
§3.2 �©

3.2.1 �©�½Â

½Â 1 � y = f(x) 3�½�: x �NCk½Â. XJ�3ê A = A(x)

¦�

f(x + ∆x)− f(x) = A · ∆x + o(∆x), (� ∆x→ 0 �)

K¡ f 3 x��,�5Ü© A ·∆x¡�¼ê y = f(x)3 x?��©,P�

dy = A · ∆x, ½ df(x) = A · ∆x.

¼ê f(x)3 x��,Ò´`3 x?,¼ê�Oþ∆y = f(x+∆x)−f(x)

��© A · ∆x����'ugCþOþ ∆x�p�Ã¡�þ.
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½n 1 ¼ê y = f(x) 3 x ���¿©7�^�´ f(x) 3 x ��, ù�

dy = f ′(x)∆x. Ïd¼ê3�:��k��¡�3�:��.

2/20

‖J I‖ J I �£ �¶ '4 òÑ



½n 1 ¼ê y = f(x) 3 x ���¿©7�^�´ f(x) 3 x ��, ù�

dy = f ′(x)∆x. Ïd¼ê3�:��k��¡�3�:��.

y² XJ¼ê f 3 x��,= ∆y = A · ∆x + o(∆x),K
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dy = f ′(x)∆x. Ïd¼ê3�:��k��¡�3�:��.
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lim
∆x→0

f(x + ∆x)− f(x)

∆x
= lim

∆x→0

∆y

∆x
= lim

∆x→0

(
A +

o(∆x)

∆x

)
= A
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− f ′(x) = 0.
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(f(x + ∆x)− f(x))

∆x
− f ′(x) = 0.

ù`²

ε =
∆y − f ′(x)∆x

∆x
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ù`²

ε =
∆y − f ′(x)∆x

∆x
´� ∆x→ 0��Ã¡�þ: ε = o(1).
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ε =
∆y − f ′(x)∆x

∆x
´� ∆x→ 0��Ã¡�þ: ε = o(1).¤± ∆y = A · ∆x + o(∆x),

Ù¥ A = f ′(x). Ïd¼ê3 x?��.
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5¿, ¼ê y = f(x) 3�: x ��©´��� x �'��5N�,

§ò ∆x N� f ′(x)∆x, Ø´,�� x �¼ê. AO, �·��	¼ê

y = f(x) = x�,Ò��

dy = dx = (x)′∆x = ∆x.

d�gCþ��©�gCþ�UCþ��. u´¼ê y = f(x)3: x��

©q�P¤

dy = df(x) = f ′(x)dx.

y3, dx� dy Ñk��(½�¿Â,§�©O´gCþ xÚ¼ê y ��©,

¿�
dy

dx
=
df(x)

dx
= f ′(x).

=¼ê3�:��ê´ÙÏCþ��©ÚgCþ��©�û. ± ·�r
dy
dx
������PÒ5L«�û,y3�±ò§w¤ /́ü��©�û0.

ù� /́�û0ù�¶c�5d.
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AÛ)º Xã,L y = f(x)
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∆y

x x + ∆x

α

L

y = f(x)

} dy

ã 3.1

�ã�þ�: (x, f(x)) ���

L. ´�, ¼êã�p�I�UC

þ£=¼ê�UCþ¤´ ∆y, 

Lþ:�p�I�UCþÒ´¼

ê y = f(x) 3: x ?��©

dy = f ′(x)∆x.

du |∆y− dy| = o(∆x),�

� |∆x| é��, ¼ê3: x �

UCþ����UCþ��, �

'gCþ�UCþ ∆x 5`, ´p�Ã¡�. Ïd3: x NC, �±^L

(x, f(x)) ����O¼ê£ã��. ùÒ´�È©¥/±��0�Ä�

g´.
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CqO� Ï�¼ê sinx, tanx, ex, ln(1 + x) 3 0 :��ê´ 1 ¤±

3 0NCk

sinx ≈ x, tanx ≈ x, ex ≈ 1 + x, ln(1 + x) ≈ x.

¼ê (1 + x)α 3 0:��ê´ α,¤±3 0NCk

(1 + x)α ≈ 1 + αx.
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CqO� Ï�¼ê sinx, tanx, ex, ln(1 + x) 3 0 :��ê´ 1 ¤±

3 0NCk

sinx ≈ x, tanx ≈ x, ex ≈ 1 + x, ln(1 + x) ≈ x.

¼ê (1 + x)α 3 0:��ê´ α,¤±3 0NCk

(1 + x)α ≈ 1 + αx.

~ 1

√
101 = (100 + 1)1/2 = 10

(
1 +

1

100

)1/2

≈ 10

(
1 +

1

2
·

1

100

)
= 10.05,
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(1 + x)α ≈ 1 + αx.

~ 1

√
101 = (100 + 1)1/2 = 10

(
1 +

1

100

)1/2

≈ 10

(
1 +

1

2
·

1

100

)
= 10.05,

~ 2

5
√

245 = (243 + 2)1/5 = 3

(
1 +

2

243

)1/5

≈ 3

(
1 +

1

5
·

2

243

)
,

Ï� 1
5
· 2

243
≈ 0.0016,¤±

5
√

245 ≈ 3.0048.
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3.2.2 �©$��Ä�úªÚ{K

d�©�L�ª dy = f ′(x)dx ±9Ä�Ð�¼ê�¦�úª, �±é

A/�ÑÄ�Ð�¼ê/�©úª:

d(c) = 0 (c�~ê);

d sinx = cosx dx; d cosx = − sinx dx;

d tanx = sec2 x dx; d cotx = − csc2 x dx;

d arcsinx = 1√
1−x2

dx; d arccosx = − 1√
1−x2

dx;

d arctanx = 1
1+x2 dx; darccotx = − 1

1+x2 dx;

dex = ex dx; d lnx = 1
x
dx;

dax = ax ln a dx; d loga x = 1
x ln a

dx;

dxµ = µxµ−1 dx;
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d	,du�©Ú�ê�éA'X,·�ØJ��e�½n.

½n 2 �¼ê uÚ v 3 x?��,K¼ê cu, u ± v, u · v, u
v
£Ù¥, é

u���©ª, v 6= 0¤3 x?��,�k

d(cu) = cdu,Ù¥ c�~ê;

d(u± v) = du± dv;
d(uv) = vdu + udv;

d
(
u
v

)
= vdu−udv

v2 , v 6= 0.
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½n 3 � y = ϕ(x) ½Â3«m I þ, z = f(y) ½Â3���¹ ϕ(I) �

«m J þ. XJ y = ϕ(x) 3 x þ��, z = f(y) 3 y = ϕ(x) ?��, K

EÜ¼ê z = f(ϕ(x))3 x?���,¿k

dz = f ′(y)dy,

Ù¥ dy = ϕ′(x)dx´¼ê y = ϕ(x)3 x?��©.
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½n 3 � y = ϕ(x) ½Â3«m I þ, z = f(y) ½Â3���¹ ϕ(I) �

«m J þ. XJ y = ϕ(x) 3 x þ��, z = f(y) 3 y = ϕ(x) ?��, K

EÜ¼ê z = f(ϕ(x))3 x?���,¿k

dz = f ′(y)dy,

Ù¥ dy = ϕ′(x)dx´¼ê y = ϕ(x)3 x?��©.

y² d�©L�ªÚEÜ¼ê¦��óª{K,k

dz = (f(ϕ(x)))′dx = f ′(ϕ(x))ϕ′(x)dx

= f ′(y)dy.

½n 3`²,l/ªþwÃØ y´gCþ�´¥mCþ, z = f(y)�£�

�¤�©äk�Ó�/ª df(y) = f ′(y)dy. ù«5�¡����©/ªØC

5.
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~ 3 ¦¼ê y = ln(x +
√
x2 + a2)��©,Ù¥ a´~ê.
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~ 3 ¦¼ê y = ln(x +
√
x2 + a2)��©,Ù¥ a´~ê.

)

d
(

ln(x +
√
x2 + a2)

)
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~ 3 ¦¼ê y = ln(x +
√
x2 + a2)��©,Ù¥ a´~ê.

)

d
(

ln(x +
√
x2 + a2)

)
=
d(x +

√
x2 + a2)

x +
√
x2 + a2
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~ 3 ¦¼ê y = ln(x +
√
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)

d
(

ln(x +
√
x2 + a2)

)
=
d(x +

√
x2 + a2)

x +
√
x2 + a2

=
1

x +
√
x2 + a2

(
dx +

d(x2 + a2)

2
√
x2 + a2

)
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~ 3 ¦¼ê y = ln(x +
√
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dx
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~ 3 ¦¼ê y = ln(x +
√
x2 + a2)��©,Ù¥ a´~ê.

)

d
(

ln(x +
√
x2 + a2)

)
=
d(x +

√
x2 + a2)

x +
√
x2 + a2

=
1

x +
√
x2 + a2

(
dx +

d(x2 + a2)

2
√
x2 + a2

)
=

1

x +
√
x2 + a2

(
1 +

x
√
x2 + a2

)
dx

=
1

√
x2 + a2

dx.

dd��±��T¼ê��ê
dy

dx
=

1
√
x2 + a2

.
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~ 4 � 0 < q < 1,¼ê y = y(x)÷ve��§

y − x− q sin y = 0.

¦¼ê y = y(x)��ê.
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~ 4 � 0 < q < 1,¼ê y = y(x)÷ve��§

y − x− q sin y = 0.

¦¼ê y = y(x)��ê.

) ·�ØUl�§¥)Ñ y �w«L«,Ïd�
¦ y′(x),3þ��

ª�üàé x¦�©,¿|^���©/ª�ØC5,�

dy − dx− q cos ydy = 0.

�

y′(x) =
dy

dx
=

1

1− q cos y
.
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1. � f(x)3«m [0, 1]þëY,� f(0) = f(1).¦y: é?¿g,ê n,

3«m [0, 1− 1
n
]¥�3�: ξ,¦� f(ξ) = f(ξ + 1

n
).

11/20

‖J I‖ J I �£ �¶ '4 òÑ



1. � f(x)3«m [0, 1]þëY,� f(0) = f(1).¦y: é?¿g,ê n,

3«m [0, 1− 1
n
]¥�3�: ξ,¦� f(ξ) = f(ξ + 1

n
).

y² �	¼ê g(x) = f(x)− f(x + 1
n
).d¼ê´«m [0, 1− 1

n
]þ�

ëY¼ê. �Iy² g(x)3 [0, 1− 1
n
]þk":.
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ëY¼ê. �Iy² g(x)3 [0, 1− 1
n
]þk":.

e g(x)3 [0, 1− 1
n
]þÃ":,Kd0�½n�, g(x)3 [0, 1− 1

n
]þð

��,½öð�K.
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1. � f(x)3«m [0, 1]þëY,� f(0) = f(1).¦y: é?¿g,ê n,

3«m [0, 1− 1
n
]¥�3�: ξ,¦� f(ξ) = f(ξ + 1

n
).

y² �	¼ê g(x) = f(x)− f(x + 1
n
).d¼ê´«m [0, 1− 1

n
]þ�

ëY¼ê. �Iy² g(x)3 [0, 1− 1
n
]þk":.

e g(x)3 [0, 1− 1
n
]þÃ":,Kd0�½n�, g(x)3 [0, 1− 1

n
]þð

��,½öð�K.

e g(x)3 [0, 1− 1
n
]þð��,Kk

g(
j

n
) = f(

j

n
)− f(

j

n
+

1

n
) > 0, j = 0, 1, · · · , n− 1.

òþªé j = 0, 1, · · · , n− 1¦Ú,��

f(0) > f(1).

ù�^�gñ!

e g(x)3 [0, 1 − 1
n
]þð�K,K�aq/�� f(0) < f(1).��^�

gñ!
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2. ¦yé?¿g,ê n, �§ xn + xn−1 + · · · + x = 1 Tk����

xn;?�Úy²,ê� {xn}Âñ,¿¦Ù4�.
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2. ¦yé?¿g,ê n, �§ xn + xn−1 + · · · + x = 1 Tk����

xn;?�Úy²,ê� {xn}Âñ,¿¦Ù4�.

y² Ï�¼ê f(x) = xn + xn−1 + · · ·+ x− 13 [0,+∞)´î�üN

4O�ëY¼ê,� f(0) = −1 < f(1) = n− 1,¤±�â0�½n,k�

���ê xn ¦� f(xn) = 0.=, xn ´¤��§������.
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2. ¦yé?¿g,ê n, �§ xn + xn−1 + · · · + x = 1 Tk����

xn;?�Úy²,ê� {xn}Âñ,¿¦Ù4�.

y² Ï�¼ê f(x) = xn + xn−1 + · · ·+ x− 13 [0,+∞)´î�üN

4O�ëY¼ê,� f(0) = −1 < f(1) = n− 1,¤±�â0�½n,k�

���ê xn ¦� f(xn) = 0.=, xn ´¤��§������.

�â¤�,k

xnn + xn−1
n + · · · + xn = 1, (1)

xn+1
n+1 + xnn+1 + · · · + xn+1 = 1. (2)
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2. ¦yé?¿g,ê n, �§ xn + xn−1 + · · · + x = 1 Tk����

xn;?�Úy²,ê� {xn}Âñ,¿¦Ù4�.

y² Ï�¼ê f(x) = xn + xn−1 + · · ·+ x− 13 [0,+∞)´î�üN

4O�ëY¼ê,� f(0) = −1 < f(1) = n− 1,¤±�â0�½n,k�

���ê xn ¦� f(xn) = 0.=, xn ´¤��§������.

�â¤�,k

xnn + xn−1
n + · · · + xn = 1, (1)

xn+1
n+1 + xnn+1 + · · · + xn+1 = 1. (2)

e xn 6 xn+1,K xnn+1 + · · ·+xn+1 > xnn +xn−1
n + · · ·+xn = 1,ù� (2)

ªgñ. Ïd7k xn > xn+1.=,ê� {xn}´î�üN4~��ê�. u´

§´Âñ�. � limxn = d.
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3 (1)�ü>¦± 1− xn ��

xn(1− xnn) = 1− xn. (3)
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3 (1)�ü>¦± 1− xn ��

xn(1− xnn) = 1− xn. (3)

Ï�� n > 2�, xn 6 x2 < x1 = 1,¤± xnn→ 0.

13/20

‖J I‖ J I �£ �¶ '4 òÑ



3 (1)�ü>¦± 1− xn ��

xn(1− xnn) = 1− xn. (3)

Ï�� n > 2�, xn 6 x2 < x1 = 1,¤± xnn→ 0.

3 (3)¥- n→ +∞�

d = 1− d.

u´ d = 1
2
.
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3. � a < b. f(x)3 [a, b]þëY,�é?¿ x ∈ [a, b)�3 y ∈ (x, b)

¦� f(y) > f(x).¦y: f(a) < f(b).
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3. � a < b. f(x)3 [a, b]þëY,�é?¿ x ∈ [a, b)�3 y ∈ (x, b)

¦� f(y) > f(x).¦y: f(a) < f(b).

y² éu a,�â^���,�3 y1 ∈ (a, b),¦� f(y1) > f(a).�

E = {x ∈ (y1, b) : f(x) > f(y1)}.
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3. � a < b. f(x)3 [a, b]þëY,�é?¿ x ∈ [a, b)�3 y ∈ (x, b)

¦� f(y) > f(x).¦y: f(a) < f(b).

y² éu a,�â^���,�3 y1 ∈ (a, b),¦� f(y1) > f(a).�

E = {x ∈ (y1, b) : f(x) > f(y1)}.

K�â^�,8Ü E ´��k.�. - B = supE.K B ∈ (y1, b],�l f ë

Y5�� f(B) > f(y1).l f(B) > f(a).
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3. � a < b. f(x)3 [a, b]þëY,�é?¿ x ∈ [a, b)�3 y ∈ (x, b)

¦� f(y) > f(x).¦y: f(a) < f(b).

y² éu a,�â^���,�3 y1 ∈ (a, b),¦� f(y1) > f(a).�

E = {x ∈ (y1, b) : f(x) > f(y1)}.

K�â^�,8Ü E ´��k.�. - B = supE.K B ∈ (y1, b],�l f ë

Y5�� f(B) > f(y1).l f(B) > f(a).

b� B < b,K2�â^���, �3 y2 ∈ (B, b),¦� f(y2) > f(B).

Ï f(y2) > f(y1).ù`² y2 ∈ E,� y2 > B.�ù� B ´ E �þ(.g

ñ! u´7k B = b.

ùÒy²
 f(b) > f(a).
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4. (ëY�)� f(x)3«m [a, b]þëY,é δ > 0½Â

ωf(δ) = max
x,y∈[a,b]
|x−y|6δ

|f(x)− f(y)|

¡� f(x)�ëY�,2½Â�K�ê

λ(x, y, δ) =

[
|x− y|
δ

]
.

¦y

|f(x)− f(y)| 6 (1 + λ(x, y, δ))ωf(δ); (1)

lim
δ→0

ωf(δ) = 0; (2)

ωf(δ1 + δ2) 6 ωf(δ1) + ωf(δ2). (3)
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y² éu x, y ∈ [a, b]Ø�� x < y.e y − x 6 δ,Kk

|f(y)− f(x)| 6 ωf(δ) 6 (1 + λ(x, y, δ))ωf(δ),

d� (1)¤á.
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y² éu x, y ∈ [a, b]Ø�� x < y.e y − x 6 δ,Kk

|f(y)− f(x)| 6 ωf(δ) 6 (1 + λ(x, y, δ))ωf(δ),

d� (1)¤á.

e y − x > δ,K λ > 1.d½Â,k

y − x
δ
− 1 < λ 6

y − x
δ

,

=,

y − δ < x + λδ 6 y.

P xj = x + jδ, j = 0, 1, · · · , λ.Kk

0 6 y − xλ < δ, 0 < xj+1 − xj = δ, j = 0, 1, · · · , λ− 1.

Ïk

|f(y)− f(xλ)| 6 ωf(δ),

|f(xj+1)− f(xj)| 6 ωf(δ), j = 0, 1, · · · , λ− 1.
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òù
Ø�ª�\,��

|f(y)− f(x)| 6 (1 + λ)ωf(δ).

d� (1)E¤á.
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òù
Ø�ª�\,��

|f(y)− f(x)| 6 (1 + λ)ωf(δ).

d� (1)E¤á.

Ï� [a, b]þ�ëY¼ê´��ëY�,¤±é?¿�ê ε,�3 δ1 > 0,

� x, y ∈ [a, b]� |y − x| 6 δ1 �,k

|f(y)− f(x)| < ε.

Ï

ωf(δ1) 6 ε.

lëY��½Â�� ωf(δ)�� δ �¼ê´4O�,u´� 0 < δ < δ1´Ñ

k ωf(δ) 6 ε.ùÒy²


lim
δ→0

ωf(δ) = 0.
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� δ1, δ2 ´�ê. éu?¿ x, y ∈ [a, b] ¿� |y − x| 6 δ1 + δ2. �À�

x� y �m��: z ¦� |y − z| 6 δ1, |z − x| 6 δ2.Ïd,k

|f(y)− f(x)| 6 |f(y)− f(z)| + |f(z)− f(x)| 6 ωf(δ1) + ωf(δ2).

d x, y �?¿5,��

ωf(δ1 + δ2) 6 ωf(δ1) + ωf(δ2).

u´ (iii)¤á.
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5. (3«mþ��Ì)� f(x)´«m I þ�k.¼ê. ¡

ωf(I) = sup
x,y∈I
|f(y)− f(x)| = sup

y∈I
f(y)− inf

x∈I
f(x)

� f(x)3«m I þ��Ì.
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5. (3«mþ��Ì)� f(x)´«m I þ�k.¼ê. ¡

ωf(I) = sup
x,y∈I
|f(y)− f(x)| = sup

y∈I
f(y)− inf

x∈I
f(x)

� f(x)3«m I þ��Ì.

w,,� I ⊂ J �,k

ωf(I) 6 ωf(J).
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5. (3«mþ��Ì)� f(x)´«m I þ�k.¼ê. ¡

ωf(I) = sup
x,y∈I
|f(y)− f(x)| = sup

y∈I
f(y)− inf

x∈I
f(x)

� f(x)3«m I þ��Ì.

w,,� I ⊂ J �,k

ωf(I) 6 ωf(J).

6. (3�:��Ì)� f(x)´«m I þ�k.¼ê. éu x ∈ I, δ > 0,

P Ix(δ) = (x− δ, x + δ) ∩ I.¡

ωf(x) = lim
δ→0+

ωf(Ix(δ))

� f(x)3: x ∈ I ��Ì.
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5. (3«mþ��Ì)� f(x)´«m I þ�k.¼ê. ¡

ωf(I) = sup
x,y∈I
|f(y)− f(x)| = sup

y∈I
f(y)− inf

x∈I
f(x)

� f(x)3«m I þ��Ì.

w,,� I ⊂ J �,k

ωf(I) 6 ωf(J).

6. (3�:��Ì)� f(x)´«m I þ�k.¼ê. éu x ∈ I, δ > 0,

P Ix(δ) = (x− δ, x + δ) ∩ I.¡

ωf(x) = lim
δ→0+

ωf(Ix(δ))

� f(x)3: x ∈ I ��Ì.

N´y²,k

f 3 xëY⇐⇒ ωf(x) = 0.
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7. ¦¤k [0,+∞)þ��KëY¼ê f(x),¦Ù÷v f(0) = 0,�é?

¿ x > 0k

f(f(x)) = x. (1)
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7. ¦¤k [0,+∞)þ��KëY¼ê f(x),¦Ù÷v f(0) = 0,�é?

¿ x > 0k

f(f(x)) = x. (1)

) w,¼ê f(x) = x ÷v^�. yy²ù´��÷v^��ëY¼

ê.
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7. ¦¤k [0,+∞)þ��KëY¼ê f(x),¦Ù÷v f(0) = 0,�é?

¿ x > 0k

f(f(x)) = x. (1)

) w,¼ê f(x) = x ÷v^�. yy²ù´��÷v^��ëY¼

ê.

éu x, y ∈ [0,+∞),ek f(x) = f(y),K

x = f(f(x)) = f(f(y)) = y.

ù`² f(x) ´ü�. Ï�ëY�ü�´î�üN�, ¤± f(x) î�üN4

O,½öî�üN4~. du f(0) = 0��K,Ïd f(x)�Uî�üN4O.

20/20

‖J I‖ J I �£ �¶ '4 òÑ



7. ¦¤k [0,+∞)þ��KëY¼ê f(x),¦Ù÷v f(0) = 0,�é?

¿ x > 0k

f(f(x)) = x. (1)

) w,¼ê f(x) = x ÷v^�. yy²ù´��÷v^��ëY¼

ê.

éu x, y ∈ [0,+∞),ek f(x) = f(y),K

x = f(f(x)) = f(f(y)) = y.

ù`² f(x) ´ü�. Ï�ëY�ü�´î�üN�, ¤± f(x) î�üN4

O,½öî�üN4~. du f(0) = 0��K,Ïd f(x)�Uî�üN4O.

éu x > 0.e f(x) > x,Kk f(f(x)) > f(x).(Ü (1),�� x > f(x).

gñ! e f(x) < x, Kk f(f(x)) < f(x). (Ü (1), �� x < f(x). �gñ!

u´7k f(x) = x.
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