y(β)),K¡ L´�^4

�.
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éÏ5 � E ⊂ R2. �ò E ?¿©¤ü����Ø���8Ü A Ú

B �,K AÚ B ¥,Ù¥��¹k,���à:,Ò¡ E ´ëÏ8.

�´éÏ5 ²¡þ��:8 E ⊂ R2 ¡��´ëÏ8,XJéu E ¥

?¿ü: P,Q,Ñ�3 E ¥��^²¡�ë��,=�3²¡�

L = {M(t) = (x(t), y(t))| α 6 t 6 β} ⊂ E,

(Ù¥ x(t)Ú y(t)Ñ´ t�ëY¼ê)¦�

M1 = M(α) = (x(α), y(α)), M2 = M(β) = (x(β), y(β)).

���´ëÏm8¡�«�,«��§�>.�¿8¡�4�.

E

M

M

1

2
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5� XJr�´ëÏ8 E ©¤���Ø���ü�Ü© A,B ÷v

A ∩B = ∅, A ∪B = E,

K AÚ B 7kú��>.:,=,�´ëÏ8´ëÏ8.

y² 3 A¥?�: M1,3 B ¥?�: M2. � E ¥�

L = {M(t) = (x(t), y(t))| α 6 t 6 β},

¦M(α) = M1, M(β) = M2. �

t0 = inf{t|M(t) ∈ B}.

XJM(t0) ∈ A,K t0 < β. ?� ε > 0,k δ > 0,¦� 0 < t− t0 < δ �k

|x(t)− x(t0)| < ε/2, |y(t)− y(t0)| < ε/2.

d t0 ��{��,k t0 < t′ < t0 + δ ¦M(t′) ∈ B. =3 O(M(t0), ε)¥k

B ¥�: M(t′). ¤±M(t0)´ A,B �ú�>.:.

XJM(t0) ∈ B,Ky²aq.
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üëÏÚõëÏ«�

XJ«� D S?�^{ü4��SÜ�3 D S, K¡ D ´üë

Ï�,=«�vk�É.��,Ò¡ D ´õëÏ�.

�
�O(/`²ùüa«��«O, � D ´ R2 ¥�k.«�. XJ

D �{8 Dc´d n (n > 1)�pØ���ëÏ48|¤�,Ò¡ D ´��

n ëÏ�, n �� D �ëÏê. n = 1 �, ¡ D �üëÏ�, n > 2 �¡ D

�õ (E)ëÏ�.�D´ R2¥�Ã.«�,XJ�3 R0 > 0,¦� R > R0

� D ∩ O(O,R)´ nëÏ�,K¡ D ´ nëÏ�.
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