
ES 4

~ 1 � f(x) ´ [0, 1] þüN4~�ëY¼ê, y²: (1) é?¿ α ∈
(0, 1),k ∫ α

0

f(x) dx > α

∫ 1

0

f(x) dx. (1)

(2)=b� f(x)üN4~,y²þªE¤á.

y² (1)Ï� f(x)ëY�üN4~,¤±∫ α

0

f(x) dx = α

∫ 1

0

f(αx) dx > α

∫ 1

0

f(x) dx.

(2)�
y² (1)ªéüN4~¼êE¤á,�Iy²e¡�(J.
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~ 2 � f(x)´ [a, b]þ��È¼ê. y²: �3 [a, b]þ���ëY¼

ê fk(x)¦�

lim
k→∞

∫ b

a

|fk(x)− f(x)| dx = 0,

Ï
éu?¿ [c, d] ⊂ [a, b]k

lim
k→∞

∫ d

c

fk(x) dx =

∫ d

c

f(x) dx.

y² du f(x)�È,éug,ê k > 1.�3 [a, b]�©�

T : a = x0 < x1 < · · · < xn = b,

¦�
n∑
i=1

(Mi −mi)∆xi <
1

k
,

Ù¥ ∆xi = xi−xi−1 ,Mi,mi (i = 0, 1, 2, · · · , n)©O´3 f(x)3 [xi−1, xi]

þ����Ú���.
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P fk(x) ´ë� (x0, f(x0)), (x1, f(x1)), · · · , (xn, f(xn)) �ò�éA�

ëY¼ê. =,

fk(x) =
x− xi−1

∆xi
f(xi) +

xi − x
∆xi

f(xi−1), x ∈ [xi−1, xi].

Ï
é x ∈ [xi−1, xi],k

fk(x)− f(x) =
x− xi−1

∆xi

(
f(xi)− f(x)

)
+
xi − x

∆xi

(
f(xi−1)− f(x)

)
.

�,

|fk(x)− f(x)| 6Mi −mi, x ∈ [xi−1, xi].
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u´ ∫ b

a

|fk(x)− f(x)| dx =

n∑
i=1

∫ xi

xi−1

∣∣fk(x)− f(x)
∣∣ dx

6
n∑
i=1

∫ xi

xi−1

(Mi −mi) dx

=

n∑
i=1

(Mi −mi)∆xi <
1

k
.

ù`²

lim
k→∞

∫ b

a

|fk(x)− f(x)| dx = 0.

5 � f(x)´üN4O(~)�, fk(x)�´üN4O(~)�.
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~ 3 �¼ê f(x)3 [a, b]þ��,� |f ′(x)| 6 M (é?¿ x ∈ [a, b]).

y²:

(1)e f(a) = 0,Kk

∫ b

a

|f(x)| dx 6
M

2
(b− a)2;

(2)e f(a) = f(b) = 0,Kk

∫ b

a

|f(x)| dx 6
M

4
(b− a)2.

y² (1)Ï� f(a) = 0, |f ′(x)| 6M ,¤±

|f(x)| = |f(x)− f(a)| =

∣∣∣∣∫ x

a

f ′(t) dt

∣∣∣∣ 6 ∫ x

a

|f ′(t)| dt

6M

∫ b

a

dx = M(x− a). (1)

u´ ∫ b

a

|f(x)| dx 6M

∫ b

a

(x− a) dx =
M

2
(b− a)2.
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(2)é (1)ª3 [a, a+b
2

]þÈ©,�∫ a+b
2

a

|f(x)| dx 6M

∫ a+b
2

a

dx =
M

8
(b− a)2. (2)

Ï� f(b) = 0, |f ′(x)| 6M ,¤±

|f(x)| = |f(b)− f(x)| =

∣∣∣∣∫ b

x

f ′(t) dt

∣∣∣∣ 6 ∫ b

x

|f ′(t)| dt

6M

∫ b

x

dx = M(b− x).

u´ ∫ b

a+b
2

|f(x)| dx 6M

∫ b

a+b
2

(b− x) dx =
M

8
(b− a)2. (3)

(2)ª� (3)ª�\,=�∫ b

a

|f(x)| dx 6
M

4
(b− a)2.
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~ 4 � f(x)3 RþëY,- g(x, y) =

∫ x

0

(
f(t + y)− f(t)

)
dt,¦y:

g(x, y) = g(y, x).

y²

g(x, y) =

∫ x

0

(
f(t + y)− f(t)

)
dt

=

∫ x

0

f(t + y) dt−
∫ x

0

f(t) dt

=

∫ x+y

y

f(t) dt−
∫ x

0

f(t) dt

=

∫ x+y

x

f(t) dt−
∫ y

0

f(t) dt

=

∫ y

0

f(t + x) dt−
∫ y

0

f(t) dt

=

∫ y

0

(
f(t + x)− f(t)

)
dt

= g(y, x).
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~ 5 y² lim
x→+∞

1

x

∫ x

0

| sin t| dt =
2

π
.

y² Pmx = x− [x],Ï� | sinx|´± π �±Ï�¼ê,¤±

1

xπ

∫ xπ

0

| sin t| dt =
1

xπ

∫ [x]π

0

| sin t| dt +
1

xπ

∫ xπ

[x]π

| sin t| dt

=
1

xπ

[x]∑
i=1

∫ iπ

(i−1)π

| sin t| dt +
1

xπ

∫ mxπ

0

| sin(t + [x]π)| dt

=
1

xπ

[x]∑
i=1

∫ π

0

| sin(t + (i− 1)π)| dt +
1

xπ

∫ mxπ

0

| sin t| dt

=
1

xπ

[x]∑
i=1

∫ π

0

| sin t| dt +
1

xπ

∫ mxπ

0

| sin t| dt

=
2[x]

xπ
+

1

xπ

∫ mxπ

0

| sin t| dt
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5¿�

0 6
1

xπ

∫ mxπ

0

| sin t| dt 6
mx

x
→ 0, (x→ +∞).

�,

lim
x→+∞

1

xπ

∫ xπ

0

| sin t| dt = lim
x→+∞

2[x]

xπ
=

2

π
.

u´

lim
x→+∞

1

x

∫ x

0

| sin t| dt =
2

π
.
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~ 6 � f(x) ´ [a, b] þ�ëY¼ê, � f(x) > 0 (é x ∈ [a, b]). P

f(x)3 [a, b]þ�����M.y²:

lim
n→∞

(∫ b

a

fn(x) dx

) 1
n

= M.

y² P In =
(

1
b−a

∫ b
a
fn(x) dx

) 1
n

.�Iy² InÂñuM . �â Hölder

Ø�ª,

1

b− a

∫ b

a

fn(x) dx 6
1

b− a

(∫ b

a

1n+1 dx

) 1
n+1
(∫ b

a

(fn(x))
n+1
n dx

) n
n+1

=
1

(b− a)
n
n+1

(∫ b

a

(fn(x))
n+1
n dx

) n
n+1

Ïd, In 6 In+1.w, In 6M.�, In Âñ.

Ï� f(x) ëY, Ø��M = f(x0), ¤±éu?¿�ê ε, �3 δ > 0,

¦�

|f(x)− f(x0)| 6 ε, (x ∈ U = [a, b] ∩ (x0 − δ, x0 + δ).)
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P U = [c, d],K

Inn =

∫ b

a

fn(x) dx =

∫
U

fn(x) dx +

∫
[a,b]\U

fn(x) dx

>
∫
U

fn(x) dx >
∫ d

c

(
f(x0)− ε

)n
dx

= (M − ε)n(d− c)

u´

In > (M − ε)(d− c)
1
n.

u´

M > In > (M − ε)(d− c)
1
n.

kü>Y½n�,

M > lim
n→∞

In = M − ε.

Ï� ε´?¿��ê. �, lim
n→∞

In = M
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~ 7 � f(x)3 [0, 1]þkëY��ê,y²: é?¿ a ∈ [0, 1],k

|f(a)| 6
∫ 1

0

|f(x)| dx +

∫ 1

0

|f ′(x)| dx.

y² �â Newton-Leibnizúª,

f(a) = f(x) +

∫ a

x

f ′(t) dt.

�,

|f(a)| 6 |f(x)| +
∣∣∣∣∫ a

x

f ′(t) dt

∣∣∣∣
6 |f(x)| +

∫ 1

0

|f ′(t)| dt.

éþª3 [0, 1]þÈ©,�

|f(a)| 6
∫ 1

0

|f(x)| dx +

∫ 1

0

|f ′(x)| dx.
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~ 8 � f(x)3«m [0, 1]þëY��,� |f ′(x)| 6M.y²: é?¿�

�ê n,k ∣∣∣∣∣
∫ 1

0

f(x) dx−
1

n

n∑
k=1

f

(
k

n

)∣∣∣∣∣ 6 M

2n
.

y²∣∣∣∣∣
∫ 1

0

f(x) dx−
1

n

n∑
k=1

f

(
k

n

)∣∣∣∣∣ =

∣∣∣∣∣
n∑
k=1

∫ k
n

k−1
n

f(x) dx−
n∑
k=1

∫ k
n

k−1
n

f(
k

n
) dx

∣∣∣∣∣
=

∣∣∣∣∣
n∑
k=1

∫ k
n

k−1
n

(
f(x)− f(

k

n
)
)
dx

∣∣∣∣∣
=

∣∣∣∣∣
n∑
k=1

∫ k
n

k−1
n

f ′(xk)
(
x−

k

n

)
dx

∣∣∣∣∣
6M

n∑
k=1

∫ k
n

k−1
n

(k
n
− x

)
dx

=
M

2n
.
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~ 9 � f : R→ (0,+∞)´���¼ê,�é¤k x, y ∈ R,k

|f ′(x)− f ′(y)| 6 |x− y|. (1)

¦y: é¤k x ∈ R,k
(
f ′(x)

)2
< 2f(x).

y² é�½� x ∈ R,e f ′(x) = 0,K(Ø¤á.

e f ′(x) < 0, K h = −f ′(x) > 0. �â Newton-Leibniz úªÚ^� (1),

�

0 < f(x + h) = f(x) +

∫ x+h

x

f ′(t) dt

= f(x) +

∫ x+h

x

(
f ′(t)− f ′(x)

)
dt + f ′(x)h

6 f(x) +

∫ x+h

x

(t− x) dt + f ′(x)h

= f(x) +
1

2
h2 + f ′(x)h.
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�,

1

2
h2 + f ′(x)h + f(x) > 0. (2)

ò h = −f ′(x)�\þª,=�(
f ′(x)

)2
< 2f(x).

e f ′(x) > 0,KP h = f ′(x).�â Newton-LeibnizúªÚ^� (1),�

0 < f(x− h) = −
∫ x

x−h
f ′(t) dt + f(x)

=

∫ x

x−h

(
f ′(x)− f ′(t)

)
dt− f ′(x)h + f(x)

6
∫ x

x−h
(x− t) dt− f ′(x)h + f(x)

=
1

2
h2 − f ′(x)h + f(x).

ò h = f ′(x)�\þª,E� (
f ′(x)

)2
< 2f(x).
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o�,©ªk
(
f ′(x)

)2
< 2f(x).y..

5 1 (Ø¥màXê 2´�Z�. �±�Ä¼ê f(x) = (1 + x2)/25

`².

5 2 (Ø�±í2Xe:

� f : R → (0,+∞) ´���¼ê, ��3~ê L > 0 ¦�é¤k

x, y ∈ R,k

|f ′(x)− f ′(y)| 6 L|x− y|α.

Ù¥ α ∈ (0, 1]´~ê. ¦y: é¤k x ∈ R,k∣∣f ′(x)
∣∣α+1

<
α + 1

α
Lα · f(x).
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