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�!(�K 15 ©) � F äk��ëY �ê, w = w(x, y, z) ´�§

F (x− aw, y − bw, z − cw) = 1

£Ù¥ a, b, c �~ê¤¤(½�Û¼ê, Á¦ a
∂w

∂x
+ b

∂w

∂y
+ c

∂w

∂z
��.

) - G(x, y, z, w) = F (x− aw, y− bw, z− cw)− 1, K w d G(x, y, z, w) = 0 û

½. |^Û¼ê½n��O�� a
∂w

∂x
+ b

∂w

∂y
+ c

∂w

∂z
=
aF ′1 + bF ′2 + cF ′3
aF ′1 + bF ′2 + cF ′3

= 1.

�!(�K 15 ©) ¦��¼ê f(x, y) = ex+y2 3 (0, 0) � Taylor Ðm�c 4 � (��

3 g).

) Ï�

et = 1 + t+
1

2
t2 +

1

6
t3 + · · ·

¤±

ex+y2 = 1 +
(
x+ y2

)
+

1

2

(
x+ y2

)2
+

1

6

(
x+ y2

)3
+ · · ·

= 1 +
(
x+ y2

)
+ +

1

2

(
x2 + 2xy2 + y4

)
+

1

6

(
x3 + 3x2y2 + 3xy4 + y6

)
+ · · ·

= 1 + x+

(
1

2
x2 + y2

)
+

(
1

6
x3 + xy2

)
+ · · ·

1



n!(�K 15 ©) � v = (a1x
2 + 2b1xy + c1y

2)i + (a2x
2 + 2b2xy + c2y

2)j ´²¡�þ

|. ¯~ê ai, bi, ci (i = 1, 2) ÷v�o^��, v ´��k³|, ¿¦§���³¼

ê.

)µ v ´k³|�du b1x+ c1y = a2x+ b2y, Q b1 = a2, c1 = b2.

� f(x, y) ´³¼ê, K

∂f

∂x
= a1x

2 + 2b1xy + c1y
2,

ùíÑ

f(x, y) =
a1

3
x3 + b1x

2y + c1xy
2 + g(y).

|^
∂f

∂y
= b1x

2 + 2c1xy + g′(y) = a2x
2 + 2b2xy + c2y

2

�� g′(y) = c2y
2, ¤±�� g(y) =

c2

3
y3.

o!(�K 15 ©) � p, q Ñ´�ê. ¦

∫ 1

0

xq
(

ln
1

x

)p
dx.

) �C� x = e−t. K∫ 1

0

xq
(

ln
1

x

)p
dx =

∫ +∞

0

e−qt · tp · e−t dt

=

∫ +∞

0

tp · e(q+1)t dt

=
1

q + 1

∫ +∞

0

(
u

q+

)p
e−u du

=
1

(q + 1)p+1
Γ(p+ 1)

=
pΓ(p)

(q + 1)p+1
.
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Ê!(�K 10 ©) � L ´²¡þ1w�{ü4�.

x = ϕ(t),

y = ψ(t),
t ∈ [0, 2π] ´Ùë

ê�§L«. L ����ëê t O\�����. y² L �¤�«�¡È F �u

π

∞∑
n=1

n(andn − bncn)

Ù¥ (an, bn) ´ ϕ(t) � Fourier Xê, (cn, dn) ´ ψ(t) � Fourier Xê.

) �â Green úª§ L ¤�¤�¡È�

F =

∮
L

x dy =

∫ 2π

0

ϕ(t) · ψ′(t) dt.

Ï� ϕ(t) � Fourier Xê� (an, bn), ψ′(t) � Fourier Xê� (ndn,−ncn), ¤±�â

Parseval �ª�íØ§k

1

π

∫ 2π

0

ϕ(t) · ψ′(t) dt =
∞∑
n=1

[an · ndn + bn · (−ncn)]

=
∞∑
n=1

n (andn − bncn) .

u´

F = π
∞∑
n=1

n (andn − bncn) .
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8!(�K 10 ©) ¦ f(x) = eax (a 6= 0) 3 (−π, π) S� Fourier ?ê, ¿y²:

1

π

[
1

a
+
∞∑
n=1

2a

n2 + a2

]
=

cosh(aπ)

sinh(aπ)
.

) � f(x) � Fourier Xê� (an, bn). d½Â

a0 =
1

π

∫ π

−π
eax dx =

1

aπ

(
eaπ − e−aπ

)
=

2

aπ
sinh(aπ).

an =
1

π

∫ π

−π
eax cosnxx =

1

π

[
1

n
eax sinnx

∣∣∣π
−π
− a

n

∫ π

−π
eax sinnx dx

]
= − a

nπ

∫ π

−π
eax sinnx dx

= − a

nπ

[
−cosnx

n
· eax

∣∣∣π
−π

+
a

n

∫ π

−π
eax cosnx dx

]
=

a

n2π

[
(−1)neaπ − (−1)ne−aπ

]
− a2

n2
an

Ï

an =
2a(−1)n

π(n2 + a2)
sinh aπ, (n = 1, 2, · · · ).

bn =
1

π

∫ π

−π
eax sinnxx =

1

π

[
1

a
eax sinnx

∣∣∣π
−π
− n

a

∫ π

−π
eax cosnx dx

]
= −n

a
· 1

π

∫ π

−π
eax cosnxx = −n

a
· an

=
2n(−1)n−1

π(n2 + a2)
sinh(aπ), (n = 1, 2, · · · ).

�§eax � Fourier ?ê�

1

aπ
sinh(aπ) +

∞∑
n=1

[
2a(−1)n

π(n2 + a2)
sinh(aπ) cosnx+

2n(−1)n−1

π(n2 + a2)
sinh(aπ) sinnx

]
.

Ù3 π ���

1

aπ
sinh(aπ) +

∞∑
n=1

2a sinh(aπ)

π(n2 + a2)
=
f(π) + f(−π)

2
= cosh(aπ).
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Ô!(�K 10 ©) �¡ S = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1, z > 0}, §�½�� z

¶��Óý. � f(x, y) =
1 + z

1 + x2 + y2
, g(x, y) = xy + yz + zx.

¦È©

∫
S

∇f ×∇g · d~S.

)µ �±��O�, �éE,. Ï�

div(∇f ×∇g) = ∇ · (∇f ×∇g) = ∇×∇f · ∇g −∇f · ∇ ×∇g = 0,

�±|^Gaussúª, �I��È©«�\��.µS1 = {x2 + y2 ≤ 1, z = 0}, S1 �

½�� z ¶����, Q n1 = -k. d Gauss úª,∫
S∪S1

∇f ×∇g · d~S =

∫∫∫
Ω

div(∇f ×∇g)dV = 0.

¤± ∫
S

∇f ×∇g · d~S = −
∫
S1

∇f ×∇g · d~S =

∫
S1

∇f ×∇g · kdS,

��O���

∇f =

(
−2x(1 + z)

(1 + x2 + y2)2
,
−2y(1 + z)

(1 + x2 + y2)2
,

1

1 + x2 + y2

)
,

∇g = (y + z, z + x, x+ y) ,

��3 S1 þ, z = 0, ¤±

∇f ×∇g · k =
−2x2 + 2y2

(1 + x2 + y2)2

|^é¡5��∫
S1

∇f ×∇g · kdS = 2

∫∫
{x2+y2≤1}

y2 − x2

(1 + x2 + y2)2
dxdy = 0.

du ∇f ×∇g = ∇× (f∇g),��±|^ StokesúªO�È©. ∂S = {x2 + y2 =

1, z = 0} ´ xy ²¡�ü �±, D�§� S �N�½�, d Stokes úª��∫
S

∇f ×∇g · d~S =

∫
S

∇× (f∇g) · d~S =

∫
∂S

f∇g · d~r.

du f
∣∣∣
∂S

= 1
2
,
∫
∂S
∇g · d~r = 0, ¤±�È© = 0.
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l!(�K 10 ©) � |α| 6= 1. y²: È©

∫ +∞

0

sinx sinαx

x
dx. Âñ, ¿¦Ù�.

) Ï� 1
x
üN4~ªu", �é?¿ b > 0,∣∣∣∣∫ b

0

sinx sinαx dx

∣∣∣∣ =

∣∣∣∣∫ b

0

cos(1 + α)x− cos(1− α)x

2
dx

∣∣∣∣
=

1

2

∣∣∣∣sin(1 + α)b

1 + α
− sin(1− α)b

1− α

∣∣∣∣
6

1

2

(
1

|1 + α|
+

1

|1− α|

)
.

¤±�â Dirichlet �O{, �
∫ +∞

0
sinx sinαx

x
dx Âñ.

�½ β > 0. -

I(α) =

∫ +∞

0

sinx sinαx

x
e−βx dx.

Ï� ∣∣sinx cosαxe−βx
∣∣ 6 e−βx,

�
∫ +∞

0
e−βx dx Âñ, ¤±�â Weierestrass �O{�, È©Òe'u α ¦���È

©, 'u α ∈ R ��Âñ. u´

I ′(α) =

∫ +∞

0

sinx cosαx e−βx dx

=
1

2

∫ +∞

0

[
sin(x+ αx) + sin(x− αx)

]
e−βx dx

=
1

2

[
1

1 + α

∫ +∞

0

sin t · e−
βt

1+α dt+
1

1− α

∫ +∞

0

sin t · e−
βt

1−α dt

]
=

1

2

[
1

1 + α
· 1

1 +
(

β
1+α

)2 +
1

1− α
· 1

1 +
(

β
1−α

)2

]

=
1

2

[
1 + α

(1 + α)2 + β2
+

1− α
(1− α)2 + β2

]
.

È©��

I(α) =
1

4
ln
[
(1 + α)2 + β2

]
− 1

4
ln
[
(1− α)2 + β2

]
. (1)

�â Abel �O{�� ∫ +∞

0

sinx sinαx

x
e−βx dx

��¹ëCþ β �È©, 3 [0,+∞) ��Âñ. Ïd§3 [0,+∞) þëY. Ïd3 (1)

¥- β = 0, � ∫ +∞

0

sinx sinαx

x
dx =

1

2
ln

∣∣∣∣1 + α

1− α

∣∣∣∣ .
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5 3y²¥^�
∫ +∞

0

sinx · eax dt =
1

1 + a2
, (a > 0).

��©ÜÈ©üg=��dª"
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