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2014-2015学年第二学期数理方程A期末试题

一. (15分)设a 6= b为实常数, 考察二阶线性齐次方程:

uxx � (a+ b)uxy + abuyy = 0, (�1 < x, y < +1).

1. 是判断方程的类型(椭圆/双曲线/抛物线).

2. 试将该方程化成标准型.

3. 求出该方程的解.

4. 求出该方程满足的条件: u(x,�ax) = '(x), u(x,�bx) =  (x)的特解, 其中'(0) =  (0).

二. (10分)考察一阶线性非齐次方程:

@u

@x
+ 2x

@u

@y
= y, (�1 < x, y < +1).

1. 求出此方程的特征线.

2. 求出此方程满足条件u(0, y) = 1 + y2的解.

三. (20分)考察定解问题:

8
>>>><

>>>>:

@2u
@t2 = 4@2u

@x2 + f(t, x), (0 < x < ⇡, t > 0),

u|x=0 = 0, u|x=⇡ = 0,

u|t=0 = '(x), ut|t=0 =  (x).

1. 当f(t, x) = 0时, 求此定解问题的解u1.

2. 当f(t, x) = sin 2x sin!t(其中! 6= 4), '(x) = 0,  (x) = 0时, 求此定解问题的解u2以及 lim
!!4

u2(x, t,!)的

值.

四. (20分)考察定解问题:

8
>>>><

>>>>:

�3u = 0, (r < a, 0 < ✓ < 2⇡, 0 < z < h),

u|r=a = 0,

u|z=0 = g1(r, ✓), u|z=h = g2(r, ✓).

1. 当g1(r, ✓) = 0, g2(r, ✓) = f(r)时,求此定解问题的解.

2. 当g1(r, ✓) = '(r, ✓), g2(r, ✓) =  (r, ✓)时, 可作分离变量: u = R(r)⇥(✓)Z(z), 分别求出R,⇥, Z满足的常

微分方程, 并写出此时与定解问题相应的固有值问题.
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五. (15分)考察初值问题:

8
><

>:

@u
@t = �3u+ 3u+ f(t, x, y, z), (t > 0,�1 < x, y, z < +1),

u|t=0 = '(x, y, z).

1. 求出此问题的基本解.

2. 当f(t, x, y, z) = 0, '(x, y, z) = e�(x2+y2+z2)时, 求此问题的解.

六. (15分)已知右半平面区域S = {(x, y)|x > 0,�1 < y < +1}

1. 求出S内Poisson方程第一边值问题的Green函数.

2. 求解定解问题:

8
><

>:

uxx + 25uyy = 0, (x > 0,�1 < y < +1),

u|x=0 = '(y).

七. (5分)求方程: Z 0(✓) + cot ✓Z(✓) + 20Z(✓) = 0, (0 < ✓ <
⇡

2
)满足条件Z(0) = 1的解Z(✓), 并求Z(

⇡

2
).
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ò (14©) Æ"!"êß

uxx � 4uxy + 3uyy = 0,

(1)#‰dêß$a.£âY30V!./ß0$‘./⁄/˝#.0•¿§

(2)¶d!"êß$œ)"

" (12©) ¶%)ØKµ
8
><

>:

@2u

@x@y
= x2y,

u(0, y) = y2, u(x, 0) = sin 3x

n (16©) ¶±e$käØK$$kä,$kºÍ"

(1)

8
<

:
y00 + �y = 0, (0 < x < 5)

y(0) = 0, y0(5) = 0.

(2)

8
<

:
x2y00 + xy0 + (�x2 � 25)y = 0, (0 < x < 1)

|y(0)| < +1, y0(1) = 0.

o (16©) |^©lC˛{¶)%)ØK:

8
>>>><

>>>>:

ut = 4uxx, (t > 0, 0 < x < 20)

u(t, 0) = u(t, 20) = 0,

u(0, x) = '(x) .



 (14©)¶)±e!)ØK,Ÿ•(r, ✓,')è•ãI"
8
<

:
�3u = 0, (r < 3)

u |r=3= 3 + cos2 ✓ .

8 (16©)¶)–äØKµ

8
<

:
ut = uxx + 20u, (t > 0, �1 < x < +1)

u |t=0= '(x),

ø¶—'(x) = �(x+ 2)û"‰N)"

‘ (12©)¶)>äØKµ
8
>>>><

>>>>:

�2u = 0, (0 < x < 3, y > 0)

u |y=0= 0, u |y!+1k.

u |x=0= '1(y), u |x=3= '2(y) .

Î!˙™

1)Ü$ãIX:�3u =
@2u

@x2
+

@2u

@y2
+

@2u

@z2
, ŒãIX:�3u =

1

r

@

@r
(r
@u

@r
) +

1

r2
@2u

@✓2
+

@2u

@z2
,

•ãIX:�3u =
1

r2
@

@r
(r2

@u

@r
) +

1

r2 sin ✓

@

@✓
(sin ✓

@u

@✓
) +

1

r2 sin2 ✓

@2u

@'2
.

2)e!¥J⌫(!a) = 0"òá%äßKk!"êN2
⌫1 = kJ⌫(!x)k21 =

a2

2
J2
⌫+1(!a).

e!¥J 0
⌫(!a) = 0"òá%äßKk!"êN2

⌫2 = kJ⌫(!x)k22 =
1

2
[a2 � ⌫2

!2
]J2

⌫ (!a).

3)V4#ıë™:Pn(x) =
1

2nn!

dn

dxn
(x2 � 1)n, n = 0, 1, 2, 3, ...,

1ºÍ:(1� 2xt+ t2)�
1
2 =

+1X

n=0

Pn(x)t
n,4Ì˙™: P 0

n+1(x)� P 0
n�1(x) = (2n+ 1)Pn(x)

4)
1

⇡

Z +1

0
e�a2�2t cos�xd� =

1

2a
p
⇡t

exp(� x2

4a2t
)

5. dVSPoissonêß1ò>äØK"Ç!ºÍG(M ;M0),¶'Poissonêß1ò>äØ

K)u(M)"˙™¥:

u(M) = �
ZZ

S

'(M0)
@G

@~n
(M ;M0)dS +

ZZZ

V

f(M0)G(M ;M0)dM0.







Î!)â⁄Î!µ©IO

ò )µA!Çêßèµ

(
dy

dx
)2 � 3

dy

dx
� 4 = 0

!"¸áƒg»©µ

x+ y = c1, y � 4x = c2 .

äCÜ⇠ = x+ y, ⌘ = y � 4x, êßzè:

u⇠⌘ = 0 =) u = f(⇠) + g(⌘) = f(x+ y) + g(y � 4x)

.............................................................................................................(5©)

ì\#)^á!"µ

f(x) + g(�4x) = sin 3x, f
0(x) + g

0(�4x) = 2x

)!µ f(x) =
1

5
(sin 3x+ 4x2 + 4c), g(�4x) =

1

5
(4 sin 3x� 4x2 � 4c)

=µ f(x) =
1

5
(sin 3x+ 4x2 + 4c), g(x) =

1

5
(�4 sin

3

4
x� 1

4
x
2 � 4c)

§±ß!#)ØK)èµ

u =
1

5
(sin 3(x+ y) + 4(x+ y)2 + 4c) +

1

5
(�4 sin

3

4
(y � 4x)� 1

4
(y � 4x)2 � 4c)

=
1

5
sin(3x+ 3y) +

4

5
sin(3x� 3

4
y) +

3

4
y2 + 2xy .

.............................................................................................................(10©)

" )µ1) 3 f(x, y) = 0ûßêßèµ

@u

@x
� y

@u

@y
= 0 .

ŸA!Çêßèµ
dx

1
=

dy

�y
=) ye

x = c

äC˛OÜµ ⇠ = e
x
y, ⌘ = y, êßzè

@u

@⌘
= 0 . )!œ)µ

u = F(exy)

.............................................................................................................(6©)

2)3 f(x, y) = xyûßE¶^CÜµ⇠ = e
x
y, ⌘ = y

�⌘
@u

@⌘
= (ln ⇠ � ln ⌘)⌘ =) @u

@⌘
= ln ⌘ � ln ⇠

)!µ

u = ⌘ ln ⌘ � ⌘ � ⌘ ln ⇠ + '(⇠) = '(exy)� y � xy



.............................................................................................................(10©)

˘!u(0, y) = '(y)� y = y, ='(y) = 2y Å!!"

u(x, y) = 2exy � y � xy .

.............................................................................................................(12©)

n )µÜ!?ÿ"ä‚Strum-Liouville#nß!kä� > 0,"å-� = !
2,ì\êß!

"

y(x) = A cos!x+B sin!x

.............................................................................................................(6©)

dy(0) = 0, !—A = 0, œdy(x) = B sin!x . 2d,ò>.^áy
0(20) = B! cos 20! = 0,

!—cos 20! = 0, =

20! = n⇡ +
⇡

2
=) !n =

n⇡ + ⇡
2

20
, n = 0, 1, 2....

!käµ�n =

✓
n⇡ + ⇡

2

20

◆2

, !kºÍµyn(x) = sin
n⇡ + ⇡

2

20
x

.............................................................................................................(12©)

o )µ|^©lC˛ß-u = T (t)X(x), ì\êß!"

X
00(x)

X(x)
� 3

4
=

1

4

T
00(t)

T (t)
= ��

ø|^>.^áß!"!käØKµ

8
<

:
X

00 + (�� 3
4)X = 0, (0 < x < 5)

X(0) = 0, X(5) = 0.

øÉAkT (t)$êß:T 00(t) + 4�T = 0 . )!käØK)!"µ

�n =
⇣
n⇡

5

⌘2
+

3

4
, Xn(x) = sin

n⇡

5
x, n = 1, 2, ...

.............................................................................................................(7©)

ÉA/

Tn(t) = Cn cos

 r
4n2⇡2

25
+ 3

!
t+Dn sin

 r
4n2⇡2

25
+ 3

!
t

|^U\#nß"

u =
+1X

n=1

"
Cn cos

 r
4n2⇡2

25
+ 3

!
t+Dn sin

 r
4n2⇡2

25
+ 3

!
t

#
sin

n⇡

5
x



Å!|^–ä^áµ

u(0, x) =
+1X

n=1

Cn sin
n⇡

5
x = '(x) =) Cn =

2

5

Z 5

0
'(⇠) sin

n⇡

5
⇠ d⇠

±9ut(0, x) = 0!—Dn = 0 . Å!¶!

u =
+1X

n=1

✓
2

5

Z 5

0
'(⇠) sin

n⇡

5
⇠ d⇠

◆
cos

 r
4n2⇡2

25
+ 3

!
t · sin n⇡

5
x

.............................................................................................................(14©)

 )

)µ (1)duzêï!Å#øÖ")^áêÜrk'ß"/œŒãIêßzèµ

ut = a
2


1

r

@

@r
(r
@u

@r
)

�

ä©lC˛, -u = T (t)H(r), !#

T
0

a2T
=

H
00 +

1

r
H

0

H
= ��

(‹>.^áß!"%BesselêßIkäØKµ

8
<

:
r
2
H

00 + rH
0 + �r

2
H = 0

H(0) k., H(R) = 0

⁄êß

T
0 + �a

2
T = 0 .

)&käØK!#µ&kä : �n = !
2
n, &kºÍJ0(!nr),#!n¥J0(!R) = 0$1ná%

ä .ÉA/:Tn(t) = e
�a2!2

nt.#

u(t, r) =
+1X

n=1

Cne
�a2!2

ntJ0(!nr)

.............................................................................................................(7©)

2d–ä^áµ

u |t=0=
+1X

n=1

CnJ0(!nr) = R
2 � r

2

ä‚Bessel ºÍXÍ("˙™

Cn =

Z R

0
r(R2 � r

2)J0(!nr)dr

N
2
01n

=
1

N
2
01n

1

!2
n

Z !nR

0
t

✓
R

2 � t
2

!2
n

◆
J0(t)dt



=
1

N
2
01n!

2
n


(R2 � t

2

!2
n
)tJ1(t)|!nR

0
+

2

!2
n

Z !nR

0
t
2
J1(t)dt

�

=
2

R2J2
1 (!nR)!2

n
.
2

!2
n
.!

2
nR

2
J2(!nR) =

4J2(!nR)

!2
nJ

2
1 (!nR)

=
8

!3
nRJ1(!nR)

§±!")

u =
+1X

n=1

8

!3
nRJ1(!nR)

e�a2!2
ntJ0(!nr)

.............................................................................................................(12©)

2)#u1 = 1ûßäCÜV = u� u1, KV$%)ØK”ú/(1), œd˘û

u = u1 + V = 1+
+1X

n=1

8

!3
nRJ1(!nR)

e�a2!2
ntJ0(!nr)

.............................................................................................................(14©)

8)

)µ(1) du¥•SØK, œd

u(r, ✓) =
+1X

n=0

Anr
n
Pn(cos ✓).

.............................................................................................................(4©)

"

u |r=2=
+1X

n=0

An2
n
Pn(cos ✓) = 1 + cos2 ✓ =)

+1X

n=0

An2
n
Pn(x) = 1 + x

2
.

'"!"µA0P0(x) + 4A2P2(x) = 1 + x
2 =) A0 + 4A2 ⇥ 1

2(3x
2 � 1) = 1 + x

2 '"XÍß

¥!: A0 =
4
3 , A2 =

1
6 .˘$

u(r, ✓) =
4

3
+

1

6
r2P2(cos ✓),

✓
"u(r, ✓) =

4

3
+ r2

✓
1

4
cos2 ✓ � 1

12

◆◆
.

.............................................................................................................(8©)

(2)”$

u(r, ✓) =
+1X

n=0

Anr
n
Pn(cos ✓).

"

u |r=2=
+1X

n=0

An2
n
Pn(cos ✓) = f(✓) =

8
<

:
4, 0  ✓  ↵,

0, ↵ < ✓  ⇡.

.



œd

A0 =
1

2

Z ⇡

0
f(✓)P0(cos ✓) sin ✓d✓ =

4

2

Z ↵

0
P0(cos ✓) sin ✓d✓ = 2

Z ↵

0
sin ✓d✓ = 2(1� cos↵).

n � 1 û,

An2
n =

2n+ 1

2

Z ⇡

0
f(✓)Pn(cos ✓) sin ✓d✓ =

2n+ 1

2

Z ↵

0
4Pn(cos ✓) sin ✓d✓

= 2

Z 1

cos↵
(2n+ 1)Pn(x) dx = 2

Z 1

cos↵

�
P

0
n+1(x)� P

0
n�1(x)

�
dx

= 2 (Pn�1(cos↵)� Pn+1(cos↵)) ,

=

An =
Pn�1(cos↵)� Pn+1(cos↵)

2n�1
, n � 1

œd

u(r, ✓) = 2(1� cos↵) +
+1X

n=1


Pn�1(cos↵)�Pn+1(cos↵)

2n�1

�
rnPn(cos ✓).

.....................................................................................................................(14©)

‘ )µP�(x�2)+3e�x2
= '(x),ø-bu(t,�) =

Z +1

�1
u(t, x)e�i�x

dx ,2äFourierCÜ!µ

8
<

:
but = ��

2bu+ 20i�bu+ bu,

bu |t=0= b'(�)

)!µ

bu = b'(�)e(��2+20i�+1)t
.

.............................................................................................................(5©)

œd

u(t, x) =
1

2⇡

Z +1

�1
b'(�)e(��2+20i�+1)t

e
i�x

d� = e
t ⇥ 1

2⇡

Z +1

�1
b'(�)e��2t

e
i�(x+20t)

d�

Ph(x) =
1

2⇡

Z +1

�1
b'(�)e��2t

e
i�x

dx, Kd˛™!:u(t, x) = e
t
h(x+ 20t), "

h(x) = F
�1[b'(�)e��2t] = '(x) ⇤ 1

2
p
⇡t

exp{�x
2

4t
} =

1

2
p
⇡t

Z +1

�1
'(⇠) exp{�(x� ⇠)2

4t
}d⇠

"

�(x� 2) ⇤ 1

2
p
⇡t

exp(�x
2

4t
) =

1

2
p
⇡t

exp(�(x� 2)2

4t
)

e
�x2 ⇤ 1

2
p
⇡t

exp{�x
2

4t
} =

1p
1 + 4t

e
� 1

1+4tx
2



˘!

u(t,x) = eth(x+ 20t) =
et

2
p
⇡t

exp(�(x� 2+ 20t)2

4t
) +

3etp
1+ 4t

e�
1

1+4t (x+20t)2

.............................................................................................................(12©)

l) ) 1)PM0 = (⇠, ⌘, ⇣),|^!î{ß3M0 = (⇠, ⌘, ⇣)ò+✏:>÷ß3M1 = (�⇠, ⌘, ⇣)ò�✏:

>÷,3M2 = (⇠,�⌘, ⇣)ò�✏:>÷, M3 = (�⇠,�⌘, ⇣)ò+✏:>÷. !)#>|#"ºÍ

U\=èÇ!ºÍµ

G =
1

4⇡r(M,M0)
� 1

4⇡r(M,M1)
� 1

4⇡r(M,M2)
+

1

4⇡r(M,M3)

Ÿ•

r(M,M0) =
p

(x� ⇠)2 + (y � ⌘)2 + (z � ⇣)2, r(M,M1) =
p
(x+ ⇠)2 + (y � ⌘)2 + (z � ⇣)2

r(M,M2) =
p

(x� ⇠)2 + (y + ⌘)2 + (z � ⇣)2, r(M,M3) =
p
(x+ ⇠)2 + (y + ⌘)2 + (z � ⇣)2

.............................................................................................................(7©)

2) Èu´ç3y = 0#>., Ÿ"{êï ~n0 = (0,�1, 0), K

@G

@ ~n0
|⌘=0= �@G

@⌘
|⌘=0

@G

@⌘
|⌘=0 =

1

4⇡

 
y � ⌘

[(x� ⇠)2 + (y � ⌘)2 + (z � ⇣)2]
3
2

+
y + ⌘

[(x� ⇠)2 + (y + ⌘)2 + (z � ⇣)2]
3
2

!
|
⌘=0

+
1

4⇡

 
� y � ⌘

[(x+ ⇠)2 + (y � ⌘)2 + (z � ⇣)2]
3
2

� y + ⌘

[(x+ ⇠)2 + (y + ⌘)2 + (z � ⇣)2]
3
2

!
|
⌘=0

=
1

2⇡

 
y

[(x� ⇠)2 + y2 + (z � ⇣)2]
3
2

� y

[(x+ ⇠)2 + y2 + (z � ⇣)2]
3
2

!

”n

@G

@⇠
|⇠=0 =

1

2⇡

 
x

[x2 + (y � ⌘)2 + (z � ⇣)2]
3
2

� x

[x2 + (y + ⌘)2 + (z � ⇣)2]
3
2

!
.

Å!

u(x, y, z) =

Z

⇠=0
(⌘>0)

g(⌘, ⇣)
@G

@⇠
dS0 +

Z

⌘=0
(⇠>0)

'(⇠, ⇣)
@G

@⌘
dS0

=
1

2⇡

Z +1

�1
d⇣

Z +1

0

 
y

[(x� ⇠)2 + y2 + (z � ⇣)2]
3
2

� y

[(x+ ⇠)2 + y2 + (z � ⇣)2]
3
2

!
'(⇠, ⇣) d⇠

+
1

2⇡

Z +1

�1
d⇣

Z +1

0

 
x

[x2 + (y � ⌘)2 + (z � ⇣)2]
3
2

� x

[x2 + (y + ⌘)2 + (z � ⇣)2]
3
2

!
g(⌘, ⇣)d⌘

.............................................................................................................(14©)




















