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1 1 Ù 4�

§1.1 ¢ê

1.1.1 8Ü

8½¡8Ü´�Ä��êÆVg, ØU^Ù§êÆVg5½Â, �U^

�ó5£±�x. ¤¢8ÜÒ´�æ(½�!ØÓ�!äk,
á5�é�

��N. ·�Øò@«�Û��r��¯ÔÑK)Ù¥�ÀÜ¡�8Ü, Ï

�ù�¬��¤¢8Ü�Ø. ·�¡8Ü¥�é����. S.þ^��=

©i1 A,B,C, · · · �5L«8Ü,^��=©i1 a, b, c, · · · �5L«8
Ü¥���.e a´8Ü A¥���,KP¤ a ∈ A,½ A 3 a.� aØ´8

Ü A����,P� a 6∈ A.
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A

B

e8Ü A�¤k��Ñ38Ü B ¥, KP� A ⊂ B,½ B ⊃ A,d�

¡ A´ B �f8. � A ⊂ B,Ó� B ⊂ A,=, AÚ B k���Ó���

�,P� A = B.ò��8Ü����Ü�Ñ,ù�8ÜÒC��Ã�Ô.d

«�Ã�Ô�8Ü¡��8,P� ∅. ·��½�8´?Û8Ü�f8.

XJA1, A2, · · · , AnÑ´��8Ü,@od¤kn��| (a1, a2, · · · , an)
(Ù¥ ai ∈ Ai)/¤�8Ü¡�A1, · · · , An��È,P�A1×A2×· · ·×An.

AO n� A��ÈP� An.
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A ∪B A ∩B A \B Ac

A

ò8Ü A �8Ü B �¤k��Ü3�å/¤�#8Ü¡� A � B

�¿8, P� A ∪ B. áu A Ó��áu B �@
��/¤�8Ü¡� A

� B ��8,P� A∩B.áu A�Øáu B ���|¤�8Ü¡� A�

B ��8,P� A \B.�3,��8Ü X ¥5�Ä¯K�,Øáu A��

�¤¤�8¡� A�{8,½Ö8,P� Ac.

w,¿$�Ú�$�÷v��ÆÚ(ÜÇ,=k

1◦ A ∪B = B ∪A; (¿���Ç)

2◦ A ∪ (B ∪ C) = (A ∪B) ∪ C; (¿�(ÜÇ)

3◦ A ∩B = B ∩A; (����Ç)

4◦ A ∩ (B ∩ C) = (A ∩B) ∩ C. (��(ÜÇ)
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XJë�¿½�$��´�x8Ü Aα, (α ∈ I),ùp I ¡��I8,Ù

¥�UkÃ¡õ���,@où�x8Ü�¿Ú�©OP¤:⋃
α∈I

Aα Ú
⋂
α∈I

Aα

ØJ�ye¡¿Ú��$�5�:

1◦ B ∩
( ⋃
α∈I

Aα

)
=
⋃
α∈I

(B ∩Aα); (�'u¿�©�Ç)

2◦ B ∪
( ⋂
α∈I

Aα

)
=
⋂
α∈I

(B ∪Aα); (¿'u��©�Ç)

3◦
( ⋃
α∈I

Aα

)c
=
⋂
α∈I

Ac
α;

4◦
( ⋂
α∈I

Aα

)c
=
⋃
α∈I

Ac
α.
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1.1.2 ¢ê

<a�yk3)�¢�¹Ä¥�
Oê�I�u²
 1, 2, 3, · · · , ùa
·�¡����ê�ê,¿u²
\{$�Ú¦{$�,��qu²
 0 (")

ÚK�ê −1,−2,−3, · · · ±9~{$�.·�^ Z+ 5L«��ê. ^ NL
«��ê� {0} �¿. ��ê, ", K�ê�NÜ¡�ê, ^ Z L«. �
L

«l m �Ô�¥�Ñ
 n �Ô�, u²
 n
m
ù��©ê, ©ê�m�Ø{

��X�u²
. ·�^ Q5L«¤k�êÚ�K©ê��N,¡��kn

ê. 3�������ÏS,ÑvkÑy#�ê,�
<$�@�knê�±

÷v��I¦
. du3¢�¥²~�Ýþ�ã��Ý, �	ü^�ã��

á,±9�½�ü^�ã´ÄUÓ��,1n^�á��ãþ¦ (=,�ÝÓ

�´1n^�ã��ê�) ù��¯KÒ�)
. ü��ãXJÓ�U�1

n^�ãþ¦,Ò¡ùü^�ã´�úÝ�.
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�F1êÆ[.�x.d (Pythagoras)@��úÝù�¯´ÈT�¦�,

Ï��kù�, ?¿ü^�ã�Ý�'�âÑ´knê. ¦|^ù�g�y

²
�qn�/�n^>éA¤'~�½n. 3��.¼�y²�±`´Ã

��Â�. �,.¼Æ��uy/?¿ü^�ãÑ�úÝ0�k¦¯,�¦�

o´k¿£;. .¼Æ��� c�ÆöFø¢d (Hippasus) �X¢¯¦´

�° &¢'u�úÝ�k�b�´Ä¤á. (J¦uy�Ê>/�>Úé

��´Ø�úÝ�.

Xã�k�Ê>/ ABCDE. �

â²¡AÛ�£��, BA = BF,

FA = FE. ò� BA � G ¦ AG =

AF ,ò�DE �H ¦ EH = EF ,ë

� G Ú H. u´ AFEHG �´��

�Ê>/, Ùé�����u�Ê>

/�>�,
>��u�Ê>/�é�

A

B

E

F G

H

C

D
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��>���. lù���Ê>/Ñu��±^Ó��{������Ê>

/,±�u�±��Ãê��5����Ê>/.

b� BE � BA´�úÝ�,�±� BE = md, BA = nd,ùpm,n

´g,ê, d´^5úÝBEÚBA�1n^��ã��Ý.´�AE = nd,

AG = (m− n)d. Ïd,�Ê>/�>�'�Ê>/�>����´ d��

ê�, ù`²�Ê>/�õk n �. ù��±��Ãê��Ê>/�(Ø´

gñ�,l
y²
�Ê>/�>Úé��´Ø�úÝ�.

Fø¢d�^aq��{y²
��/�é���>�´Ø�úÝ�.
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���L«?¿ü^�ã�'�Ò7LÚ\#�ê, =, �òknê8

Q ?1*¿. b� Q �*¿¤���8Ü, P� R, �â®��knê¤÷
v�5�,·�Ï"8Ü RA÷vXe5�:

\{ é?¿ (x, y) ∈ R2�3����� x+y ∈ R��éA,¡ x+y

� x� y �Ú.

¦{ é?¿ (x, y) ∈ R2,�3����� x · y ∈ R��éA,¡ x · y
� x� y �È.

kS R¥���k'X 6,=é?¿ x, y ∈ R,k x 6 y ½ö y 6 x.


�ùü«$�´����,=

x + y = y + x, x · y = y · x,

�´�(Ü�,=

x + (y + z) = (x + y) + z, x · (y · z) = (x · y) · z.
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�A÷ve¡^�:

P01: �3"� 0 ∈ R¦é?Û x ∈ R,k x + 0 = 0 + x = x.

P02: é?Û x ∈ R,�3 −x ∈ R,¡� x�K�,¦� x + (−x) = 0.

P03: �3o� 1 ∈ R,¦é?Û x ∈ R,k x · 1 = 1 · x = x.

P04: éz��"� x,�3 x−1 ∈ R,¡� x�_�,¦� x · x−1 = 1.

P05: é?¿ x, y, z ∈ R,k x · (y + z) = x · y + x · z.¡�©�Ç.

P06: é?Û x ∈ R,k x 6 x.

P07: é x, y ∈ R,e x 6 y, y 6 xÓ�¤á,K x = y.

P08: é x, y, z ∈ R,e x 6 y, y 6 z,K x 6 z.¡�D45.

P09: é x, y, z ∈ R,e x 6 y,K x + z 6 y + z.

P10: é x, y ∈ R,e 0 6 xÓ� 0 6 y,K 0 6 x · y.

½Â
±þü«$�ÚS'X¿÷v5� P01-P10 �8Ü¡��ê(��,

{¡�.knê�N Q�(÷v±þ5�,Ïd, Q´���,¡�knê�.
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ù
5��ØU��V)¢ê��Ü5�,·�I�\þe¡ù^­�

5�.

½n 1 (��ún) XJ X � Y ´ R �ü���f8, �éu?¿

x ∈ X, y ∈ Y,Ñk x 6 y,@o,�3 c ∈ R,¦�é?¿ x ∈ X, y ∈ Y,
k x 6 c 6 y.

½Â
\{!¦{!S'X, ¿÷v5� P01-P10 Ú��ún�8Ü R
¡�¢ê8Ü,ù��8Ü´�3�,��7 (Dedekind)!x÷ (Cantor)!�V

(Meray)±9°Ï (Heine)Q^ØÓ��{½Â
¢ê8Ü.¢Sþ,§�´�

pÓ��,=�p�m�±ïá��éA,¿�±ü«$��(�ØC.

¢ê8Ü¥���¡�¢ê. ±�Ò^i1 RL«¢ê8Ü.
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½Â 1 � R ´¢ê8Ü. e8Ü X ⊂ R k5�: � x ∈ X �7k
x + 1 ∈ X,K¡ X ´��8B8.

½Â 2 �¹ 1���8B8¡���ê8,P� Z+.

ddÑuÒ�±½Â�ê8Ü Z, knê8Ü Q. �,¢ê8Ü´kn

ê8Ü�*¿,��¢êeØ´knêÒ¡�Ãnê.

CÄ���n � h´���ê,@oéu?Û¢ê xÑUé����

�ê k,¦� (k − 1)h 6 x < kh.

e¡´��ê8Ü�A^~^5�:
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ê8Ü�*¿,��¢êeØ´knêÒ¡�Ãnê.

CÄ���n � h´���ê,@oéu?Û¢ê xÑUé����

�ê k,¦� (k − 1)h 6 x < kh.

e¡´��ê8Ü�A^~^5�:

(1)éu?¿�ê ε,�3��ê n¦� 0 < 1
n
< ε.
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(2)XJ x > 0�éu?Û n ∈ Z+ k x < 1
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,@o x = 0.

(3)XJ a, b ∈ R� a < b,K�3 r ∈ Q,¦� a < r < b.
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< ε.

(2)XJ x > 0�éu?Û n ∈ Z+ k x < 1
n
,@o x = 0.

(3)XJ a, b ∈ R� a < b,K�3 r ∈ Q,¦� a < r < b.

(4)éu?Û x ∈ R,�3����ê k ¦� k 6 x < k + 1.ù� k ¡� x

��êÜ©,P� [x].

13/16

‖J I‖ J I �£ �¶ '4 òÑ



1.1.3 Ø�ª

BernouliiØ�ª � x > −1, n > 1´��ê,Kk

(x + 1)n > 1 + nx.
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1.1.3 Ø�ª

BernouliiØ�ª � x > −1, n > 1´��ê,Kk

(x + 1)n > 1 + nx.

y² ^êÆ8B{N´y².
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1.1.3 Ø�ª

BernouliiØ�ª � x > −1, n > 1´��ê,Kk

(x + 1)n > 1 + nx.

y² ^êÆ8B{N´y².

Bernoulii Ø�ª�í2 � n > 1 ´g,ê, � xi > −1 (i = 1, 2, · · · , n)
�ÑÓÒ,Kk

n∏
i=1

(xi + 1) > 1 +

n∑
i=1

xi.
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²þØ�ª � a1, a2, · · · , an ´ n��¢ê,Kk

n
1
a1

+ 1
a2

+ · · · + 1
an

6 n
√
a1a2 · · · an 6

a1 + a2 + · · · + an
n

.
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²þØ�ª � a1, a2, · · · , an ´ n��¢ê,Kk

n
1
a1

+ 1
a2

+ · · · + 1
an

6 n
√
a1a2 · · · an 6

a1 + a2 + · · · + an
n

.

y² (1) ^8B{�±y²� n = 2, 4, · · · , 2k, · · · �, m>Ø�ª¤

á.

(2)b�m>Ø�ªé?¿ n��ê¤á,- a = a1+a2+···+an−1
n−1 ,Kk

n
√
a1a2 · · · an−1a 6

a1 + a2 + · · · + an−1 + a
n

= a,

z{=�
n−1√a1a2 · · · an−1 6

a1 + a2 + · · · + an−1
n− 1

,

ù`²²þØ�ªm>é?¿ n− 1��ê�¤á. (1)Ú (2)L²²þØ�

ªm>é��g,ê n¤á.
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CauchyØ�ª � x1, x2, · · · , xn; y1, y2, · · · , yn ´ü|¢ê,Kk(
n∑
i=1

xiyi

)2

6

(
n∑
i=1

x2
i

)(
n∑
i=1

y2
i

)
.
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6

(
n∑
i=1

x2
i

)(
n∑
i=1

y2
i

)
.

y² é?¿¢ê tk

0 6
n∑
i=1

(xit + yi)
2 =

(
n∑
i=1

x2
i

)
t2 + 2

(
n∑
i=1

xiyi

)
t +

n∑
i=1

y2
i .

m>ù�'u t ����gªo�K, ÏdÙ�Oª��, l
�� Cauchy

Ø�ª.
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m>ù�'u t ����gªo�K, ÏdÙ�Oª��, l
�� Cauchy

Ø�ª.

y{2 - Xi =
xi√∑n
i=1 x

2
i

, Yi =
yi√∑n
i=1 y

2
i

, K
∑n

i=1X
2
i = 1,

∑n
i=1 Y

2
i = 1,

d XiYi 6 1
2
X2
i +

1
2
Y 2
i ,�

n∑
i=1

XiYi 6 1.
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