
¡È l� áNNÈ Cå�õ Úå

§5.3 È©�A^

½È©¤L��þÑkü��Ó::
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¡È l� áNNÈ Cå�õ Úå

§5.3 È©�A^

½È©¤L��þÑkü��Ó::

1�, ¤¦���þ Q äk�N5, §�6u,�«m [a, b] þ�Cþ

x,¿�

Q(x) = Q([a, x]);
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¡È l� áNNÈ Cå�õ Úå

§5.3 È©�A^

½È©¤L��þÑkü��Ó::

1�, ¤¦���þ Q äk�N5, §�6u,�«m [a, b] þ�Cþ

x,¿�

Q(x) = Q([a, x]);

1�,��þ Q3«mþäk�\5,=,é a < c < b,k

Q([a, c]) +Q([c, b]) = Q([a, b]).

�é{`,Ò´�«m [a, b]�©¤A�Ø­S�«m�¿�,oþ Q([a, b])

�u�Au�f«m�ÛÜþ�Ú.
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¡È l� áNNÈ Cå�õ Úå

3äN¦ù«��þ�,�±©ü�Ú½:

1�Ú,3«m [a, b]þ?����Ý� dx��«m [x, x + dx], ¦Ñ

�d�«m�'�ÛÜþ

∆Q = Q(x + dx)−Q(x)

���Cq�

f(x)dx,

Ù¥ f(x)´,�¼ê,¦� ∆Q− f(x)dx´' dx�p��Ã¡�,=

∆Q = f(x)dx + o(dx),

Ï
 f(x)dx´¼ê Q(x)��©.

·��ò f(x)dx¡��Nþ Q���.
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¡È l� áNNÈ Cå�õ Úå

1�Ú,ò¤����3«m [a, b]þ“Ã�\\”——È©,Kd Newton–

Leibnizúª�∫ b

a

f(x)dx =

∫ b

a

Q′(x)dx = Q(x)

∣∣∣∣b
a

= Q(b)−Q(a)

= Q(b) = Q.

=þ Q�±L«�È©

Q =

∫ b

a

f(x)dx.

��{�'�3u(½��. Ï�þ Q ´�¦�, Ü©þ Q(x) ´��

�. Ïd,��
ó,¦Ñ Q(x)��©,= ∆Q��5Ì�Ü©,´����

(J�¯.
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¡È l� áNNÈ Cå�õ Úå

5.3.1 ²¡ã/�¡È

���IXe¡Èúª � f(x)3 [a, b]þëY.K f(x)�ã�� x¶,±

9R��� x = aÚ x = b¤�¤�«��¡È�∫ b

a

|f(x)| dx.

O a b
x

y

y = f(x)

O a b
x

y

y = f(x)
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¡È l� áNNÈ Cå�õ Úå

� f(x)Ú g(x)3 [a, b]þëY.K f(x)�ã�� g(x)�ã�,±9R

��� x = aÚ x = b¤�¤�«��¡È�

A =

∫ b

a

|f(x)− g(x)| dx.

O a b
x

y

A

y = f(x)

y = g(x)
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¡È l� áNNÈ Cå�õ Úå

~ 1 ¦d­� y = x2 � y = 1
4
x2, y = 1�¤�²¡«��¡È.

O
x

y

A B

1 2

1
y = x2

y = 1
4
x2

) éuù�~f5`,^ y ��È©Cþ�{B
.

S = 2

∫ 1

0

(2
√
y −√y) dy = 2

∫ 1

0

√
y dy = 2 ·

2

3
y

3
2

∣∣∣1
0

=
4

3
.
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¡È l� áNNÈ Cå�õ Úå

4�IXe¡Èúª 4�I�§ r = f(θ), (α 6 θ 6 β)

¤(½�­���� θ = α, θ = β ¤�¤�÷/�¡È�

A =
1

2

∫ β

α

f 2(θ) dθ.

�Cþ θ ����Oþ dθ, 3«m

[θ, θ + dθ] þ, r = f(θ) Cq�~ê,

ÏdCþl θ O\� θ + dθ �, ��

��÷/Cq���Y�� dθ �»

� f(θ) ��÷/, ù��÷/�¡È

�¤�Ä¯K�¡È��:

dA =
1

2
f 2(θ)dθ,

éd��È©Ò��¤¦¡È�O�

úª.

O x

r = f(θ)

α

β

θ

dθ
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¡È l� áNNÈ Cå�õ Úå

~ 2 O�VÝ� (x2 + y2)2 = a2(x2 − y2) (a > 0) ¤�¤�«��¡

È.

a−a

) ¤�¤�«�3o���´é¡�. �IO�1����ã/� x

¶¤�¤�«��¡È� 4 �. 31����4�I�§´ r2 = a2 cos 2θ

(0 6 θ 6 π
4
).¤¦¡È´

A = 4

∫ π
4

0

1

2
r2 dθ = 2a2

∫ π
4

0

cos 2θ dθ = a2 sin 2θ
∣∣∣π4
0

= a2.
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¡È l� áNNÈ Cå�õ Úå

ëê�§�ã/¤�¤�«��¡Èúª �²¡«�dëê�§

x = ϕ(t), y = ψ(t), (α 6 t 6 β)

¤�, �� t O\�, (x, y) 3­�þ_��1r, Ù¥ ϕ(t), ψ(t) këY�

���¼ê. K¤�«��¡È´

A =
1

2

∫ β

α

(
ψ′(t)ϕ(t)− ϕ′(t)ψ(t)

)
dt.
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¡È l� áNNÈ Cå�õ Úå

ëê�§�ã/¤�¤�«��¡Èúª �²¡«�dëê�§

x = ϕ(t), y = ψ(t), (α 6 t 6 β)

¤�, �� t O\�, (x, y) 3­�þ_��1r, Ù¥ ϕ(t), ψ(t) këY�

���¼ê. K¤�«��¡È´

A =
1

2

∫ β

α

(
ψ′(t)ϕ(t)− ϕ′(t)ψ(t)

)
dt.

~ 3 O�ý� x = a cos t, y = b sin t (0 6 t 6 2π)¤�¤�«��¡

È.

) ¤¦¡È�

A =
1

2

∫ 2π

0

(
(b sin t)′(a cos t)− (a cos t)′(b sin t)

)
dt

=
1

2
ab

∫ 2π

0

1 dt = πab.
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¡È l� áNNÈ Cå�õ Úå

5.3.2 ²¡­��l�

� L´²¡þ�^ëY­�,å:� Aª:� B.3­�þl A� B

��
©:����©�:

T : A = M0,M1, · · · ,Mn−1,Mn = B.

^��ãë����©:��­���^Sò�. e�©��°Ý ‖T‖ :=

max
16i6n

Mi−1Mi ªu"�, ò���Ý4��3, Ò¡­� L ´�¦��, ¿

�ù�4�Ò½Â� L��Ý.

O
x

y

A

B

M1

Mi−1

Mi
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¡È l� áNNÈ Cå�õ Úå

���I�§L«�­��l� � y = f(x) ´ [a, b] þ�ëY��¼ê.

KÙã�­��l��

s =

∫ b

a

√
1 + f ′(x) dx.
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¡È l� áNNÈ Cå�õ Úå

���I�§L«�­��l� � y = f(x) ´ [a, b] þ�ëY��¼ê.

KÙã�­��l��

s =

∫ b

a

√
1 + f ′(x) dx.

y² �¼ê f(x) �ã��­� L. � dx > 0, 3 L þ?�ü: M

ÚM ′,Ùî�I©O� x� x + dx. Kùü:�ål�√
(dx)2 +

(
f(x + dx)− f(x)

)2
=

√
(dx)2 +

(
f ′(x)dx + o(dx)

)2
.

·�dd��l���� (=l���©)

ds =

√
1 +

(
f ′(x)

)2
dx.

ò ds3«m [a, b]þÈ©,=�þãl�úª. þ¡�l���úª���

¤

ds2 = dx2 + dy2.

�Ò´`: l���´�©n�/��>��.
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¡È l� áNNÈ Cå�õ Úå

ëê�§L«�­��l� � L ´dëê�§ x = ϕ(t), y = ψ(t),

(α 6 t 6 β)(½�1w­�,=, |ϕ′(t)| + |ψ′(t)| 6= 0.K­� L�l��

s =

∫ β

α

√(
ϕ′(t)

)2
+
(
ψ′(t)

)2
dt.
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¡È l� áNNÈ Cå�õ Úå

ëê�§L«�­��l� � L ´dëê�§ x = ϕ(t), y = ψ(t),

(α 6 t 6 β)(½�1w­�,=, |ϕ′(t)| + |ψ′(t)| 6= 0.K­� L�l��

s =

∫ β

α

√(
ϕ′(t)

)2
+
(
ψ′(t)

)2
dt.

y² Ø�� ϕ′(t) > 0.d� y´ x�¼ê. � A´ L�å:, B ´ L

�ª:,Kk

(ϕ(α), ψ(α)) = A, (ϕ(β), ψ(β)) = B.

Ï�

y′(x) =
dy

dx
=
ψ′(t)

ϕ′(t)
, dx = ϕ′(t)dt,

¤±

s =

∫ ϕ(β)

ϕ(α)

√
1 + (y′(x))2dx =

∫ β

α

√(
ϕ′(t)

)2
+
(
ψ′(t)

)2
dt.

12/21

‖J I‖ J I �£ �¶ '4 òÑ



¡È l� áNNÈ Cå�õ Úå

~ 4 ¦^Ó�(�¡{�) x = a(t− sin t), y = a(1− cos t)�|�l�.

) ^Ó��|Ò´ëê t ∈ [0, 2π]���ã­�.dl�úª�

s =

∫ 2π

0

√
(x′(t))2 + (y′(t))2dt

= a

∫ 2π

0

√
(1− cos t)2 + (sin t)2dt

= a

∫ 2π

0

√
2(1− cos t)dt

= 2a

∫ 2π

0

sin
t

2
dt

= 8a

=^Ó��|�l��uEÄÓ�»� 4�.
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¡È l� áNNÈ Cå�õ Úå

4�I�§L«�­��l� �­�l
_

AB d4�I�§ r = f(θ)

(α 6 θ 6 β)L«,� f(θ)ëY��. K­��l�úª�

s =

∫ β

α

√
f 2(θ) + (f ′(θ))2 dθ.
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¡È l� áNNÈ Cå�õ Úå

4�I�§L«�­��l� �­�l
_

AB d4�I�§ r = f(θ)

(α 6 θ 6 β)L«,� f(θ)ëY��. K­��l�úª�

s =

∫ β

α

√
f 2(θ) + (f ′(θ))2 dθ.

y² r θ w¤ëê,K­�l�ëê�§�

x = f(θ) cos θ, y = f(θ) sin θ, (α 6 θ 6 β).

Ï�

x′(θ) = f ′(θ) cos θ − f(θ) sin θ, y′(θ) = f ′(θ) sin θ + f(θ) cos θ,

¤±�âëê�§�l�úª�

s =

∫ β

α

√
(x′(θ))2 + (y′(θ))2 dθ =

∫ β

α

√
f 2(θ) + (f ′(θ))2 dθ.
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¡È l� áNNÈ Cå�õ Úå

5.3.3 ^î�¡ÈO�áNNÈ

��m¥,�áNd�­¡�R�u x¶�ü²¡ x = a9 x = b�

¤. eL?¿�: x (a 6 x 6 b)�R�u x¶�²¡�áN¤���¡¡

È S(x)�®��ëY¼ê,KáN�NÈ�

V =

∫ b

a

S(x) dx.

y² ?�«m [a, b] þ���Ý

� dx ��«m [x, x + dx], �«

mþ�áN�Cq/w�þ!e.

�¡ÈÑ´ S(x),
p� dx��

��ÎN. u´�ÑNÈ����

dV = S(x)dx. ò dV l a� bÈ

©,K���þ¡�O�úª.
a bx x + dx
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¡È l� áNNÈ Cå�õ Úå

^=N�NÈ �këY¼ê y = f(x) ÷v f(x) > 0 (é x ∈ [a, b]). d

y = f(x), �� x = a, x = b 9 x ¶�¤�­>F/, 7 x ¶^=�±, �

�^=N. é«m [a, b] þ?�: x, �R�u x ¶�²¡, �^=N¤��

¡�¡È, �u�»� y = f(x) ���¡È, = S(x) = πy2 = πf 2(x). Ï

d,T^=N�NÈ�

V = π

∫ b

a

f 2(x)dx.

O
x

y

M

M'

y = f(x)

a b
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¡È l� áNNÈ Cå�õ Úå

^=N�ý¡È �¼ê y = f(x) 3«m [a, b] þkëY��û, ¿�

f(x) > 0 (é x ∈ [a, b]). òd­�ã7 x¶^=�±,�¦¤�)�^=­

¡�ý¡È.�d,3«m [a, b]þ?��Ý� dx��«m [x, x+ dx],�Ä

�Auù«mþ�lãMM ′ 7 x¶^=¤��ý¡È ∆F . MM ′ �^�

�ãML (�Ý� ds) Cq�O, Ïd ∆F �dML 7 x ¶^=¤���

��ý¡È5Cq�O.ù����ý¡È�

π·(þ.�» +e.�») ·�p

= π[y + (y + dy))] · ds = 2πyds + πdy · ds.

Ñ� dx�p�Ã¡� πdy · ds,��ý¡È��

dF = 2πyds = 2πy
√

1 + y′2 dx.

u´¤¦�ý¡È�

F = 2π

∫ b

a

y
√

1 + y′2 dx = 2π

∫ b

a

f(x)
√

1 + (f ′(x))2dx.
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¡È l� áNNÈ Cå�õ Úå

e¯K¥­�ãdëê�§x = x(t)

y = y(t)
(α 6 t 6 β)

�Ñ,Ù¥ x(t)Ú y(t)3 [α, β]þkëY��û,Ký¡Èúª�

F = 2π

∫ β

α

y(t)

√
x′2(t) + y′2(t) dt.

e­�ãd4�I�§

r = r(θ) (α 6 θ 6 β)

�Ñ,K�À θ ��ëê,ý¡Èúª�

F = 2π

∫ β

α

r(θ) sin θ

√
r2(θ) + r′2(θ) dθ.
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¡È l� áNNÈ Cå�õ Úå

5.3.4 Cå�õ

�ÔN3(C)å F = F (x) (b½ F (x) ´ x �ëY¼ê) ��^e÷ x

¶���$Ä (å����ÔN�$Ä����),eÔNl a:$Ä� b:,

KCåéÔN¤��õW �

W =

∫ b

a

F (x) dx.

y² 3«m [a, b]þ?����Ý� dx��«m [x, x+ dx]. du3

ù��«mþ, dCå�ëY5, Cå¤��õ�Cq/w���Ú��Ñ

ØC�å F (x) ¤��õ. u´��õ��� dW = F (x)dx. ò dW l a

� bÈ©,Ò�ÑCå F (x)¤��õ�úª.

x
a x x + dx

F (x) F (x)
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¡È l� áNNÈ Cå�õ Úå

5.3.5 Úå

d�kÚå½Æ��,ål� r �ü��:�m�Úå�

F = k
m1m2

r2
,

Ù¥m1,m2 ©O´ü��:��þ, k �Úå~ê. XJ�(½��ÔNé

���:�Úå, ½öü�ÔN�m�Úå, ��
ó, I�A^õ­È©.

�3,
{ü�¹e,�±^��{5)û.

~ 5 �k��þ![�,�þ�m,�Ý� 2l. 3� (¤3��)�ò�

�þk�ü �þ��: Q, ål��¥%� a (ùp a > l). ¦�é�:

Q�Úå F .

) ±��¥%��:,�¤3���� x¶,¿¦�: Q3 x¶��

�þ.

é«m [−l, l]¥?��Ý� dx��«m [x, x + dx]. òù�ãCq/

À���:, Ù�þ� m
2l
· dx, 
��: Q �ål� a − x. d�kÚå½
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¡È l� áNNÈ Cå�õ Úå

Æ,ù��ãé Q�Úå� k m
2l(a−x)2dx,=

dF = k ·
m

2l(a− x)2
dx,

u´�é�: Q�Úå���

F =
km

2l

∫ l

−l

1

(a− x)2
dx =

km

a2 − l2
.

Úå���� x¶K�.

x

y

Q

ax x + dx l−l
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