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r<R

Er-@(FERX)



% 4 R B0 R Il R HO 2544 (458

A= m {a:er(a—%aJr )\ {a}, 1§{Ew<r+l}

n,k=1 k
F & (B ARES)
b o It F(a) := f(xX:;(a) Va e (x—— x+n)\{ L, xEBlE

Er-@(FERX)



BIEHENZGCE

o FIEHETRGE. RIEE: i

Gk Gk HF&

DL

Q:

k

= GREE  (Gk D Qi)

:
— G/HI%, TR
— R= U G;I_I =F—WE, FE
o LIBHESRF. &

Er-@(FERX)



TSR AE R

o THELHRHSI R — REENEZHEELR

WERR:  RIE%. BMNAEEEFAELERZE LR

G,NnO % 0, V FE&EO — G IAZE

Hrh G, = {xeR": f(x)> J2HE

—  0=[|GZ=B/E FE

AeZ

Er-@(FERX)



FFE BF 2 1% BT

A CIpES FreE A
XA AT B THEE | b

Er-@(FERX)



Borel&E 2 RIMNFE TR ZHIFR.

@ Lebesguefs: ZE X2

R B Lebesgque A] 14 = Lebesgue AT FR 14 B s B2 45

Er-@(FERX)



sl

P25 147
P43 B2

P55 £19, 3081

B—EEERER

Er-@(FERX)



Er(FERX)

2024-3-13

Er-@(FERX)



@ LebesgueillEE
o HMZME

o BorelfE 2Lebesgue ] M4,

Er-@(FERX)



4ZiL>: Littlewood =R IE

SERAMBFE DRI MK R

EIRIES A R 3 WS S5 AT B 0 51
F&E ELRH — BTSSR e B
B IE )t LusinEIE EgoroffE IR

Er-@(FERX)



Ch2 A&

@ LebesgueillE (Ch2)

o FFEE{A{KFA \::»Lebesguel)”llr“

oy FIRE o EREMEREE o

o Lebesgue oKX EI(R", Z(R"), m)

Er-@(FERX)



Ch3 A&

@ Lebesgued]i K% (Ch3)

® (ya,+,-lim)

Er-@(FERX)



Ch2 LebesgueilE. §1 R"HLebesgueill E

o AAIFINFFEFBELERAE CR"

ECUIk, Ik:(a1,b1)><---><(an,bn)
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o RIRA c I, IRBHRIEE, A°=I\A
ARYAEE = || - ACHOSNIIEE

(MFAREREARPREZNINE TR A, FH, BRALH)
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@ u: T — [0, +oo] ZME
o u(@ =0

—+oo —+o0
° /1(k|:|1 Ac) = X u(Ax), VAcel

Er-@(FERX)



M 5 12,

o MBEEEIR[0, +oo KEERT  (FTRUENE )

— FNEME R IR

o N E 2 aIBERH:

(400) = (H00) TEX, ATLABR[—oco, +oo] HHYEEE.

(80 B RE R & B TR 2R T aUBEals)

Er-@(FERX)



§3 14 R

o (X,Iu)BMEZIE, {Ackay €T.

MNTEEL
) L IEEE lim p(A) = u(im Ay).
H(Aq) <0 : .
@ AiDAD--w ——m— lim p(Ax) :u(khm Ak).

MEESE ko

(SRR TREFFIERE 0 [k, +o0) = 0)

) wu(lim Ax) < lim u(Ax). M E T 5L

n—oo n—oo

Er-@(FERX)



4)  p(U Ag) < +oo
k=1

= u(lim Ac) < lim p(Ax) < km 1(Ak) <u(km Ag)-
k—oo k—o0 - -

M BE o m] AR AR BRFZ X

o MEFRMAIZELL: (RIRIR.

Er-@(FERX)



A = XA
u(A) - fX XA () du(x)
p)E A

Er-@(FERX)



(1) MEBIMNTELNZ B8RS E IR R

lim fx Ka (X)u(x) 2221 fx im ., (X)du(x).

n—oo n—oo

(2) BRI _EZELE R LebesguetEHIUTSUE IR R AR :

ol < lxaleLl'(X)

— 1m_ [ i ()du) = [ lim v GOGk(x)

n—oo

Er-@(FERX)



(3) ME THELZFatousIBAIFER:

| 1im iy dutx) < im [ x ().
X n—co n—oo JX

@) (X.T,w), (Y.Z.v)RoBRMEZE, MY Eel Fey

nyXEXF(X’y)dﬂ(X)dV(y) = fx ( fy XEXF(X’Y)dV(Y))d,U(X)

= [ [ reetxniauta) avy)

Er-@(FERX)



M B 14 BR Y IE HH

(1) n“—rEoAk (Ak\Ak 1).
Al u(A)<e0 5 ,
———— u(im A) = ;(y(Ak) ~ (A=) = Jim p(Ay).
Al=AN\AT

u(Ar) = (lim Ay)

K—oo k—oo

m (A2) = T (u(Ar) = (A)) = u(Ar) = fim (A0

(3)  u(lim Ay) = limpu( N Al (lim Ay, =lm 0 A1)
— n—eo' k=n e .
= lim p( 0 Ay
n—oo =n
< lim u(An)
n—oo

Er-@(FERX)



Borel-Cantelli5|I8: £E&RIRIEHFREESIIE

o W(X,I,u)RMEZIE], Ay el (Y n). M

3 u(An) < oo === u(fm Ay) =0

n=1

0= lim 3" u(A) > limu( U AcL)(> lim u(An))

k=n
= u(jim U A (BfR U AWEAHR)
= M(n@oAn)

JFig: FFTFHN U BE AU L5 SR AR AL



15175 1

@1 Y VA, <+, A,>0, apeR, N
n=1

()
Z co, a.e. XeR.
= Ix — an|

JEBR: A, = B(an, Vn), )”lJZIAnI Z A < +oo.

R Borel—Cantelli m An|_| [ Ag
n—oo —
9 n—oo
TS
e N .
xe lim A —== xeA’ Blx-al> V1, (¥n>N())
n—oo
An
A Y N
e < VA (V0> NK)
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® Wa>218p,geN, (p,q) =1.

EzuemAy3£§¢ﬁﬁﬁgemﬂﬁﬁu_%<éﬂ

SERR: m(E) = 0.
WERR: BlEp, q e N, 1BApq = {x €[0,1] : x - §| < %}_
I 2
Aq = U Ap.g: m(Apq) < —
p=1 q
———— EcA=1lmA, > m(A)<w
Borel-Cantelli
m(A) =0
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Lebesguei M FE {4 1E M| 14 (f 30 FFEE A0 ] 65 B9 M 2% < 2R)

o Lebesgueill & ZI1EN:

m(A)
e AcGHHEE

BEFRME o
Higﬂﬁ KcAuﬁx%

o Littlewood =[FIEx—: TLNEELRZEFE.

Er-@(FERX)



AcZ (RN

inf{m(G) : A c GFF %]

(ta) m(A) = oot G =R".
(1b) m(A) <oco:  Ve>0, IAFFFEKI:
Ac|Jhe  Dllkl<m(A)+e
k=1

G = G Ik == m(A) <m(G) <m(A)+e.
k=1

Er-@(FERX)



m(A) = sup{m(K)  BEK C A}.
(2a) AER:

BRSO BRITRERI S A, XTIEEE.

(1b)

A°cG.nl=G.cl, m(Ge\ A% <e.
Y e>0

Blk=aGecA
———— mA\K)=m(G:\A°)=m(ANG,) <e

Er-@(FERX)



nE BRANE BRANE &
K=G° A AC G =K®

Acl, AC =1\ A.

&
e BN XS G

K > A€
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m(A) = lim m(Ac), (Ac :=ANnB(0,k) 1 A).

k—oo

(2b-1) m(A) < oo:

Ve>0 €
e — oy o
IR KA, 2 2 2

(2b-2) m(A) = oo

YM > 0, BREEK C Ay,

2M < m(Ag,) < m(K) + M = m(K) > M.



BRARMTAR

ax P A, b

g | AR xR

inf, sup

m(A) = lim m(A). A= AnB(0.k)ER.
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TR EE

o Lebesgue ] l&E 2 Borel K HITE &L

381,526%(1&”)
Ae Z(R")————=BicAcB,, m(B:\B)=0.

o FMHAEFNE

B, B,
Fr (S51LBYEE) Gs (G5LBFASE)
LM% EME
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Littlewood = [RIEZ —:

& NS
L 55

G5 5% TNE
55 L
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Littlewood = [RIE 2z —

o Lebesgue AN EEZIiH:

LebesgueRI & = Borelfs + FE.
LebesguerI & = F, + FME = Gs - TNE.

Lebesgue A l=FF &+ AT 51|32 -F MR =1 S+ AT 51 H + M &L
LebesgueA]:ll&E LERtE BE+/MNIESE.
Lebesgue ]l £ ERtE FE&E - MUEE.
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Lebesgue ISR E X

o LebesgueR[JMEREIX:
(1) CaratheodoryZ& 4.

(2) BorelSE+FEME.
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e & L E IR HYIERR

351,52€$(R")
AEX(RH):>B1CAC82, m(Bg\B1):O

(1) Ac=AnB(0,k). (BRI
(2) Kk,j C Ak C ij, m(Gk,j \ Kk,j) < ﬁ (z%?ilg)

@) UKejcAcUGy Vi
@ Bi:=UUKqcAcUGy=:B. (48 FERK)
J J

(5) Bg \ B1 C LkJGk’j \ B1 C LkJ(Gk’j \ Kk,j) = m(82 \ B1) < % — 0.

Er-@(FERX)



€ — roomERE AL, - 2%;215:

o)
€
=)

o HR_IKIBIR
A ——— {Ak}kenn &= {Gikj, Kk j}k jen.
- Z ok — Z Z okt
k=1 =1 k=1

Er-@(FERX)



M =S (BT 1L

o &(X, T, u)=MESE, MESEZW(X, T, 1) R & MESE,

Hrp
T = {AuZz: Ael, Ze.x|
A = {ZcX:3ANerl, ZcN, u(N)=0}
HAUZ) = u(A)

Er-@(FERX)



Lebesgueill B 5t &

o LebesgueillEZ[E](R", £ (R"), m)
|
Borelil 25 18] (R", B(R"), m)HISE& L.

AR ERUEE— Z(R") c B(R").

Lebesgueil BN E 2 ATRE, BT/ UNE

— Z(R") = Z(R") > B(R").
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o VAALMEEK, c R, FEK: C Ko, Ki FHILebesgue g
BAFME.

o RNIFIEM* (Ko) <
o AUHIZA > 0:

A = sup m(E), M= {E e ZR"):Ec Ko}
Eel

o FRARTRIAE:

Exel

(o)
- U )<supm(E) =21
k=1 Eel

] Ko Ky u U Ex, K15%}%g5}2



600

0 E¢ Z(R") &= m*(E\A)>e, VAec.Z(R.
o BEMW: RiE%: BRHEEA € Z(R")

m*(E\ Ax) < VkelN

x| =

:>E:UAK|_|Z€.$(R”).

Eljij\UA) “(E\ A) <

XI—L

o FEHM: RiE%: BARE ¢ Z(R").

SR TE ) N
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5753

0 E¢ Z(R") == m*(G\E) >, VYECGeZ[R

o ATIMERTTIE M AN &R & 4Rk i AkiB i

o E¢ Z(R") === m(ANB) > e, VA BESEENANLE.

o HERA: m(ANnB)>m'((ANB)\E) > e

o FAIMESHKETZRATAIMNERE, BRI L ETE

Er-@(FERX)



=0

cyM=H

o Mo RN RIAR PR IR

o LebesgueiMERIIEN|E: (FIMEFMAE. BEMNXER)

LebesgueilllE 5Lebesgue Tl M EH M4, Lebesgueill EAY
IEN MR AN EEFFFE, EEMXRAI.
Littlewood =Rz —

o LebesguellIERISERME: (RIMEE=Borel&E+FN£)
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Lebesgue A&

o JUMEE=ZE (R", T, m):

[ = LebesguesiX# = Lebesgue A& &1k,
m = LebesgueilE.

o I OR"FELMK (Borel &£ R
e VACBel, mB)=0=—AcT. (GTEME)
o FRIBHAMER T, ENE = HAER (RFRHET)
o m(A)=m(x+A), VAEel. (FHBAE)

o Lebesgue ok #H—— <Borel oR¥ + ﬁﬁﬁﬂ@%iﬂﬂ%).



sl

P78 %1, 2, 571

P94 59 &
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o Littlewood =[R2z —: TFIMESHE. AKHXH

o SN R

o IEMMERIME: MEMFE

Steinhaus EEIE (BARMEILFFAINE)
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Littlewood =[R2z —: A[MIESHE. AEHRKR

THIFMN:

o ARR"dLebesqued]NI&

@ Ve>0, AR"PHFIEFFHALEG:

FcAcQgG, m'(A\F) <e, m*(G\A) <e.
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o Littlewood =[RIE <z —:

MR-+ NUEE=TFE-NMNEE.

BATNER=XE+NNEE=TF&E-PNEE.

o 5N IE 14 A [=E):
A=R", FTHEHESE
m(F) > 1, m*(A\ F) = 4oo.
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Littlewood = [RIE 2z —:

F&E  + PNUEKE G:& + TNE

% 5 5 B
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MEILFEZLLIE inf, XZMRF—EH

° # P ARE (A8 5 AU e E SOONUEE, T
FNEREAF .
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FINXIEHIERR

° AGX(R”)%m*(A\F)<e, m*(G\A) <.
CAC

A = ANB(0,k)TA,
Ak C Gk,

€
m(Gk \Ak) < 2_k

WG = U Gy
k

—= G\A =[G\ A)c | J(G\A) = m"(G\A) <e.
k=1 k=1
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F AR SIS AR TE 9 B BK -

HTFAC, ZEFEG:

A°c G, m'(G\A%<e

BYF = G, M|

A\F=ANG=G\A°.
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ve>0,3 HIFFFG

°A GX(RH)?m*(A\F)<E, m*(G\A) <e.
(1) Kk c A c Gk, m(Gk \ Kk) < £ (3¢ 73%279)

(2) B1 ZZLkJKkCACQGk:ZBQ. m(Bg\B1):0

@) A=Gs\Z=F,UuZe Z(R".
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MEFRHATM

FAEH b RSF$§$§'IEE——?> SN,
1=

@ m*(xo + E) = m*(E).

JERR: Vv %Ik DE=m"(xo+ E) <X Ixo+ Ikl = X Il
K K

3*
m
N

m*((~x0) + (x0 + E)) < m*(xo + E).

Er-@(FERX)



M FFB AT (L)

o EHARLM, Mxy + AR, BMEHEE.

HERR:

A—OG;{\Z:XO—&—A—O(xo—i—Gk)\(xo—i-Z)e.f(R”).

Hep
m*(xo + Z) = m*(Z) = 0.
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SN L

o EMVFNELH:

HoE,  HREG&%, m'(H)=m"(E).

o JEid: H\E WHEAZRTME, BZMEF .

=gE
o stiT: MEME TNE s,
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Fid:  m*(E)= inf{m(G)  FFG D E}.

UERR: (1) m*(E) = oo :

(2) m*(E) < oo

Ve>0,3hFFEE: D Ikl <m'(E)+e
k=1

(o8]

—=G:=| Jk. FGoE. m(G)< > lkl<m'(E)+e.
k=1 k=1
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FENEFEMRIIERR:
(1) m*(E) = o0

H=R"

(2) m(E) <o

NGk D E, m(Gx) < m*(E) +

x|—=

Hi=()G« — m'(E)<m(H)<m(Gi) < m"(E) + %
k

= m"(E) = m(H).
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SN R JBR

o T¥EHM (Fatous|3EME—HEE)

m* (lim Ex) < lim m*(Ey).

o BIPWHNEEMNA—EE

m* (lim Ey) =1

lim m*(Ex)

Er-@(FERX)



SN R 1 R (458

IERR: (1) & Hx —E(HIZFNE, T

m*(lim Ex) < m(lim Hy)
<

lim m(H) (Fatous|IE)
= Ii_mm*(Ek).
(2) ’Ex T, M
. . Et (1) . . .
kI|m m*(Ex) < m (kl|m Ex) < lim m*(Ex) = kllm m*(Ek).

k—oo
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1, m(E)>0

m(l N E) Ecrr AL
IER B M 0, m(E)=o.
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M Y (£5)

JERR :
o MHRERAREME: XZREAmM(E N B(0,n)) T m(E).

o REFAAFE—MIER. RIEE: BRi&
su m(INE)
sek M)
Ve > 0, BRFFFEIEI:

Ec| kD lkl<m(E)+e
k k

=1¢€(0,1).

— m(E) < m(|_J(knE)) Zm/kq +e) FE
k
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Steinhaus EIE

Theorem 2 (Steinhaus)

mE)>0 ——= 0c(E-E)
GER ) (#hEME)

A,
. wEBE L
—_———— —_—  ———

AES(ENLE) AEE(EAR)
MR HihE
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HIMFEPHAKE(ERAR), m(E)>0

RE, m(E) = 0.

N-N = Z, C-C=[-1.1]
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=
CxCantorf® | 1 4. crc=1[0.2].

. 1 2
JERR: Vxe(O,1]MZ§+Z§

nel ned

= x:%(a+b), a:Z%—FZ%, b:Z%

nel ned ned

’
— [0,1]:§(C+C), C=IlmCy,=Ilm(1-Cy)=1-C

— C-C=C-(1-C)=C+C-1=2[0,1]-1=[-1,1].



k-
BEREE

MEHE % —
IR, BAEE

E=]pry

Er-@(FERX)



o BEUFFFEMKI
m(INE) _ o=IMBMAK -6 6., _
miD =2 T (2,2) CE-E.
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RiE%: HBfExoe (2.9)" (6 = IRIMEK).
X¢E-E = x+ES5ERHEX
= X0 + 1N ESIn EXHER
= m((xo+INE)u(INE))<m((xo+ U

v.bv)

Hib = mixo+ 1)+ m(l)—m((xo+1)NN)<(2- %)m(l).
HILBREIFE. HENFAATUUTESE: x + 23,

(0-+ 1) 01> F5th, BER > (1)1

2m(In E) = 2am()

Er-@(FERX)



(i

o m(E)>0—= (E+E)° #0.

o ERBENFRXEEANZIEH, ARz XIEH(0,1), MA

m(A)>g, A:=En(0,1).

o RZE+EXAR. B

%€ (1,3)\ (E+E).

o ANMETHRZHTE:
A1), x%-AC(.2)-(01)c(3)
— m((xo - A)UA)) > g FRE
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(i

o Hf:R — RE—NEMNEK EBAFBIWMEERER), EBHM
M, MERBLMM.

SERR: BAFIEA(x) = f(1)x.

aeEnskenR 2R g apin-o R
FRZ M1
m m, m
nf(;) = f(m) = mf(1) = f(F) = Ff“)'
Bl ZEx.n 1

[f(x) — f(1)x] —TEEXD | fp(x—r + (r — x)f(1

(x) - £(1) o s In (n(x =)+ (r=x)f(1)

M 6
< T + H'f(1)| -0

Er-@(FERX)



(i

0 T :R" — R'ZAIFEL TR, EZR"FAIUE. W

m(TE) = |det TIm(E).

IERR: T =#FEHRNES. XOEME,. BF. H5EHR.
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L5
(1) E=1[0,1)".
XFASTE R, n = 21FF:

yi:=Tx1 = X1 + X2, Yo:=Txa = Xo.

XQZO X1:1 X2:1 X1:0

y2=0 yi—y2=1 yo =1 yi=ys

T FREIEFTRZ0,1) x [0, 1)BREB A FITIIAH, KiA[0,1)XIE],
=1,

—  m(TE) =2 | det Tim(E).

Er-@(FERX)




(2) E=FHE&.

MRMFAT ZHHINER S, GREN R B ER A Z#HIS .

= G= | | (0.1)"HEHEER).
A5
VFALETFIFRZ(1).

m(TG) = |det TI/m(G).
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(3) ERT.

E= U G\Z=TE= 0 TG\ TZ

m*(TZ) = infim(G): FF&EG > T2}
= infim(TG) : F&EG > E} (TREE.G:=T'G)
= |detT| infim(G) : FFEG > Z}

= |detT| m(Z) = 0.

Er-@(FERX)



ER[ — TE®
m(TE) = inf{m(G): FF5G > TE)

= infim(TG) : F&EG > E} (TEEKE.G:=T'G)
= |detT| infim(G) : F&EG > E}

= |det T| m(E).

Er-@(FERX)



(i

R"# | ) BFE
GE]
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P84 2271

P95 5812, 13, 14
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Ch3 7] &5 24

o I

o AR X TIZHAH A
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Ch2AN1Ch3% A:

g8 FFAE SR 3 A oR Hie R #e
A - Xa f = (xy, +-lim)
A& = AT R 3 AL R 2
mA) - | a0 dmi) [ 100 am
M M5 M5
Ch2 Ch3
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SE AR RIBERE: Sk BN EIES R EME B

o B IR R BYBERH:
m(E1) = m(Eg) = (+00) - (+00) %%X
(80N B RE R & B R R TR aIBalH)

o IR hBIBERH:

f Xg, (x)dx — f Xe, (X)dx = (+00) = (+00) TBEX.

RN RN

(AT R =(x o, +, -, lim)) ATRER AT AR, TERAIFRPER, S~ ATFRF )



A o B IR

o HIOHERZEARAVHES o, XyHiHITH &, IEL /A RBE R
BB EREE X WRHRFHREH AN, XIETRE
—IB A RERIR FRESCME.

o MMM EMEFT AN SHWER, AL LB AIE, BNA
7. ﬁTJ&%Jroo (o) BEaBH, TR ZENF AT eR B 2K 48/ N B 7T
R K.

o TEHZIBILH, Al ek R 5 ELE R B b A AH B AU ek 2 3L,
FRRBT LIS EFRTN. I AR R #2535 1K
RN PR IEE ). AJFH R 3 £ A ¥ B BanachZ [8).
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o WKAME L
Fr(X.Tx) — (Y.Ty)EH <2 1(My) Iy
(AT SRR R AT )
o MMSUELLT M

f: (X, 7(X)) — (Y. 7(V)EE = '(z(Y))cr(X)

(FFERMREEFE)
D E



o TIIEHFIFI 4 AT RIE

f:(X,Tx) — (Y.,TY)WM e '(F)clx, ofF)="Ty.

(ERTEATF hANEIREFTN)

MERR: T :={(Eely:fY(E)cTlx}

Fcr, rBok#¥ —=Trycrl
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(i

o [0, 1]|XIBHIEIRE, NiFE: AIMEMRGZTNE.

o ER[0, 1]/=4% B iEAY[EAE:

1 o — s 3
f = 5 (CantorF# +EF & 4).

o [0, 1]y

o 2n1
]
.1 = Cul || e =5
n=1 k=1
0o 2n-1
fo.1] = fC)yu| || ).  flO.1]=10,1]
n=1 k=1
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o TEFXIENL:

" Cantor RHMMHEM 1wy 1 |E:‘;f—"]__ _ . s,
T REIT 2 I 2
1 0o 2n- 1
= m(f(Ilnk)) = =mM(lhk), f(l_l I_I Ink))
n=1k=

— m(f(C)) = %
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m(f(C)) > 0 ——= HFHEANFMEW c f(C)

o g:=fT1, Z:=g(W)cg(f(C)) =C.

o LebesgueRlMEZMRGg ' (Z) = WA ZLebesguefE.

Fid:  TMEZAZBorel&. (BMW =g7'(2) € Z(R))
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Lebesgue B] M 67 £

o WERR" LAIME.

Z(E) = Z(R")n E = ELLebegue o X #.

@ f: E— R Lebesgue AT

f: (E,.Z(E)) — (R, B(R)) T

o {EIERH, BAHIo R ¥ EBorelr X B A(R).
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Borel o{X#

e Borel o R ZIBINFEFINEIEHIFR, FeMUELFIAT .

o FELATTH

o SEAMTINFMBAKHTNERA = v,
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o Borel oREIHYE R
#R) = o(r(R))
= of(a,+w): acR|
= ofla.+~): acR

= o-{[a,b): a<hb, a,beR}.

SEE: (a.b) = U R\ (b-1,+)) N (@ +).

n=1
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LebesgueB] |31 71 4 0]

@ Lebesgue AT ek 1 A1 M.

f: E — R Lebesgued] ;i

FHER R G R

= HAFFEZ(a, +oo)BIREGAN

= EFERERRIEa, b)HIFIKA.
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Lebesgue A & # AU FR 47 =Riemannfl 53 + M E if

o Lebesgue ]| iF #HIFA 7>

f b f(x)dm(x) ==L f Mm(f‘1[y,+oo))ldy-
a 0
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R{&Lebesgue AT il & £

HFEFLEAR = [—o0, +o9).

Z(E,R) := TMEE_ELebesgueTT MR # 4

Z(E)=Z(E,R) = TWNEELR{ELebesguem & 214

Er-@(FERX)



R1ELebesgue ] N o7 £ (£5)

o iR {&Lebesgue ] MR AIIER.

o Z(E,R)XFL. THRIRZEEIM, tb.Z(E,R)BEHHMIE.

o Y¥a.e. lHEM HIEFHFHT

L'(E,R) = L'(E,R).

Er-@(FERX)



1 FESLAR AT L A9 A (X 18]

o ¥ FESEh S A (X 8] Y U 5 R

X +— arctanx

o FflP R

Er-@(FERX)



1 FESLAHAVEE B

dist(x, y) := |®(x) = &(y)l.

Er-@(FERX)



1 FESLHRAYFRTT

REEEZE: FEAE(CLREHE),

o [-5, SIMTFEEFRIN

(X, 7)RRthEs IETJ%(E 1)) 2R,
ZE[EFRFM

o REESE, £ilp SRk,

o RPAGHAT:
7(R) = H(a, b), (a,+], [~co, b)4E K.

Er-@(FERX)



H FESL M HIBorel o X%

o ¥ FEEHIHIBorel o REL

B®) = o(x(®)
= of(a,+]:acR}
= ofla,+]:acR}

= {AuB:AeABR), B=0,{+oo},{—o0},{+00, —co}}

Er-@(FERX)



3 FE SL{E A Lebesgue AT & £

o ¥ FESE{ELebesgue AT R H | HEN.

f: E— R LebesguedTN
— f:(E, Z(E) — (R,%(R) Lebesgued]
— FERFRIKAIN, {+oo}, (—co) KRR AT
= BFFELIEEFTN, (400}, {—co) WY R G AT

= FFFABFXEBIRE AT, {+o0), {—co) HIR G T

Er-@(FERX)



REM:

SEERH : E — RATBAMY Y RLERH - E—R

A& AL — 2

Er-@(FERX)



AXTESEEHAE

o EAEH:

fe C(R"), ¢g:R™— R"AM = fo gl

IE: V FEG cR" = (fog) (G) = g ' (F(G)) =Tl

Er-@(FERX)



AR FRBIEFE R HE

o EHiH:

f,g: E— RAM = (f,g) : E — RZATM

iE: i2F = (f,9), M

F1 ([31, b1) X [32, bg)) = f1 ([31 , by )) N g‘1 ([ag, bg))ﬁL)”JJ

Er-@(FERX)



A X FREGZFE R A 1L

o kA, ¥3k: fg:E—RAM=—1f+g, Af f-gua[Jl.
iE: 4

F:E—R?,  F=(f,9)

h:R2—R, h(x,y)=x+y

=———  ho F(x) = f(x) + g(x) AT

Er-@(FERX)



QIPLESE g LS oS il

o HRIRIZH:

fee Z(E,R) = supfk, inff, limf,, lim fx € Z(E,R).
keN keN k—o0 _

k—oo

uE: %9 =supfy, M
keN

g '(a,+o] = |_J " (@, +o0] = gTTH.
k=1

e f,ge Z(E,R) = max{f, g}, min{f,g}, f7,f", |fle Z(E.R).

Er-@(FERX)



FMERIER
o FMEAEARPEMTHEUMIER:
Lebesgue A] & =BorelE + M &.

o TMEARKILPFAFMAMIE, AR, FHRAE.
fe Z(E, R)ci:'gef(E R).
o MO IZAEXHFME:
B EHAEEERS LRI HER — ENJLFLAEE.

o MR RHEFZ/LFLLEE.
Rt FRae i = BRE—NTENEKIL.

Er-@(FERX)



JLF LAk ui s

o Z(E,R)%kTFa.elTsEtiA.

IERE:  i&f e Z(E.R), fi 251,
= m(Z) =0, HPE\Z={xeE:limf(x)=f(x)}
— e ZE\ZR) feZL(ZR)
— fe (E\Z,R), feZ(ZR)

— fe Z(E,R).

Er-@(FERX)



AN E R B AR I BR (1R 9 LR M Y HET)

o AIMZFERIER

3 E:kfj1 Ex, E AT 3
fe Z(E,R) > flg, € L(Ek,R), VkeNlN.

WERR:  f'(a,00] = U (flg, ) '(a, ).

keN

Er-@(FERX)



AN R 2

o A M= AT
B xyy — e WARET,

o AR TARIHEN LR A B,
Bign: x,, = Suv[\)/)({x}, W]

(FRE: AN AT B3 32 £ D)
o AMXTEAZEANTHA.

gl =f= %(CantorJr'I‘E'-fff), REMW  f(C), g(W) = ZENE

My, o g AT : (xz09) '(11}) =g ox;

S =w

Er-@(FERX)



sl

P107 281, 6&f

P126 %52, 3

Er-@(FERX)



K H(H), H100RIR

Er(FERX)

2024-4-3

Er-@(FERX)



o AR B EEH

o =ikt

(JLFLAS, JLF—BUS,  LUNEW)

Er-@(FERX)



RNE—: AR A

o [MIFIES: E c R"AMIN.

Z(E) AT Ri&

Z*(E) FESA A R
S(E) BRI R
S*(E) IE T fE R A R

Er-@(FERX)



1] 52 AT 0 R B 254

RISy 49 E: 5lebesquefl 4 HEEE T A AR 2.

o & SR BR B 454

S(E) = ({f:E— RAIM | Range f2HIMRE )

= (xa,+,7

Er-@(FERX)



1] 52 AT R B A fE AR R

o fe S(E)tRERMN:

/\q:
Rangef = {ai,---,amh
m
E = |_| Ek, Ek = f_1 (ak)
k=1

o MNERTH, AF R, KFNHEZAE—WIFF



R0 BF F 0 18] 2R oR B AV BX 2R

o YN{ATIF BT oF 2 3R 0A 1) B ek 2 O PR -
xa + (4, 1im)?

ER BRIV SSEEER AREENTFE:

POV :: b it sy I 4 S b i

Strategy: F|9=iBiL=EEAZ =R EFE=[FRiemann

Er-@(FERX)



3E 2 BT o B 45 44

o MBTWMERLEMN: e 2 (E)

viSBloR = HIEIS 2 -1 )
o Do ool
| ] (B K ok u[ ok u

22k

i o
E =110, o] === | |5 50| |11 el
B e Il

{Er- st (REREK)



A £3 AT oR B A5 A £k

o TryHrEA Zi#HIXE]

]_—1<y<2]—k (j=1,2,...,2%

o HWORTHHIHISN: RiEKE=1
o HURTHEIBIS: EEKE- BI—RA—%=

=

o F2RTHFIFIS: XEHKE= AI—RI—¥=5 etc.

o TEy4hH) —idtHIR & X8
2K <y < .
o MMEEN, B AR/ME.
BUHMARXEFA, DXEHKEYLE



A £3 AT oR B A5 A £k

o EE KT

i il :
17 if 12—k<f(x)<21—k (j=1,2,...,2%0
fk(X) =
2k it f(x) > 2k
o —HULHHIIRIR:
fE{x € E: 0 < f(x) < 2K E:
’
0 < f(x) — f(x) < =

Er-@(FERX)



A £3 AT oR B A5 A £k

Theorem 1 ({EISL/FER 1B L7 B 1] 2 R 2 71)

2
_ =1 k
fk = Z ok f*1[fi L) +2 Xf’1[2k,+oo] /‘ f
=il ok * ok

ST(E) Z*(E)

Er-@(FERX)



BiR01F

St
—
>
N—r
I
—_——
e
=
>
m
=)
-
N—r

—
==
>
Vv
—

o
=3
x

m

=)

=:

>

m
=

-

=N

>

m

—

-

| g
~— — ~— —

N viw — o=
b33
m
ST
N

>
A\
[\V)

o BIORTHBIBIS: REKE-AI—RE—%=1
o HEEELRK +o]



BRI SR BR R

B

-

Ifl

f+

-

R ARIAG T AR LR 3, IR R B R R R RIF R

1 1
—(fl+f) = =(Ifl =) = fT = f* >

2(| |+ f) 2(|| ) , 0
fr—f  (Ba, kKMnsLRE—HIEE)

fr+f

fHIIEER = max{f,0} = NFEHBHZENKL, HEAFE

fEYSAER = max{—f,0) = KT ERIA TN, HEXTLMHRE

Er-@(FERX)



AU B B 4544

o AL R ¥ LEHETE:

fe T(E) &= AfeST(E), i 1f

fe Z(E) < ek S(E), ok —f, lgkl TIfl.

Er-@(FERX)



A B B £ A 4

iERR:  i&f e Z(E), M € Z(E),

Ju,vk € ST(E) = wc Tf", w1t

= ¢k =Uc—Vk €S(E), ¢x—f

Vxe E —= ZE2u=0EA4vw =0
= okl =uk +v T fF+1 =|f

Er-@(FERX)



AU B B 4544

o TR EAYRF R (T ¥ZF R B Taylor R FF)

X(E) = (XA, g -,Iim)Aﬁn[)w

o AR KR AU AR

Sy
G — (E)

Er-@(FERX)



AU BR B B SR R X

o TFMERY: HAENREIAME

o HWIMEH: RTHE  x +REESEARREE.

Fik— MR | BSIANAESNER
yop = Atk EEE IR T

Er-@(FERX)



ML FIFR IR X Z

FOAIR K EANEO
MR ML
£aiL R #ie
FHIER ¥ A ER 25 (VAFFAE R 3 9 FAK)
oR# A R K T iz B EH ]
M EE TSR] AN R FFN LR

Er-@(FERX)



— B

o HRERH—HEBLEAFR MR 1B5L°=FF)
fe ZH(E)nL™(E) = 3AfeSH(E), fi1f, f3f.
o ‘KX H BRI EX—HIBILIE B R AN R

9k = fexB(0k)

1
R

fe ZH(ENL®(E) = 3dgeSS(E), akTf g =3 f

fe Z(E)NL®(E) = 3AhkeS(E), |l TIfl, h = F.

Er-@(FERX)



o =FhusatE
a.e. almost everywhere JLF A AL U 65
a.un. almost uniformly convergence JUF—Eir s
m measure LA AT S
IBS:
[fs =1l > ] =2— {x € E : fa(x) = f(x)| > €}

Er-@(FERX)



=TT

® WE e Z(R"), f,,fe Z(E,R).

fi =5 f ——= m[f,-»f]=0;

f, 20 f —> Ve>0, IJAME.CE:

onE\E.
mE)<e, f, 3

f, — f & Ve>D0, klimm[lfk—f|>e]:0.

(MEZIE/NES)



=SBV B = X

o JL R RIRE—NTMER R7SUL.

o JLF—HUERIREFE— MR N IR — BN

o LUNMEWHA B a7, BikfAf imB i aE=R/\E
& BRI IZEAHNE.

Er-@(FERX)



R UES R SRR/, 45 H ST SsUE N

° MeRTEZHIEE

a,bit® ——— la-bl>e¢

Er-@(FERX)



= TSR T B ST S BY RO 2

° THFEZMImBMZETNE.

fo a.e. f sV e> 0, m(km [|fk—f|>€]) =0.

o (RIFBRIMBISMNY)—BZBRER/NMEES.

fo 2 e——Ve>0, kli_r)noom(;ij[lfj—ﬂ;e]):O.

o MKMEBITEIZNNEE.

fk—m>f ———VYe>0, klim m||fy — fl > €] = 0.

Er-@(FERX)



BIZH*E

a.e. TH LR E TMEE
a.un. FRARIIE B —HTE hNEE
m WNEZ S hNEE

Er-@(FERX)



&

IERR: (1) N R =TS ZTRES.
A== |Im [Ifc — 11> €.

e>0 k—eo

a.un

(2a) f——f =——= V60>0, AE:m(E)<06,F5
Ve>0,3djeN, Hk >,

sup |fg(x) —f(x)l <€
xeE\Ey

—— Ul -fl>dc B —HTHRNIES
=/

—  lim m(k8,[|fk —fl>¢) <0
jooo k=]

Er-@(FERX)



v EEK €N,  lim m(U[m -fl> ) =
=

— V>0, IAn=n(k)eN: m( U[|f—f| ]) <2
j=n(k)

— &E° = U U [ifi — fl > m(ES) < 6
=1j=n(k)

:w(ng_ﬂ ﬂ[|f,—f|<2k]J: fi =3 f.

k=1 j=n(k)

Er-@(FERX)



= MUY X &

Ofkﬂ)f :fkﬁf, fk—>f
m(E)<+oo un

o f 2% —/ i 2Ny

o fy—5f = VYFFI,IFF, — .

Er-@(FERX)



Littlewood = [RIE 2z —

Theorem 2 (Egorov;EIE)

a.e. m(E)<+oo a.un
fk — f — fk — f.

Littlewood =Rz —:

[a, b] X [8] £ R #FN Y ——=ZF T 2 —HU L.

Er-@(FERX)



Theorem 3 (Riesz EIE)

fi - ——= AFFf, = 1.

IR RIS, AR PR ME—.

(JLFLABEFNRES, METETHTNE)

Eic2: EARMES L, EETIac WHEBXT, ZFUEFM.

Er-@(FERX)



(&) , iEPR: f — f  —= VFF5I, AFFIf, f..

T s VKeN, ,|imm[|f,~—f|>2ik]=0
j—oo

1
BoieI—CanteIIi Fii m O | fnk _ f| -0

BCUEAR 7% I
N U [Ifn, — I > m(ES) < e

k=sg

. = 1
_ fnk :;f n E€ = ﬂ [|fnk - fI < 2_k]
KZSO

a. un.
_ fnk _— f

Er-@(FERX)



% JEPR: f,— f == VFF, AFFIf, f..

JERA:

fo > f = e >0, kﬁm[|fk—f|>eo]:5o>o
do
= IAF5f,}: mllf, - fl > e] > >

= {fi, [ B &Za.un PWEFFI.

Er-@(FERX)



JUF AL RL ST SRR BE LS S5 2 9 S 4

o JLFALSLU, AEMAC .

E =(0,+)

a.e.
X(n,n—H) —0

m
X(n,n+1) + 0

Er-@(FERX)



JUF AL SIS SRR R BE ST S5 2 9 ST A

o MM EULEL, FETLFALLLUTEL.

[0.1]
fk,:,y[%’ﬁ), r=1,...k, k eN
{gk} = {fi1, fa1, faz, ..}
gk >0
gk 5 0

Er-@(FERX)



JLF AL ALYtV s 44 B Wi &

a.e. JLFA U | B TN

NS

m SUMESE | dEES

Er-@(FERX)



Borel-Cantelli5 | 38

[e0)

m(Ap) < +o0o —— m(kﬁ A) =0
= —00

= lim m(ngj) =0

a.un
R e XA —)0

n
a.e.

> XAn—)O

n

;Eig: nlim m(Ap) =0 = x,_ 0

Er-@(FERX)



sl

P119 281, 48R
P127 125

P109 286, 7RR

Er-@(FERX)



SEHT(H), 8B11RR

Er(FERX)

2024-4-8

Er-@(FERX)



B2,

o EiiAtiE]: 20245F4H27H(EHA7Y) i _£7:30-9:30

o M%: PPT 1-14

o Mm: fFFE

Er-@(FERX)



o LUNE Cauchy

o LusinEIE (Littlewood =[R2z —)

Er-@(FERX)



[l =Fpsssis

o ®E € Z(R"), fy,fe Z(E,R).

fr =5 f e m[f, -» f] = 0;

f, 2% f ——— Ve>0, 3JTME. CE:

onE\E.
m(Ee) < e, f = f

f, — f = VYe>0, Jim milf ~ | > €] = 0.

Er-@(FERX)



= TSR T B ST S BY RO 2

° RHEZMMBEMETNE.

fo a.e. f sV e> 0, m(km [|fk—f|>€]):0.

o FRAMRIUMEZE M2 NNEE.

o2 e Ve>0, I(Iznoom(jgk[lfj—f|>e]):0.

o MKMEBITEIZNUEE.

fk—m>f ———VYe>0, klim m||fy — fl > €] = 0.

Er-@(FERX)



&

IERR: (1) N R =TS ZTRES.
A== |Im [Ifc — 11> €.

e>0 k—eo

a.un

(2a) f——f =——= V60>0, AE:m(E)<06,F5
Ve>0,3djeN, Hk >,

sup |fg(x) —f(x)l <€
xeE\Ey

—— Ul -fl>dc B —HTHRNIES
=/

—  lim m(k8,[|fk —fl>¢) <0
jooo k=]

Er-@(FERX)



v EEK €N,  lim m(U[m -fl> ) =
=

— V>0, IAn=n(k)eN: m( U[|f—f| ]) <2
j=n(k)

— &E° = U U [ifi — fl > m(ES) < 6
=1j=n(k)

:w(ng_ﬂ ﬂ[|f,—f|<2k]J: fi =3 f.

k=1 j=n(k)

Er-@(FERX)



Theorem 1 (Riesz EIE)

fi - ——= AFFf, = 1.

IR RIS, AR PR ME—.

(JLFLABEFNRES, METETHTNE)

Eic2: EARMES L, EETIac WHEBXT, ZFUEFM.

Er-@(FERX)



(&) , iEPR: f — f  —= VFF5I, AFFIf, f..

:
ff ——s VkeN, lim milf; —f| > =] =0
j—ooo

= XTEEFH.IFI: mlf, -fl> 21—,(] D 1

2k’
Borel-Cantelli ) « 1
BCMEBR 57 "=
Y >0, 59

> 1
EC .= U [, = 1> 5], m(EE) <e

€
K=So

: = 1
_ fnk :;f N EE = m [|fnk - fl < 2_k]
k=sg

a. un.
) fnk — f

Er-@(FERX)



% JEPR: f,— f == VFF, AFFIf, f..

JERA:

fo > f = e >0, kﬁm[|fk—f|>eo]:5o>o
do
= IAF5f,}: mllf, - fl > e] > >

= {fi, [ B &Za.un PWEFFI.

Er-@(FERX)



{20 & Cauchy

e ECR'AIM. fx e Z(E,R), VkeNlN.

{fe MKMECauchy == ({fi)y MBS

{f ), 4K E Cauchy, BJ

Ye>0, .il(im m||fi — f| > €] = 0.
I,K—00

Er-@(FERX)



{2 Cauchy 4%

MERR: (), MM EE Cauchy, B]

Ve>0, lim mlfi~fil>e=0.
I,K—00

YALRIEERFFlg; = fr, -

mlg; - gl > Hl< 5. VieN.

j=18F, AJi%B gy, g0, HA g1 BUE, 9o BLFBIFIE.
j = 2B, AJiEER o, g3, HF g BUE, gs B FHIFIL

WMEADE T .

Er-@(FERX)



1

Ej == 1[1gj = gi+11 > 5. o

Borel-Cantelli i i
m( lim Fx) = lim m(Fx) = 0.
(Ej)< k—o0 k—o0

1
2




Y i>j>k

[se] [se] 1
VX € F;(: = ﬂE]c = ﬂ[|gj—gj+1| < 5]

j=k j=k

1

lgj(x) — gi(x Z|gs+1 (x) = gs(x)I < S o1

fEF; £ {g&E mCauchy, JLFE—EUEL

AT BE ST ST, 5T £ AR ) B A

Er-@(FERX)



Littlewood = [RIE 2z —

o LusinEIE:

f: E—SRAN — Ye >0, AFHEF C E :

m(E\F) <e, flpiZEEL

Er-@(FERX)



® Hm(E) < cofif, ATENHISF AR EK.

o Hm(E) = cofif, AT BUEALEF J K.

fBlan E=R", m(K) < .
o c—fRAEERA0.  BlandEr BCantorfE & RYHHIE R 3
o FHEWHIELRH—MRA I BT,

BlaRx 0,1/ REXVANME, $Z2X[0, 1]/ NUNEE, FAIEES—H
FEEZIAMERE.

Er-@(FERX)



LusinZEIEERYFE 5 1%

FESMIUERR: AN R S ER M R

E— U F,uZ, flr. YELE
n=1
1 ,
m(E\Fn)<E, |7J—'.|FnCE, m(Z):0

Er-@(FERX)



LusinZEXER) L2 1%

HEMERR: S IMIELR.
(1) f=xa:

FMEERIIEN 1%, FTERAISEF: C A, Fo  ASTRIE:

mA\Fi)<e/2,  m(A®\ F2) < /2,
XAl | BEEE (R RELERYE SGIERR).

Er-@(FERX)



f=>cxe. E=r1"(g). gETHR.

j=1
ENAIEF; c Ej, m(E\ Fj) < &, flg BEEL

HISRF = L] Fj, m(E\F) <e, flp L
]

Er-@(FERX)



doy € S(E), wk 3 1.

———  JFEFCE: oklr EE, m(F) < £

——=  F:=()F mF)<e o3 fle %L
k=1

Er-@(FERX)



(4) IR
900) = T = (1= g1 + (1)) =
9(x)
)= 21g001

IHEF, gl &S = fl &5

Er-@(FERX)



o AIMERI AN AE R RBIR:

 f(x)
1 (X))

Tf(x)
(1= ITFC) DA+ IFEA) =1, (1 + 1T "g(x)(x)D(1 = lg(x)))

o IY(E)NHER:  FHERBER.L™(E).



Urysohn5 |38

Urysohn5|3E:

KcGcR", K&, GF

—  dfeC,[R"): xk < f<xa.

Er-@(FERX)



Urysohn5| 384

IERR: AHRGER (BW=EFEG N B(0,k)). B

dist(x, G°)

f(x) = dist(x, G°) + dist(x, K)

Fid:  AIEf € CP(R") (FIAERA).

Er-@(FERX)



T#Rc T#Rb

BEXEGREXFRHEXTER) EEAHR

Er-@(FERX)



Tietzed sk EIE

Tietzed 3K EIE:

' e
K(%)R” = C¢(K) (_ffc )CC(R”).

(i) (%FIE)

K cR" = Cp(K) c CpR")

C(K) < C®R"

Er-@(FERX)



LusinZEZE: AN ZELLRYS51L

Theorem 2 (LusinEIE)
Wf: E — RALGR, N

Ve>0, g€ C(R"), AHIEF CE:

m(E\F)<e, flr=glr.

fEMIBER g € Cc(R")

HESBHF g € Cp(R™) BL=Se A 18

EIR: e—MRABERLAO0. H#ET BICantorE & BUHE R B+ N EE IR



AU BF 2 2 12 43 R B 7 T L AL AR NS X TS RO AR PR

Theorem 3 (RT iR #4544 iE I2)

fE— .e.
fe Z(ER) ee—= J gk c C(R") : g —2°, =t
on

fEXEAR gk € Cc(R")

f{Eiﬁﬁﬁ% Jk € Cb(Rn)
Fig1: HAMEEBRE, g BB ER, BLoSEHAEM.
Fid2:  HIEXHB R, I ERF.

Er-@(FERX)



Lusin

fAlll ——= 3dgke C(R")
1
m(|f — gk| > 0] < X

m
== gk—>f

Riesz a.e.
——— 3 gk}_ —_ f

Er-@(FERX)



EREEa, b L, Fae T, ZIMNEL([a, b],R) FAZ.

Er-@(FERX)



M 18 B fif LR
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Er-@(FERX)



o KEAIFA:

fe$1(X)<=>f|f|<oo.
X

o R AMFMZIE:

fe 1 (X) == |fle L'(X) == ff e Z'(X)

Er-@(FERX)



n +
Xf_1[K—1’2Ln)+2Xf—1[2n’+oo)/Ifeg

Er-@(FERX)



o MIRMAMLHILAT:  REATRAFHNEFNEE

Er-@(FERX)



B RN S E TR

o P ETE:

fc € LT(X), fk/‘f:>ffkd,u/‘ffd,u
X X

Er-@(FERX)



Fatous|IE

@ Fatou3|IE:

fk€L+(X) e —— fh_mfk dﬂ<”ﬂffk du
X X

Er-@(FERX)



Lebesguetz=Hil s &1 E 18

o Lebesguefs I & EIE:

foe L(X), Ifl<gel'(X,du), fi —f M

1
fo o, ffkd,u—>ffd,u
X X

Er-@(FERX)



ELLhR A B Lebesgueta i S5 E 1

Theorem 1 (ELERR A AYLebesguets HIUL SUEIE)
BRi%f(x, 1) X FxEX L/, XFifE[a, b)iESE, MA

f(.t) <gel'(X,du), Vtela,b]

— jim f F(x, t)du(x) = f iim f(x, du(x), ¥ o € [a,b].
t—tp Jx ¢ =0

—y

Er-@(FERX)



fRTFHIELE
—
EFxAFR

If(-.t) < g e L'(X,du) fx f(x, t)du(x) € Cla, b].

Er-@(FERX)



Theorem 2 (SEAIFA 7 TR F)

|(9f(', t)

1
~ |<geL (X, du)

f,ixTFxAIFR o of(x, 1)
— f = a .

Er-@(FERX)



FubiniEIE
@ FubiniEIE:;
(X, S ) o BRNEE, i=1,2.

fe LT (X x Xe) |_JL" (X x Xo, s dup)

— [ tduce = [ [ zf(X’}’)dﬂz(Y))dm(X)

XixXo
— sz (j); f(x,y)d,u1(X)) duz(y)

Er-@(FERX)



M FE B0 AT N E RYFR 53 ik

o N E o] fnf:

fX;XAdeZkZ_;fXXAde

Er-@(FERX)



Fubini€lE—% X T

BB IR L AESR Fubinize &
IR0

LEZR

WIR=F W=7

R H 8 E I8 FubiniE ¥

S EE B9 o BT An i %ﬁ/ﬂur§=¢#?ﬁ SR BFR 5
RE=F

FubiniEIE

Er-@(FERX)



o MSMEFMRIATHIGIF

Er-@(FERX)



DiracUERIFI5r:  RE=F15

o DiraciUEZ[E)(X,T,dx):

1, x€eA;

0, x¢A

o DiracilERIFA 5>
ffdéx = f(x), Vfe Z(X).
X

HERAPZ . x, = ST(X) = ZH(X) = Z(X)

f fdéxy = sup edéx = f(x)
X S*(X)3p<f JX

Er-@(FERX)



IHECNENRS:  WR-FRS

o 5'}-!'“_55_5]‘5‘] (N’ ZN’M)

AMITTENY, ARBIRE
u(A) =
o, ARTIRE.

Er-@(FERX)



THEUN B RIFR 42

o EEHRHS : N —s [0, 4o00) WA,

ffdﬂ:if fd,u:if(k):iak
N k=1 vk k=1 k=1
mezgmw

o LAXTUTAIR R X T HUME AR

Er-@(FERX)



20 %] LN E HIFR 57

o BXTELUNE dv = fdu, fel'(X,u)nLFT(X).

o BXNELUNEE(X,T,dv)

Er-@(FERX)



o XTHEXEGMERIFRS:

fgdvzfgfdu, Vg e LT(X,u) UL (X, p).
X X

IERR: Xt TFg = x  HIiE.

Er-@(FERX)



s
N
%

VAR I

I ESRHRNE L

- EERHR AN IE

HRMEIL MR 7L
Lebesgue Mt Lebesguefi 531t

Er-@(FERX)



SEH(H), H18KIR

Er(FERX)

2024-5-6

Er-@(FERX)



o MR AVLERT LR

o MEMRAKBESZL? (MNEDR)

o FRSTHVBITELEME (M E AFRT)
o SNt HUNE

o RIHEEE

Er-@(FERX)



o MERVAERESE

Er-@(FERX)



M B Y & 3of EE 4 1

o (X, u), (X,T,v)ZME 8]

v RBRME, Blv(X) < co.

o v KTuBIHELE (v < p):

Er-@(FERX)



M B Y & 3of EE 4 1

o v XTutt X ELEFIRHE:

< = lim A)=0.
i u(A)—>0v()

R BR AV A 0 -

Ve>0, 36>0, HAel, u(A)<sff, Brv(A)<e

Er-@(FERX)



PR DEIEPOpES S

Ael

MEER: “ =" u(A) 0= v(A)<e (Ve>D0).

“ =" RIEE: Jeo, FAneT, p(An) <z, v(An) > 6.

Borel-C _— . IS
=L A= Tm Ar, u(A)=0, ¥A)= lim V(U A > e.
n—oco — 00 —n

Er-@(FERX)



Radon-NikodymEIE: | E iR Trlg

Theorem 1 (Radon-NikodymEIE)
W BRI E, M

3! feLT(E)nL'(E)
HLme = du = fdm.

Fid: RORE X THE—

Er-@(FERX)



m(E) < oo.

Oerl .= {g€L+(E)ﬂL1(E): fgdm < u(A), VACEWWJ]}.
A

A:=sup | gdm H!f\er ffdm
gel JE fRE JE

Er-@(FERX)



Ey{gn}n% crl: fgndm - A
E

Ex=(hn—0k)~ ﬁlﬂ*“
h, = max gk €T fhndm <u(A)
A

1<k<n
A:k':'1 Ek,  holg, =0k

Shy1f: ffdm tev Iimfhndm e ) < u(E)
E E

ffdm =il Ilmfhndm < u(A)
A

ferl, ffdm maxfgdm
gelr

Er-@(FERX)



v(A):_,u(A)—fAfdm — ve—MlE

> y = 0
RIE%E: Je >0 em(E) < v(E)
v — emzEFSMNE, EBHahn DR (E, , E.)

— VAIMEACE: emANE,)<v(ANE,)

Er-@(FERX)



:—>f(f—l—eo/\/5+)dm<ffdm+V(AﬂE+)</J(A)
A A

——= f+exe, €l f(f+eo)(g+)dm>ffdm, TE
E E

#MFEIERAmM(EL) > 0:

< v(A):=u(A)- [, fdm
mE) =0 L (e =0 IR ey g

—— 0<(v—em)(E)=(v-em)(E-) <0.

Er-@(FERX)



o FATHIEREL

Er-@(FERX)



feL'(E) == |fldm < dm (Radon - NikodymE3I®)

— lim flfldm:O
m(A)—0 Ja

& VYe>0, A6>0, HAel, mA)<sbt, FH

f |fldm < e.
A

Er-@(FERX)



MAEBRELER S KT

{Er- st (REREK)



o MNERBRLELZAF:

k—oo

fel'(R") = lim f |f(x)ldx = 0.
|x|>k

UERR: k= Jim jlén OO X [y (X) OX Bl e 0.

Er-@(FERX)



o JMBLTEUNE

Er-@(FERX)



IRAR B

o SR IHHUNE =S8

(Zn, 2%, p)  Zp:={1,2,....n}

o JNALHHUME:

p) =4,  j=1...n

198 4+ +=1, 4>0.

o (EERHSf: Z, — R R

Er-@(FERX)



IR FEI B — IR

o MILFEAZ XTI HINEFR 5
fdu = fdu= Y Akf(k)= > A
on u ;L} u ; kf(k) ; kak

n
fmw=2mm
N k=1

Er-@(FERX)



o Lk#ly: (a,b) — R:

n n
oY 4a) < D 4ig(a):
= =

Vaje(ab), 420, 14 +---+2,=1.

Er-@(FERX)



o AT EUMIE :

o MEFHIRNXIE

fel’
o — so(ffdm ..... An)<f<ﬁ°fdlu1 ..... 1, YnA.
Zn Zn

Er-@(FERX)



Jensen &R

o Jensenf"ER:

cp:(a,b)HR — ¢(ffd,u)<fgocfd,u,
X X

fel'(X,
Sty £ o X Lo

(a,b)RR3L.

Heh(X, ) RSN,

Er-@(FERX)



Jensen N EF 4
o Jensenf"ER:

B(X, T u)BME=E,  u(X) e (0,+00). M

go:(a,b)HR — go(lﬁf);fd,u)</ﬁ£¢ofd,u,

fel1(X, L
wtv £ X 2 (o bRz

Hep(X, T, p) —2IEENEEE:
#(X) € (0, +-eo).

Er-@(FERX)



%—_—) ()p(ffdﬂ) < f()pofdﬂ
HEREZR T X X

Er-@(FERX)



JERA:

Q:Mffdue (a,b).
X

(a=a = fx(f—a)d,u—o

— f-a= 05u(X) =1F&.)

Er-@(FERX)



W(a, (o)) B2 S

o(a) + k(x — ).

ol

—  ¢(a) +k(x-a) <¢(x)

Ba

— w(a)<f¢ofdﬂ-
x:=f(t) X

Er-@(FERX)



A&4

° MUWEE

Er-@(FERX)



R B Y EE fE 3 7 Layer cake reprersentation:

BRBER R e
o Xf_1(t,+oo)(x)
fAE/FaM  Jo

f(x) dt

o MEEMy, .. (x) —— TMEHI(X)
o BTy, NIEK T A EE S ENFART:

X -1 (t’_,_oo)(x) = X[O’f(x))(t)

AR R
o (xR R RANER o aRR
BTk

Er-@(FERX)



FErimREH

L. L.

BT

Fubini

° REMERFIT_—— RONERSERR

I 5

Er-@(FERX)



ROERERT

fEf(X)d/“l(X) HoHE *iﬁ’ET e

AemaRTm  Jo p (b +o0)) Lt

fER T KT ERE

Er-@(FERX)



° HMHWEE:

=L
RO B n REE RN A

Er-@(FERX)



R # = #: Rearrangement

o HEME#E

A)=m(A*
m(A)=m(A~) A* = B(0, )
m(A)<oo

o HERHHEE

X, =(ra)" =A"=x .
Xa > X p+

o AT BEVESE

F(x):=f" x X ‘[H— x)dt
ZLTRYN LR > f > £
)= Xf71[t.+m)(x)dt

Er-@(FERX)




R B EE AR

o BIEM: EEMEM 1) l—r |

o REM: f<g=—f<g"

fRIER T c gIBER T A

o fRIEME: |If Ao ERERT

£l

o HETHE: |IfF gl <If-gl

(ZHLieb (Analysis) )

Er-@(FERX)



sl

P189 £83, 4,5, 851

Er-@(FERX)



KA (H), B19RIR

Er(FERX)

2024-5-8

Er-@(FERX)



AHAR: MEILRIFLE

o NERIHEr: LT HTROAR A
° ﬁ%’d\'lf”

o EME

Er-@(FERX)



MR e e
REHT BT R ENE

Er-@(FERX)



HET RN E =

o REEME: f = fdm

G

f it f~ If| Ref Imf

% A V- V| Rev Imy

N~

Y/
b
M

Er-@(FERX)



R 2 BYHahn-Jordan 43 %

LebesgueME = [E](R", £ (R"), m), f:RT—R

e Jordan4yfi#: f=ft—f=ftdm-fdm=:vt—v~
o Hahn#Hf@: R =[f>0][J[f<0] = At A"
o MAHEEA:

vH(AT) = [, dvt = [ g ffdm =0,
vily —=
v (AT) = fA+ dv- = f[f>0] f~dm=0

Er-@(FERX)



°o TEME

Er-@(FERX)



15

H}

ADMZSE(X,T): XRIEZES, M c2X B2o-RH.

=N

o MEME

—+o00

° ﬂ(ﬁo Ac) = % p1(Ak).
k=1 K=1

Er-@(FERX)



=M E B 5151

A
33

AR E(X, T):

wvEIEENE, BEFh 2z —RBRVE —— - vEFSNE

Er-@(FERX)



5N E T2

Lebesguell E 2 [E](R", £ (R™), m).

=\ fi\z_e $1 V=N
o 4 f fdm BEN ———= v = fAMZFFSNE
Rn

0 f=ft—-f——v=vT—v =fTdm-fdm

o R'=A | JA_=[f>0]J[f<0]

v Ly &= »y"(A))=0, v (AL)=0

o ETEME: |=vT+v =|fldm



15 E R IEERFLAE

AU=E(X,N): vEFSUE.

e  JordanyfE: v=vt -y, vF1v, VvVEIENE.
e HahnyfE: X=X,.||X, v"(X))=0, v(Xy)=0
o BTWEME: W =v+v
o FFEMERIERRFLER:
VH(E) = V(ENX;) = supv(P), v (E) = —(ENX_) = — inf »(P)

PCE PcE

Er-@(FERX)



Hahn4$> i F0Jordan 4> fif i M — {4

MEZE)(X,T,v): vEFSE.

o Jordan#f#: A9 AR

v = v -y, v 1y, vERIEME
vV = vt4+v
o Hahn/f#:

X=X | |x, vi(x)=0 v (Xy)=0

Xi, X HBZE |- T M EEME—

Er-@(FERX)



EEENE

VI(E) = Sup{i v(Ek)|: E= Iil Ek}
k=1

k=1

Er-@(FERX)



RTHFSMERRD

ffdv::ffdv*—ffdv‘, feL'(X,dV)
X X X

Er-@(FERX)



M B A 2 % S £

MEZE(X,T,m): vEFSME.

ve«m & 'VEel, m(E)=0=v(E)=0"
= lim y(E)=0, VEel

m(E)—0

—— < m

Er-@(FERX)



B R E

ALMESE(X,T): vRASNE.

v BRI E &L V(X)| < 00 & [v(A)] < o0, YA eT.
HEBA:  v(X) = v(A) + v(A°).
V(A)] = co = [¥(X)| = 0.

Er-@(FERX)



o ENE




gNE

ME=E(X,TLu), X2EZES, rc2X Bo-RH.
o u: I - CREME:
o u(@=0

° ﬂ(:@jAk){iu(Ak) saia

Er-@(FERX)



SMERISEER. FERB. 4, Us

ME=

SE(X.F), vEEMNE

def
Vn—>VZe=>vn(A)—>v(A), VYAel

EMEAERRZE T

Er-@(FERX)



SEMNENETEMNE

ALMZSE(X,T), v 2ENE

ETENE|V:

n

W(E) = sup{Z V(Ek): E= |i[ Ek}

k=1 k=1

Er-@(FERX)



BREGNE R ST ENE, SLEB, FEHD

MEZSE(X. T m), he.2'(X.m;C)

dv:=hdm ——— dlv| = |h| dm

v(E) = j;_h am, VI(E flhl dm

Rev(E) :fReh am, Imv(E) :flmh dm
E E

Er-@(FERX)



A7 5 E X

AMEE(X, D), wy 2EMNE

vip == FWHX=X | [X: p(X)=0, v(X;)=0

iR w(E)=wp(EnXy), v(E)=vENX.), VEerl

Er-@(FERX)



AU=SE(X, 1), mREMNE, y2EMNE

v<m & "‘mE)=0=v(E)=0"

Er-@(FERX)



28 %] Y 40 B AN T S U B AL T AR AR

MEZE(X,I,m), mZENE, vEENE

y<<m, yvlim & v=0

A7 5l R 5

LebesgueiME L DiracillE,

Er-@(FERX)



NEENAREEFENE

o HLMZ[E)(X, M) LEMNE £ K BanachZ 8]

o MEZE(X,I,m)LEENERTCH:
IVl = WI(X) < o0

o 45fBl:dv=hdm, he Z'(X, dm),

IVl = llAllL < oo

Er-@(FERX)



Hahn4y #% £ 18

AUZSE(X,T), viSElE

AFEEFTNE)ZIDX = X, X :

>0, ifEcCX,

<0, ifEcX..

Er-@(FERX)



Hahn4y i 2 3B A5 F

MEEZSE(X, M, m), he.2'(X,dm,R)

SHFSEMED = hdm,  AFEEFTMNE)EISX =A, | A :

A; ={x e X: h(x) >0}, A_={xeX:h(x) <0}

>0, ifECA,

<0, fECA.

Er-@(FERX)



Jordan4} iR £ IE

AMZERE) (X, T) _ESEME y, ABRIEME p*

l = p*+u”

Er-@(FERX)



Jordanp R IR RIAT

AL E](X, M) BT E

STME LRI Hahn 8 : X = X, |_| X_

pw(E) = wEnXy), w(E)=nEnX)

Er-@(FERX)



Radon-NikodymEIE

cBRME=E(X,.I,m), vEERFSNERSNE

Jthel 1 (X,m)
y<m <————— dv=hdm.

Fid: vEBREMNE — helLtnL'(X,m)
ST h#FRJ9MEE v T E mAYRadon-Nikodym 3, 12 4

dv
h=—
am

Er-@(FERX)



Lebesgue s fi# EIE

ALUZEE(X, T, m), vEEEFS)MNE, mpyEcBRNE
H!E(f&r%)i)n\ljrgVa,Vs .

a = absolutely continuous measure, s = singular measure

Vv = Vg-+Vg
Va < m, lvs] L m
dva = hdm  (h*Z—eL'(X,dm))

HE'IE éiv%IE/ﬁ‘JJFEHTL Va, Vs&%IEIIJI\IJrE



WM 57 R
cBRMEZE(X,T, m). VxeX={x}er.
vieo B BRI E — JIT#:
V ="V¢+Vd = Vac + Vsc + Vd
Yac < m, Vsc 1 m, Vd 1l m
Fig: vomEENE: JAHEK, ve(K°) =0.
VeRIEGME: VxeX = v({x})=0.

d=discrete, c=continuous

f54n: LebesgueiM B, HHUMIE.



KT ENErIE

[m|
N
3

N

N

feL'(X,d)

ffdv::(ffdv;"—ffdv,_)—l—i(ffdv?'—ffdvi_)
X X X X X
'ffdv<f|f|d|v|, ffdv:f?dv
X X X X

LebesguetZ I & E 3 %157 5 B A0 & M FE A 3L

(FF 5N B Fn & BE °] 43 % J9 IE I )



RieszZ3R/~EIB: MERZT XEEH;, WEMNEGE

WX ZEHER EHausdorffz=[8). 3 Co(X) EEREBRLEMZER

I:Ce(X) —R
(Al <Mifll,  f>0= I(f)>0)

FIEME—X _ERadonIEN B u:

I(f) = fxfdﬂ.

3 RiessE R R EERBRASEMNE - DanielF14

Er-@(FERX)



’X 2 FEREHausdorffZs 8]

Co(X)RX LR BRI EMES R B2 F.

M(X)BX EEME 4.

—= M(X) = C(X)"  FHiERE#H

Er-@(FERX)



sl

P184 1,28

P193 829, 30, 313

Er-@(FERX)



L (H), 200% 1R

Er(FERX)

2024-5-12

Er-@(FERX)



o ARSI

@ Lebesgue 45 5RiemannfR 7RI X FH

Er-@(FERX)



§3 AR K FHYIE I

BITHEEE:  AALEIT A, MR EE 2.

LRI Q — R

WPRIEIL FEHEY — EILZEEHT
VELE R 3 EERY — EILLEERYK
A SR 3 LR — EFZHMEHK
M= ZMRN — WIFRH

g Re MEERE — RiemanndF &
LA R BIEKE — LebesgueRIFR K%
SZ R SRR — TTXEH

ERGH——(EEFRB)+SE (B 577)

Er-@(FERX)



(2] 33 f&] 1€

o —RRIBMVALTHFRIBH

fel'(E )@)f){EEL( R").

Er-@(FERX)



JiE R B A 1 T TR

BEARENFRKEL (R")TE.

@ Q:R=Cy[R"): L'(R").

Er-@(FERX)



JiE R B A 1 T TR

o PHE MM =FFMNimiR

Lieny S

s
reveny) EBEL SpmpvmmkmEnsg o 1

ﬁ
fel'(R") iﬁ Ve> 0,7

ZF+1n

5

f=g+h, geCy[R"), lhllign <e.



EFERLR D BIELNE AT LY (K)
= 3% :

SERR: (1) LY (rn) DR
KRHAIBK, =ty + frpmk

@@ LKA TEE EHRRH.

AT Lt

ok = I, k| < |fl =—= px — 1.

Lusin

Q) RELEHBEEHe LK) — BEERIEILBRH.

IK., 3IAge CZ(R"): mK\Ke)<e, f=g on Ke.

Er-@(FERX)



@) BEAETENABR——HiEE— EF MR

(5) kL g SISV ER iy

% 3 FFla.e. Y8

Er-@(FERX)



ChebyshevAZFL

@ ChebyshevAhFz

feL'R") —= If(x)ldx > j{ | [f(x)ldx > em([If] > €]).
R" Ifl>€

f(x f(x 1
min>d)= [ ax< [ WNagee [ Mg Dy,
[Ifl>€] [Ifi>e] € RM € €

Er-@(FERX)



PR FRUST ST 2K Z

o LT8R A RN B

1
fo = f
Chebysh 1 K—co
Chetyehey, m([|fk—f|>e])<—f Ife(x) — F()ldx —=2 0
€ Jrn € fixed

_ fk—m)f

Er-@(FERX)



W IR N A R R) TS

o AIFRMIEL SEH T EL

fel'(R™)
L1(RN)

0.

lim ||f(x +h) - f(x)||

Er-@(FERX)



WERA: Ve > 0,3 T+,

€
f="1f + f, fy € C?(Rn), ||f2”L1(R”) < Z

€
— ”f(X + h) = f(X)||L1(Rn) < 5 + 2”f2”L1(R”) < E.

Er-@(FERX)



i 456 BR 2 O 8 22 1 2 1R

BEAEENMBRKTEL (R")FE.

Er-@(FERX)



Riemann-Lebesgue3|IE

® KlignllL~jap) < 1. MTFIFM:

n—oo

lim fb f(x)gn(x)dx =0, fe L [a, b];

b
= lim f f(x)gn(x)dx =0, f€ x[aq.YC € [a,b].
a

n—oo

Er-@(FERX)



Riemann-Lebesgue3 | FR4E

b
JEBR: r:={feL'ab]: mof f(X)gn(x)dx = 0}

Mo (M#EY) =—— TI>L'ab]

Er-@(FERX)



Riemann-Lebesgue3 | FR4E

F>sf=1f+10f, f Wﬂ%&ﬁ, fz’J‘(*Rﬁ%’i)‘(T)

b b b
SN f fgn = f fign + f fagn
a a a

2 gn_ﬁﬁ%7 f2,J\ O

B )

Er-@(FERX)



H#Riemann-Lebesgue3|IE

o THELAJRiemann-Lebesgues|IE

2 felL'o,2
Iimf f(x) sin(nx)dx 210221
0

n—oo

2 felL'0,2
lim f f(x) cos(nx)dx # 0.
0

n—oo

Er-@(FERX)



(i

o i )
E c R\ m

lim m(E n (h + E)) (E).

Er-@(FERX)



R 2

IERR: 181 m(E) < +o0. (= xeel).

mEN(h+E)-mEN = | xenpeeyom= [ edm]

< f',YEXh+E—XEXE|dm
Rn

< bense —xellp

Er-@(FERX)



N

P2

1

1B/2: m(E) = +o0: & Ex = ENB(0,k)

lm m(En(h+E) > limm(Eqn (h+ Ey))
h—0 h—0
= m(E) (1BF1)

— m(E) = .

Er-@(FERX)



§4 Lebesgue #1493 5Riemannfl Uk R

o Lebesgue A4 ERiemannfl 7 BUHES

Rla,b] c L'[a,b], BMSEMERE:

(R) fa ’ F(x)dx —B2BL [ p)dm(x).

Er-@(FERX)



fa.e &L — AL
iERR:  feR[a,b] e 2 feL'[ab]
fBR — fe L>[a,b]

Er-@(FERX)



HUERA: BN TR EN:
(n) (") (n) _

() P
ra=xy 0 <X <X = =b,

) m" sy m2rExiEx"), x" i EmR A T HR

Er-@(FERX)



b —b
225 | f(x)dx < f f(x)dm(x) < f f(x)dx

& [a.b] a
AR = z4mm,

Er-@(FERX)



I~ X Riemannfl 43

o i&Ex S E, fel'(Ek), N

fel'(E) = Jim If(x)ldxTZTEEBIR
—00 Ek

— f x)dx = I|mj; f(x)dx.

Er-@(FERX)



MERR: fEEEK (VK) A= fAIl— |fl EELRRABENX, MA

flf(x)ldx M lim [f(x)ldx.
E

k—o0 Ex

#5ip2 2 LebesquelTHil S E IR A B IEHEL.

Er-@(FERX)



BIFWSUE R, FERINS E IR S 1A

° HIAWHEE —— M

o FHINHEE —— THERS

Er-@(FERX)



I~ X Riemannfl 43

@ %fe R[0,b] (Vb>0), N

b
fel'lo,+0) bEToofo If(x)ldxfFE B BIR

& |f| € R[0, +)
& feR[0,4+), Ifl€R[0,+o)
— j;oo f(x)dm(x) = (R)j:w f(x)dx

Lebesguefi I~ X Riemannf2 4y

Er-@(FERX)



I~ X Riemannfl 43

. ] Cauchy |
WERR: fe L'[0,+00) ————= |f| € R[0, +)

f a.e 4
L8Ot R[D, +).

Er-@(FERX)



o A TUTEIRY X RiemannFl 43 ] # ALebesguefl 43

@ "X Riemann®]#H=s Lebesguer]F2

e

n=1

X(nn+1] € R[O +°°) \ L' [0 +°°)

Er-@(FERX)



sl

P162 £87,8,9, 1031

Er-@(FERX)



KA H(H), B21RR

Er(FERX)

2024-5-13

Er-@(FERX)



o FubiniEIEHIUERR

Er-@(FERX)



85 FubiniEIE

o Tonelli EIE (ER S ARRIAN):

fe LT(R™M) = f(x,y)dxdy = f (f f(x, y)dy)dx.
Rner Rn m

Er-@(FERX)



o ;¥ig1:

fe LTR™") — f(x,y)dy € LY(R")
Rm

— f(x,-)eLT(R™) a.e xeR"

Er-@(FERX)



FicsE

o TonelliEEFBXTTF T 5 ek ¥ Ak 3L :

o f|Rn+m\({0}XRm) - 0

o f(0,-) ZER™ LA
o ToneliEIEM AR %, HEEEHE LAV RATRERE.

Er-@(FERX)



r={feL®"™): HRZKMR)

T RA. f f(x,y)dxdy:f (f f(x,y)dy)dx.
Rn+m n m

2. f f(x,y)dy € L(R™)
Rm

MRS, f(x,)eL(R™) ae. xeR"

Er-@(FERX)



& 5|38

THUME BIRRAL:

FTNLTEH#  (XHnEMxFIEnA sk A7)

rNLU'EEExEE (TREETE)
fo,fel T

Frsfp /'f —— fel

f,feL?
> \Nf —— fel

Er-@(FERX)



5| EER

rntt . | KT/ imE A (FEL T RIHESER)
rnL (6] & &= [8] KT\ limES i (FEL  BIHESR )

Er-@(FERX)



i 5| FRLE

JERA:

rizs: 0erl.

[ XTREEENHFALER.

Er-@(FERX)



i 5| FRLE

M X TRREEAIE AN
(1) kB B EUSERE.

(2) EWRE

rNL'sf\fell=felnlL".

B AER—: fi—f, /" fi—f

Er-@(FERX)



TonelliEIEAYIERR

IR EM LR

S

XE 7 im

5
poor TEIE L

(vEcrn+m AT M)

Er-@(FERX)



Xg € TRMIER

o FE{K:

E=IxJ, ICR", JcR™ I JERFEMRK.

M) FHRTEEF = |1 .

Er-@(FERX)



FApIERZ R

o FE&:

E :i&%”ﬁljﬁj\ u i I ZEE%EMS
A%

xe= Y, x, €rnLtcr.
GIEL!

Er-@(FERX)



FApIERZ R

o X&:
&
—
B(0,R)=E| |(E°nB(0,R)), R>1
:M’ﬁ‘%glIE ernL'cr.

XE = XB(0,R) ~XEcnB(0,R)

Er-@(FERX)



FIPIBR (45)

o FMEE:
AHFEGK D E: klim m(Gx) = m(E) =0
— EJ-'I&G;( l, m(G1) < +o00

——  H-[GEEMENa
k=1

&SI
—_—

GkelnL?

Er-@(FERX)

xyernL'cr.



FIPIBR (45)

Er-@(FERX)



FIPIBR (45)

a.e.

XHEl_, XH 00— XEEI—

Er-@(FERX)



FIPIBR (45)

o TMEE:

E=|JF| |z %&FACR™™ m2)=0.
k=1

:}XE:XZ—I—I(”_I;I']OOXF‘(CFOLJFCF.

Er-@(FERX)



Fubini-TonellixE ¥&

Theorem 1 (Fubini-Tonelli EIE)

| e LERM UL ERYT), B

fR _f(xy)dxdy = fR X fR flx.y)dy)o

{Er- st (R EREK)



Fubini-Tonelli E TR 4%

e i
fel'®R™™) — f(x,)eL'(R™) ae. xeR"

= f(x,:) a.e.A[A, a.e.BIR.

fe LY(R™™) = f(x,-)eLT(R™) a.e.xeR"

= f(x,-) a.e. A

Er-@(FERX)



Fubini-Tonelli E TR 4%

Tonelli

iERR:  fe L'(R™TM) f=f"—f, ffelnlL’

RiE

Er-@(FERX)



% FFubini-TonelliEIE N B EIC

Fubini-Tonelli;E 32 5z F B9 8 SR :
o TonelliEFBIGUEFATFA M.

f If(x, y)ldxdy = f (f |f(x, y)|dy)dx <4o0o=fel
Rn+m RN RmM

o FubiniEIBHEFR N E.

fel' = f(x, y)dxdy = f
Rn+m Rﬂ

(Lm f(x, y)dy)dx.

Er-@(FERX)



(i

FubiniE I} T T 51 sk #AS AR AL :

f(x,y) = (Xz‘yz (x,y) € (0,1] x (0, 1].

Er-@(FERX)



(G

&

JERA:

1+f1 2X2 "
o " Jo OBt a2

(S8R, f1 x? — a? 1
) -  dX=—-—
0 (x2+ a?)? 1+ a2

]

1
dx =

f0x2+a2 X% + a2




N

P2

1

N

1 1 X2_y2 1 1
—dx)d :f _ dy ==,
L(L(%+WF =)o 1Y T

1 1 X2_y2 1 1 T
L(L(ﬂ+ﬁﬁww‘ﬁ1+ﬂ“‘l

Er-@(FERX)



151 30 5%

&
\Pb
<

1 1 x2_y2 1 1 x2_y2
—dx)d ;ef (f XV 4 )dx
fo (fo o2 +y2e )T s Uy ey

1 A
f f [f(x, y)ldxdx = +co.
o Jo

Er-@(FERX)



AZHRFRIT IR

FRRENFNE

MER oA IMEFNT:

Levi Lt £ 1 f f,,Tff
Fatou Lt f lim f, = lim f fo
Lebesgue L f, —5 f ——— fitf5e £t ff” f
AL
Fubini | Lt UL fRHmfﬂ f(fm f(x, y)dm(y))dm(x).




(i

wfeLl'(R), B

f f(x)e(x)dx =0, ¥ ¢(x) € L(R).

MERR: =220

Er-@(FERX)



f f(x)dx =0, ¥ m(E) < co.
E

e

HE = [-R,R|n[f > 0] === fl_p.R)n[r=0] ==0

a.e.

BE = [-R,R] N [f < 0] === fl_rRjn[r<0] —= O

Er-@(FERX)



sl

P193 5832, 33, 343

Er-@(FERX)



K (H), 22)R 1R

Er(FERX)

2024-5-15

Er-@(FERX)



o HRFANIBILHAIFubIniEIR

o VitaliBEEIE

Er-@(FERX)



MR T3 IE 1 PRI Fubini EIE

Theorem 1 (Fubini EIE)
’(X,Tx, 1), (X,Ty,v)RoBRIEMEZ8),

felT™(XxY)UL'(XxY,uxv).

)

foyfd“ Vo= fx( fy f(x, y)av(y))du(x)
- fy( fx (X, y)du(x))dv(y).

Er-@(FERX)



Fubini-Tonelli E TR 4%

e ;Fid

feL'(XxY,uxv)
— f(x,-) el (Y) (u-ae xeX)
— f(x,-) AWM  (u-ae. xeX)

—— f(x,y) BBR (u-ae xeX, v-ae yeY)

Er-@(FERX)



Fubini-Tonelli E TR 4%

e ;Eid

felLT(XxY,uxv) = f(x,)eL™(Y) pu-aexeX

Er-@(FERX)



e TR FZ == 6]

o AL FE (8]

(X X Y, rXXy, M X V)




Fe AN E == (B

® Mxxy =My X MYERBI TN

Er-@(FERX)



e TR B =2 (8] By SR RN 2

o FEeFMIE 2 CaratheodoryfiE HAVNE, ERNHE A =2

uxv(AxB)=u(A)xvB),

o EMIE S xxy:

[xxy D Mxxy

Er-@(FERX)



e TR FZ == 6]

] ﬁ*ﬂiﬂﬂfﬁ*l‘ﬂj(X xY, rXXy X V)En'%z)”']f‘_f"EIEﬂ

@ (XX Y,Txxy,u X v)AJREIETEE.

o EH(X,Tx,pu), (X,Ty,v)RoBRNEIE,

(X X Y, Txxy, u X v) 2o BRME == E].

Er-@(FERX)



BINFR 5T IR THEUNE

o BUHHUNEY:

Fubini EIE T o mT Nt

Levi B iFUS & E TR

Lebesgue &S84 E FE

Er-@(FERX)



BRIIFA 53 T FR Y R

(X, Tx, p) 2o B PR FE == E].
f(x,n) := fo(x)

o f(x,n) e LT(XxN) == f, e LY(E).

o f(x,n)eL'(XXN,uxv) e— i j); f(X)ldu(x) < +o0

Er-@(FERX)



Y —— EH (RIS
FHRR) —— R (BEHNE)

Levi = Lebesgue = Fubini = 323345 )R F

Er-@(FERX)



EIIFA 57 T TR

Theorem 2 (ZRINF 7 EIE)
(X, Tx, p) o B BRME = 8).

fo(x) =: f(x,n) e LT UL (X x N, u x v))

Er-@(FERX)



IR IRFRENFME

MER oA IMEFNT:

.
Levi Lt f,,ﬁéfmff
feLl+
Fatou L+ [lim#, "< lim [f,
fl<geL’
Lebesgue LT g D B Ihisge — f o f,[fa? [f
Ay
. feLtuL!
Fubini | L*uUL! | [ f=——= S (5 £0x y)dv(y))au(x).

Er-@(FERX)



O pe R JERANILT

@ Radon-Nikodym EIE
W, pRLNESE(X, D)RE, vBIR, o AR, N

y<u & dv=fdu (AfelLTnL(X,u))

Blv(A fdv—ffd,u, VA eT.

@ Radon-Nikodym EFR %I FFLE I fE A B _E ok =2 R 32

Er-@(FERX)



MR 7 ==Y E

Misr (U(F)) = fE F(x)dm(x) = fo mi{xe Bt < f(x))at

o feZH(E), MEFNTH

U(f) = {(x.1) € Ex [0, +0) : 0 < t < f(x)}

o FASEHIABHAIER.

EETHEKE
MITER= Kx 3 = m{x €eE:t< f(x)}dt




HERA: B THRRNE(FRERBR):

22k

U(f) = lim ( Sl - ’2k) [0, L)).

k
k—)oo 2

Er-@(FERX)



57 ==Y B R £

maU0) = [l Demat
= [ rugptx tet)amn(x
= [ [ atomico
~ [ #090mi(x)

= fow(fb_)(u(f)(x, t)dmn(x))dt

= f m{xe E:t< f(x)}dt
0



(ux m)(U(f)) = fx f(x)du(x) = fom u{x € X+ t < f(x)}dm(t)

o MEZE(X,Mu), BorelMEZTIE(R, Z(R), m)
o fe ZT(X), MERMTA

U(f) = {(x.1) € X x [0, +0) : t < f(x)}

o MoZHBBEFAER.
B THKEEKE
MITE= Kx & = ,u{x eX:t< f(x)} at

Er-@(FERX)




VitaliZ &%

o VitaliBZESTHIFART]:

555 D ooy R
o NH
sy FHA .o

Er-@(FERX)



VitaliZZ 589 E X
ECR, r2ERVitaliB =

o IREMEE

o I =3IRRUMARXIEE

i

° BRAXFNMNEREE:

h

VxeE, inf{ll: xelell=0

Er-@(FERX)



VitaliE & E I8
Theorem 5 (Vitalif& & EIE)

EcR, m*(E) < oo, T RERVitaliBZ=.

[ s

———=Ec| |[fjuz @jer,m(
= =

}) < o0, m(Z) = 0)

ST N | n(e)
ERER o, Ec| |juE @jer. mE)<e)
=

Er-@(FERX)



VitaliZ &= ¥10

o VitaliB &= EIEER AR IL:
AXE — #FEk

I — HAKER.

Er-@(FERX)



Vitali7® 35 EIEAYIERR

o FHEAMEARRIE. TR

Ec GcR, m(G) < +oo, I ¢ G(Vitali) (VIel).

Er-@(FERX)



o VAZAIEE:

WEIER,. .., In € TEARHER

- ﬁﬂlh ey In+1 € r-_EL;F1:E)7|Z

Er-@(FERX)



o REHX(BLEM):

n
AZE\| [f#0
=1
On = sup{|l| c leT, 15/1,...,1,,E$$EB’Z}

l<m(G)<oco

S € (0, +0)

. 0

Er-@(FERX)



VitaliZ& & E IR AYIERA 4L

o Rig bRk IZ—EHHE T X:

BEETRZATIN e T, R

Dl < m(G) < +oo === |lk| - 0
k=1

Er-@(FERX)



VitaliZ& & E IR AYIERA 4L

o IE

AN e N :

sk > <z

E\I_Ilkc U
k=N+1

Ye >0,

1511 = 5]

o i2s: S5I5IEW,
D E



VitaliZ& & E IR AYIERA 4L

o FAEISIERAELE:

N

m(E \ [|Ik)<m(E\ | ) <e
k=1

k=1

Er-@(FERX)



&

7 = BYIERR:

N
QU EEERR: E\I_Ilkc |_| 5, VNeN.
k=1 k=N+1

N

I
VXEE\LIIK é xelel,
k=1

k=1

Iﬂlil/k¢0
k=1

B < 6k < 2|lky1] — 0.



*] I5/1,...IN,...Ino_1Z:1:E§, |5lno1ﬂ§

@ ng>N, |l <ny—1<2|lp,l

@ xel == xe€b5l,,, MKEMIL.

Er-@(FERX)
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P192 2822, 23, 24, 25, 26, 27:

Er-@(FERX)



L (H), 823K IR

Er(FERX)

2024-5-20

Er-@(FERX)



o NHERE

o MIEIR

Er-@(FERX)



@ E c R"Lebesguem]il.

fe Z(E), g :=If|

o BT HRYIKFEHE (K FEEZEERAHIAIERT)

{(x,to) : x€E, ty <g(x)} Hrhty € [0, 0)ERE.

o IKFEEAINE

m({x € E: ty<g(x)}) =m(g~"(t, +o0))



o fHIDMEH

L) =mxeE: t<If()) 2L m(g(t, +o0))

o JUTENX:
|f|EI S T 73 B9 7K S5 B9 B Sk = 43 FR BB 3L (1)
o NS, RBAIHAIH 9 ok AL,

Er-@(FERX)



DHEBERDPIER: EERERT

2B TS A SFC9
flf(x)ldx fE"Jﬁ/EI’JTZiE’Jﬁ H f £ (f)al
E FIRARITE 0

Er-@(FERX)



—+ 00
f FOOP dx =l ptP £, (t)dt
E pe[1,0) 0

Er-@(FERX)



7% R B AR 70 %R

o |INERTA:

U(f) ={(x.1) e Ex[0, 4] :  t<If(x)I}

o IWMEHMMIETR

f*(t):f;)(u(f)(x,t)dx

Er-@(FERX)



R BIERER IERR

Le9]
flf(x)l’o dx —— fdxf ptP~" dt
£ E Jo

—+00
E f de ptp_1)(u(f)(x, t)dt
E 0

Fubini el
e f ptP~ dt f xuen(x t)dx
0 E

—-+00
B f ptp_1 f*(t)dt
0

Er-@(FERX)



\ﬁ ‘5& IL.\-—I:I

R Riemannfi 4>

SR B f(x) BE{RR#.(1)

hZFA45 LR —  Riemannfi4%
BRI AT

Er-@(FERX)



o FEIE: MuER

Er-@(FERX)



C'[a, b]/R (W&t

a

L'[a,b]/ ~ ACl[a, b]/R (&)

ax

o ISR TIBIR RN IBIRHE BRI AR

o B4 LR TR, FILT 4 IBIS R ST HO B 7.



VitaliZZ 589 E X
ECR, r2ERVitaliB =

o IREMEE

o I =3IRRUMARXIEE

i

° BRAXFNMNEREE:

h

VxeE, inf{ll: xelell=0

Er-@(FERX)



VitalifE 5= E I8
Theorem 1 (VitaliZB 3= EIE)

EcR, m*(E) < oo, T RERVitaliBZ=.

[ s

———=FEc| [juz @jer,m(
= =

}) < o0, m(Z) = 0)

ST N | n(e)
ERER o, Ec| |juE @jer. mE)<e)
=

Er-@(FERX)



VitaliZ &%

o VitaliBZESTHIFART]:

555 D ooy R
o NH
sy FHA .o

Er-@(FERX)



EiL: SITEVBRERRIR, BT (4F+/)).

BixgE: BXRamse, BRXKE.

Er-@(FERX)



Lebesgue 9 EIE

Theorem 2 (Lebesgue 4> EIF)
BIRR L LTS,

f:la,b] — R T1——= fa.e. FIEABIR.

Er-@(FERX)



IERR: IERRRE: 2 &2ich > 0. HANREIERA

(. ) gy )=o)

_ f(x+ h) = f(x) ae. — f(x) - f(x — h)
@ fm 2T

(3) f'a.e ANFTFoo.

Er-@(FERX)



Lebesgue 57 & IR HIIERR

o (1= (2):

g(x)1=-f(t) (x+t=a+b, xelanb]).

_ — e. _ —h

() T, SX ) —g0)ae 900 - g(x—h)
=0 h h—0 h

g(x)=-f(t) i —f(t - h) + (1) a'ge' im —f(t) + f(t + h)
h—0 h h50 h

———  (2)WSL

Er-@(FERX)



Lebesgue il 53 IR BYIERA (£E)

o (3)RYIERA:

E:={xe(ab):f(x)=c0} EEN>O

Z{[X,X+h]c(a,b); x € E, M>N}

h

r2EgyVitalidZ=

Er-@(FERX)



VitalizEX
R Echu-UlnuE, m(E

=[x %+h] . ¢ 1

Er-@(FERX)



Lebesgue il 53 IR BYIERA (£E)

(1)HYIERR:

o (NiERMRae I AFR.

o AREMAZAFATHRINEERZTNE.

o BzTMERTAINEAGHFH

Er-@(FERX)



@VRreQ R>r, i

E:=|xe(ab): ImN) gy s fjm 0Axh)
h—0 h = h

o FMAEIEHERTNE.

A LREC-AE TSR RHMRTNE

Er-@(FERX)



RIEE:

e Wm*(E)#0. (EXE: Ec(a,b))

o HIF%G-OE:

Er-@(FERX)



Lebesgue 53 € FEHYIUERR (££3)

o H&km
r> “_mw

h—0 h

o & VitaliB=

f(x) — f(x = h) - r}

rE:{[X—h,X]C(a,b)ﬂG:er, o

Vitali
— Echu---ubukE, i =[xi—hi,x]ele, m(Ec)<e

Er-@(FERX)



o H&m
— f kK)-f
y € E’ lim M > R.
0<k—0 k

o HEMEIFNARERS:

A = Ef#VitaliGREBZNES

]

= En(71|_|---|_|lp)

o FHiE: = IR

Er-@(FERX)



o MiEVitaliB=

A:En(71u---u7p)

pO —
rA:{[y,y+k]cL|/j: yeA, W>R}

j=1

Vitali
L8 A C Uil UdgUA. i = yiyitk] €Ta. m(Al) < e.

Er-@(FERX)



Lebesgue il 53 E IR RYIERA(£5:4)

Ecdi| || |da| |AVE UERE.

| || Jdach]| || [beca

Er-@(FERX)



o EEIE, | EIRIKE

7 9 p
—L Z (vi + ki) = F() < D~ (F(x) = 10 = y)).

J=1

Er-@(FERX)



o FMME I aER &M

EREB= 3 (i + k) - F(1) > R 3, ki > R(m*(E) - 2e)

i=1 i=1

FE

Er-@(FERX)



Vitalifg &= fa1E
o NETEHMTIZRKZAHE

o BRERPRAVINK

o IBtvVitaliB=.

Er-@(FERX)



VitaliZB = 5L R4

o VitalE%-E=ZBRRE oomiprenmmie sk

ez %
HWRES (X8l
S =8

ea B %%Z$jﬁwﬁijgﬂ\§ﬁ
ERR: REBEERER

Er-@(FERX)



SobolevZzE[g]

@ SobolevZ|g[:

W"'[a,b] := {f : [a,b] — RAIM | Fa.e. 52, f.f cL'[a,b]}.

o MNMER:
(FHIETR, A 1E1F)
e 5SoboleviBittAtt: < XEWNSHMWBRETE.

{Er- st (REREK)



Lebesgue EIE

Theorem 3 (Lebesgue EIE)

b
f:la,b] — R 1= f € W"'[a, b], f 7 (x)dx < £(b) — (a).

Er-@(FERX)



[ 451

o f = Cantori&#f 1,

f1 f'(x)dx < f(1) — (0).
0

Er-@(FERX)



Lebesgue EIEAIERR

IERR:  BEEH( R —R

1 .
— f a.e. &L

f(x + 1) - f(x)

1
n

. ae.
— A, f(x)= lim A, > 0

n—oo

Er-@(FERX)



LebesgueE IR HYIUERPLE

b b f(x + 1) - f(x
Fatou f f’(X)dX< “_mf ( n) ( )dX
a a

freL+ e 1

b-+1/n a+1/n
< lim n(f f(x)dx—f f(x)dx)
n—oo b a

< f(b) - f(a)

Er-@(FERX)
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P211 251,270

P241 252, 370




K (H), B24%R

Er(FERX)

2024-5-22

Er-@(FERX)



o BRI s IR

e BV[a,b], AC[a,b]

P FH 52358 0 ek 4 A5 BRI 53 468 3o R 435 6R 3.

AC[a,b]EWIR T BEAEE IS KEIER.

Er-@(FERX)



FubiniiZxIn{f 97 & I

1
o ZELTIEZEM: fi e LT hns&Af, 1

o HHAEN: i ().

Theorem 1 (FubiniiZ I 57 EIE)

(i fn(x)] 22 > h(x).

Er-@(FERX)



@ FubiniZInff 45 € 5FubiniEIEAR[E:

EraeMINFN,  KEMATZHIXF.

o FubiniZ I s E BRI S

BUUKF RS2 AR L HEZRA.

Er-@(FERX)



00 N
JEER: an:an+RN, By = Z f,

N—oo = ’ = .
_H_.——,—> an a.e Zfrl_’—{—l\lllm RI’V
% lim F?NEI n—1 n—1 —®

N—oco




#MFEIUERR:

fnéé:FX T

———  RvaETx1

f’ R/ a.e. R/ a.e.
N+t T Bngr = By 20

a.e.

— R




Rvt (P Fatou | & Ryt
0% f lim Ay, h_mf R, " lim (Ru(b) - Rn(a)) = 0
a N7 a

N—oo N— oo

a.e.

0.

N—oo




(i

o 31:[0,1 — [0, 1]t 2iFHEm, £ 2= o,

{Er- st (REREK)



= 1
f(x) = Z 2— [rn1] ,E:EF(O 1) N Q = {r}nen.

o
a.e.

1,
X
Fubin B EIE =1 2" I

_ f,X

Er-@(FERX)



o [a,b| EERLTERK£BV|a, b]

BV][a, b] {f:]a.b] — R | VAf < +oo}

= B%[a, b] EFAARIEEME KRNI T A

Fi[a, b] LPT A S0 ek 84 ARy 1t =5 8]

Er-@(FERX)



Vef= sup Z If(xk) = f(Xic—1)I.

a=Xxo<-<Xn=b |3

Er-@(FERX)



R 2% A] K 4K

e fe BV[a,b] = HMEAHMEZKAIRIK.

Er-@(FERX)



HH 2% A] KK 4L

o NAIKICHILL:

(x) = xsin:—( e C[o, 1]\ BV[0, 1].

920 = Xo < X1 <+ < Xoni

1 1

5 Bxok_1 = <

= Xok)

2n+1 2n+1
Z Xk —ka1 Z

Er-@(FERX)
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EREMIA5TRIFEIAE
o STEMMMHIMAM

LIE a5y
43 E Bk BR BUAR BR S EIR FNENAR R
be feAC|a,b] fb |f’|
2 STEMITE S 4

o 1= Vbf=1{(b)-f(a).

Er-@(FERX)



EEENE

dv = f'dm, div| = |f'|dm

b b
fo_lvl([a,b])_f dlvl_f |f'|dm
a a

VI(E) = sup{z W(Ek): E= |i| Ek}

k=1

Er-@(FERX)



BAEEXNRTIREY AT AN 1E

o ARLEXTRIRAI AT ML

VEf = VSf+ VP Vce(a,b).

Er-@(FERX)



BAEEXNRTIREY AT AN 1E

WERA: (1). X FVYa=xg<---<xp=b

n
D UIFx) = F(Xi1)I < VS + VAL,
k=1

2. FVa=x<--<Xp=¢C, C=Yyg<---<Yn=0b

V2E > > IF0) = f(xe-1)l + ) 1(yy) = F(3-1)!

k=1 j=1

Er-@(FERX)



Jordan4} iR £ IE

o Jordan/ iR EIE

fe BV[a, b] — f= f1 - fg (3f1, f2 T)

Er-@(FERX)



i

Jordan7y fif EIBE

¥

MR ="

fil,h? === VEF<VEf+ V2 < +oo.

Er-@(FERX)



Jordan4y B2 E TR

" ”

f1 (X) = ng, f2 = f1 —f

y>x

fa(y) = fa(x) (Vaf = f(y)) = (Vaf = f(x))

— V= (i(y) - (x)) > 0.

Er-@(FERX)



BARTZEZSobolev

@ BV[a,b] c W"'[a,b].

(EAT&E e W' [a, b))

Er-@(FERX)



o LebesguetEZR NN E A EIE:

X

a

L'[a,b]/ ~ ACla, b]/R (E)

ax

Er-@(FERX)



o FTMAR ST E A EIRIE 48 3 £ oR B A % B 1 B

Er-@(FERX)



28 5 1 452 oK B E M - Motivation

X
fe ACla,b] ———= dgel'[a,b]: f(x):fg+c
a

lgleL' lim Zn: If(bx) — f(aK )|

m(klg1(ak,bk))—>0 k=1

< lim f,, lgl=0
k|;|1(ak’bk)

Er-@(FERX)



2T L3 R B TE X

f e AC[a, b]

n
— Cdim > 1f(be) = f(ak)l = 0
m(k|;|1(ak,bk))—>0 k=1

(ak, bk)) <6=>Z|fbk ) —f(ak)| < e.
1 k=1

— Ve>0,36>0: m(

n
k=

Er-@(FERX)



LN E R B R E LRI IR A, CTRYSS LA AR

C'[a,b] c AC[a,b] c Cla, b]

Er-@(FERX)



AC|[a, b] c BV][a, b]

n
by €=1,llrll<é @
=N Y
k=1

Er-@(FERX)



FEBEE XA

C'[a,b] c AC[a, b] c C[a,b]nBV[a,b] c BV|[a,b] c W'"'[a,b] c L

CantoriR 3l =2 SIS INES R B, (BN 2B I EE R

Er-@(FERX)
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&

feCla,b] =———= V2f= VA

Er-@(FERX)



IO = ()1 = IF(x) = F(y)]

o IBFEZ f(X)f(y)<0=13¢: f(¢)=0:

IO = 1F(W)I| < 1F(x) = F(y)I < [IFCOT = IFE)I| + 1) = IF )|

Er-@(FERX)



VREIr:a=xg<Xx1<---<Xn=Db

IASES el s
% V;ﬁﬁﬁgun;a:yo<y1<...<ym:b

Er-@(FERX)



m
Z 17 (i) = 1F(xe-1) Z |f(xk) — F(xk-1)| < Z (i)l = 1 (vie—1)|
k=1

— VPr=VAf

Er-@(FERX)



B AR LTE R FStieltjesFA 5

StieltjesF2

b f € BV]a, b] )
[ stvary L i Y- 1)

Vﬂ'ia:to<i’1<"'<tn:b, VfE[tj_1,Tj].
ZEAH. F—HKEH S

f € BV[a, b] =, AR fAIELE, f(0) = 0.
Xt StieltjesFR 93 o 22

Er-@(FERX)



AEERBUEAT NEH

BVy[a, b] := {f € BV[a,b], fHZEL, f(0)=0.}

f € BVo[a, b] AMEf(t) = f'(t)dt.

Clo,1]* = BVy[a, b].

Er-@(FERX)
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P232 1, 3z
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K (H), 25K 1R

Er(FERX)
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RHEZAR

@ LebesguetEZR TR E A EE

o fsEARZAR

Er-@(FERX)



a

Cla, b] C'[a,b]/R (W&

ax

o [SHEBMEMAET 4.

° SITHIEA.

Er-@(FERX)



LebesguetEZE T~ il 43 B A E 38

o LebesguetEZE T FR 7 E A EIE:

X

L'[a, b] AC|a, b] (X5
dx
(a.e. BEFMAIES) (HHEEHIAIES)
() g
[ " gt 9 g5t
a X

Er-@(FERX)



B LR
o X5
ACl[a,b] c BV[a,b] c W"[a, b]

. di)’( . AC[a, b] ——— L'[a, b].

o FHy: S ANLEXTELL R EAIMotivation

fx L ] ——— Azl

a

Er-@(FERX)



o IEMAR A=

@ LebesguelER TR EAEENASEE:

il

Hi#xs IR =1 5.

Er-@(FERX)



WD A=8 E—2

Theorem 1 (ffFR 7> E AR EIBAVFIRIER)
feAC[a,b]

WIS EATE

Er-@(FERX)



EZ:
n
fe ACla,b] ~lim D If(bi) - f(ak)l =0
m(k|;|1 (ak.bk))—0 k=1

Er-@(FERX)



JHERR: {FEEEe > 0, 776 > 0:

n feACla.b] 0
m(| |(acbe)) <6 =————= > If(bK) - f(a)l <e.
k=1

k=1

Er-@(FERX)



o [ElExye(a,b): f(x)3, REIERf(x0) = f(a).
o \VitaliEs&:

E:={ye(a,x): f(y)=0}

f
rE={[y,y+h]c(a,xo): yeE,h>0,’

Er-@(FERX)



m
Vitali
Ec |_|[y;,yi + hi] u Es, m(Es) <6, [yiyi+h]el
=

m(Z)=0 m
— (a,x0)=EuZc| |lyh,yi+h]J]uEsuZ.

i=1

Er-@(FERX)



o [a x]RS :

o 1tk (lyy + IBURRITRORIS RIEMIBLERRE < e

Er-@(FERX)



———  |f(x) - f(a Zlfy,+h,)—f(y,)l+e

Zh, e(b—a+1).

Er-@(FERX)



WD A= 65

X
. fellla,bp] ——= ffeAC[a,b]
a

Er-@(FERX)



WERR:  FURRR D EVERES

X
fel'la,b] = f f € AC[a, b] c BV[a,b] c W"'[a, b].
a

Er-@(FERX)



TERZEIERA:

F 22 f(x)

T3

F(x) := fxfe W''a,b], feL'R)(EYF)

a

Er-@(FERX)



IF" = flijae <

Fatou i HF(X + h) — F(x)
-0

4@”

L'[a,b]

ax

b 1 X+h
= MJ‘RI f(t)dt — f(x)
h—0Ja X

b

= lim %fohf(xﬂ)dt—f(x)

h—0Ja

ax

Er-@(FERX)



EX 1 h
P Mt 5, I ], WOk = Ayt =

Er-@(FERX)



#MFEIUERR:

55 X—+h h
o fel'lab] ﬂ f:ff(-+x).
0

feL1(R) X

(Xt e B (NERIFEH AT M), MTXTL AL

Er-@(FERX)



#MNFEIERR:
. feLl'(R)
o lim|[f(x +t) = f(x))ll 1(r) ==
e ==

= Ve>0,36>0, H|t| < B, BlIf(x + t) - FO)lLir) < €.
1 rh
— H0<h< (ﬂﬁ’ﬁﬁf If(x + 1) = F(X)llL1(r)dt < €
0

1 h
- Ff ”f(X I t) - f(X)HU(R)dt — 0.
0

Er-@(FERX)



WA A=5:F=5

. FeACla,b] ———= F' el'[a,b]

fx F' = F(x) - F(a).

Er-@(FERX)



F € AC[a,b] c W"[a, b]

— 1k X
L f F’ € AC[a, b]
F eL'[a,b] a

([rf 2

Er-@(FERX)



ACEk = 8]
e —

F(x) - fax F" € AC[a, b]

(F(x) — fa ’ F')I 22 .

i F(x)—fXF’:C:F(a)

Er-@(FERX)



o WIRNEAREERIMIEMRA

Er-@(FERX)



o CEHMRNHRERH

1 a.e. *\ ae . 1 i
felL'la,p] —— f(x) f lim — f
a h—0 h Jy

Er-@(FERX)



AR 7 B AR E IR NN 5B kR A
Theorem 2 (Lebesgue &= EIH)
X+h
|m1f+wm—mmtaﬁ 0.

h—0 h fel1[a.b]
HRTIRS

o FXIMAISFRAAILebesguess.

o CEHMH AR RBHEMHFFIAR:

ae 1 X-+h
f(x) =—— lim — f
(x) feL'[a,b] h—>ohfx

Er-@(FERX)



IEFR: fel'la,b]

—_— f-rlel'la,b] (EEBEZEreQ)
a.e 1 Sl

= If(x) —r] rllano h j): |f —r|

Er-@(FERX)



1 X-+h

< lim —f [f(t) —rl+ [r — f(x)| (freezing#%19)
h—0 h X

22 2lf(x) - r|

r—f(x)

_—

Er-@(FERX)



b
fel'la,b], f x"f(x)dx =0, VYn=0,1,2,---
a

a.e.

Er-@(FERX)



o HMMMNERERE REIEMF =0:

fx) 22 F(x),  F(x) = f " f(t)ot € AC[a, b]

o HEEMRF =0.

Er-@(FERX)



o HINELRHX"F(x) € AC[a, b]:

G(x) = x" € C'[a,b] c AC]|a, b]

= |G(x)F(x) = G(y)F(y)l < M(IF(x) = F(y)I +1G(x) - G(X)I)

—  x"F(x) € ACJa, b]

Er-@(FERX)



g b
- fa (XF(x))dx = (x"F(x))|"
— fb X"f(x) + nx"'F(x)dx = 0

b
— f x"'F(x)dx =0, VneN
a

Er-@(FERX)



o Eif:
Y e>0,3%BMP(x) : m[a)é] IF(x) = P(x)| <€
x€|a,
e F=0

Er-@(FERX)



o FAFRTILAIERE:

fel’
f 22 0 = ||f|l.+ = O.

o FIRAEATELERY: FRBYEEENLAFRHLIE.

Er-@(FERX)
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P218 58, 10z

P222 251,27

P231 251,270
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K (H), 260K 1R

Er(FERX)
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Er-@(FERX)



AHEEAR
o STEUESZ
o L HIAHIMAS HAELE

o LTRRAHIETIK S

Er-@(FERX)



°o AR—: =EEEHERZE




ST EHEGZE

feWw'[a,b] X,
fe ACla,b] ——— V;f:flfl
a

5. £TEZER

X
fec1[a,b]::>vaxf—f If'|
a

Er-@(FERX)



ST EHEGZE

FEo I

X
fe W'a,b] = |f|e L'[a,b] —— f If'| € AC|a, b]
a

VEi= 1|
VXf e AC|a, b]

———— fcAC[a,b]

(Vy>x ————= If(y)-f(x)I <V} - V).

a

Er-@(FERX)



ST EHEGZE

W (V y>x =—— [f(y) - f(x)| < V) - V;‘)
feAC[a,b :
LA, ) : Vif

_ f |fl| f)()f:—i_ffl af f’
<vi [+ [
— [y + [er=[m

Er-@(FERX)



o ARZ: LMAMMRSELRERE

Er-@(FERX)



o L™[a,b] = [a,b] LJLFALEFAIME KA.

@ Lipschitzek#if : [a,b] — R:

f € Lipa, b] &——= AM >0, ¥V x,y €[a,b]:

If(x) = f(y)I < Mix - y|

Er-@(FERX)



L>[a, b] IER TN EAEIE

o L”[a, b|IER TR N E A EE:

X

L*[a, b] Lip[a, b] (W&
o
(ae. HZMHIEZ) BEERINHIES)
0 0
f " gt 9 st
a X

Er-@(FERX)



WEER: (1) felL*[a,b] cL'[a,b]

X
e f f € AC[a, b].
a

% X
R
a a

X
— f f € Lip[a, b].
a

y
= <f|f|<M|y—x| (Vx<y)
X

Er-@(FERX)



(2). fe Lip[a,b] c AC[a,b] c W"[a,b].

—— JLFREEFE. If(y) - f(X) < My - x|

a.e.

——— ' eL[ab].

Er-@(FERX)



f(x) = x%sin % x€[0,1], @,8>0.
w10, 1] a>p
BV[0,1] a>pB
ACJ0,1] a>p
Lip[0, 1] a>p+1
c'[0,1] a>p+1

Er-@(FERX)



15175 1

1
a/>,8>0——_—>f(x):x"sinﬁeAC[0,1]

Er-@(FERX)



Bi%a >p>0, M

1 1
’ a.e. a1 ain  _ pya—p-1 o
f'(x) ax®'sin - Bx cos —7

PO x4 g e L0, 1]

—  f(x)-f(e) = f “r (RiemanntEZR T~ B A EH)

e—0t

_
SIS

f(x) = £(0) + fo " #(x)dx € AC[a, b]



52

0<a<B=—— f(x)=x" sin — ezW”[O 1].

Er-@(FERX)



Ri%0 < <p, W

1
f(x) === ax®'sin — 7 — Bxa P cos — ¢ L'[0,1]

ABE—1 e L1]0,1], HE= ¢ L'[0,1],

Er-@(FERX)



1
0<Q’<B:X0_ﬂ_1|COSE'¢L1[0,1]

WERR: 3Rt = x 7, M| cos t| > |cos t? = L(cos(2t) + 1)

‘ 1 17 .
f x* P cos —|dx = —f t~8| cos t|dt
€ Xﬁ ﬁ 1

1, <7 5
)

\%

t5 cos(2t)dt+f t_%dt)
1

1 o ® e
- (f t ﬂcos(2t)dt+f {75 dt) = oo,
1 1

28

Dirichlet¥|Bl3% : t 75 | 0

: 1
fo x* P71 cos %’dx > j; x*#71 cos ):—B|dx — 400

Er-@(FERX)



EHEIERH
_> f

1
O<a<p (x):x“sinﬁeBV[OJ].

Er-@(FERX)



MERR: ERIXE]F 53

T:0=Xp<Xg<:---<Xp=1

1V T
—| =(n-1-i =, i=1,2,---,n—-1.
(X,') ( )ﬂ+2

f(X,'_1 )f(X,') <0, |f(X)| < 1.

Er-@(FERX)



1

i

1k7r—|—




1 . a,p>0
f(x) :x“smx—ﬂ e Lip[0,1] == o >p+1.

Er-@(FERX)



e —

€ L*[0, o]

1 1
/ a.e. -1 qin & _ a—p-1 L
f'(x) ax®sin Bx cos —z

LN f'(x) e L*[0,1]HB{XZHa 2B+ 1> 1

Er-@(FERX)
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fe AC[-1,1], geC'[-1,1]c AC[-1,1], fFgRAIEA.

% fogeAC[-1,1].

Er-@(FERX)



fly) = y3 e AC[-1,1]\C'[-1.1]
gx) = (x sin %)3 € C'[-1,1]
fog(x) = xsin:—(eC[—1,1]\AC[—1,1]

AR AEEHEHEXRE-1, 1)MAR[0, 1] EEE.

Er-@(FERX)



Y fel[-1,1]
0

1 1 /(0)=0
g’ (x) = 3x?sin® ;—3xsin2 ~C0s— € C[-1,1] gﬁ geC'[-1,1]

fog(x) :Xsin% ¢ AC[-1,1]

Er-@(FERX)
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felip[0,1], geAC[0,1], fRMgAEA.

—  foge AC[0,1].

Er-@(FERX)



f(x) = fI<Mix-yl.  x,y€[0,1].

g € ACJa, b]

n n
Ve>0,3(5>0:m(|_|(ak,bk))<(5:> lg(bk) — g(ak)| < e
k=1 k=1

n n

D 1f o g(bk) = fo glak)l <M > 1g(bx) — g(ax)| < Me
k=1 k=1

foge AC[0,1]

Er-@(FERX)



o MAE=: L'#EETERIINS

Er-@(FERX)



ZFIN 4 FubiniE I8

(1) fx € AC[a, b]

2) %ol fi(c)Ut&t, 3dc e [a,b]

k=1

0 b
B)k; Iff (x)ldx < oo

[Se] o0

—_— i f € AC[a, b] (Z fk)’ She Z f/
=1

k=1 k=1

Er-@(FERX)



FEL' HEZR TS HYZ I 53 FubiniE I8

o LMER: BFISEHRBL AT,

o EIMMIHIC'FMUSBUAFC KM, BIET EEF M.

o LIUHHIZERA L AE— R

o EIMMIHHNFAR/LFALMRINFN

Er-@(FERX)



o EIMM7EHIRIMAIL AT

fi(x) = F(x,k) € L'([a,b] xN) —= i fb |fe (x)ldx < oo
k=1va

R i If,(x)l € L'[a, b]
k=1

Er-@(FERX)



£t > (X P
R1iiGN 3 f fr ()it ELen f > g ()t < oo
LHEZR k=1va a k=

£t (2

fk EAC[a,b]

fx f (1)t = f(x) — f(c)

Er-@(FERX)



(o) [ee) X (o)
B ka(x):ka(c)+f S fi(t) dt  AC[a.b]
k=1 k=1 € k=1
N—
eL[a,b]

(i fk)/ a.e. i f;z
k=1

Er-@(FERX)
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RHEZAR

o SJRR
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Ra/ln—>+oo::>m{xeR: lim sin/lnxﬂ}:o

n—oo

Er-@(FERX)



JEEE: &

A= {x eER: Iim sin /l,,xEI}

AT: Cauchy FHeiBE S + AR X F— M X B ARG RL.

-QUN AR

meN NeN i>j>N

Hep
fij(x) === Ifi(x) = (x)| FTA.
B A E R

f(x) 1= xa(x) lim sinnx Fi 7%



FARI LR IZEE:

Lebesgue

f f(x)dx % 0
E

Iimf X) sin A,xdx
vBRAME EXA( )

Lebesgue = EIE 1 xth
J = f(x) === lim — f f=0
h—0 h x

Er-@(FERX)



I AT S 1
0= f f2(x)dx _IEBIRE Iimf sin? Apxdx = —m(E N A)
E vERAME EnA 2

Er-@(FERX)



F AR IR E LR IT:

i EhIma .. Lebesgue=38if .
FME———FTEY > T IRIL.

Er-@(FERX)



52

R

(1) f,felL'(E), EcR"aJm.

a.e.

@) fi =5 ¢

)

L1
fiu = f ——= lifllLe)— IfllLi e

Er-@(FERX)



WERA
fel'(EyY= Ve>0, dACE, 36>0:

m(A) < oo, |f|< f|f|<— it m(C) <o

Egorov

ABycA: m(A\By) <é, fr=3f on By

N f|f|:f|f|+f f+ [ f<es [ 1
E Ac A\By By By

Er-@(FERX)



f|f| < 6—|—|i_mf x| (Fatou5|3E)
E k—oo v By

_ e+li_m[||fk||u(g) - |fk|)

0
— Iimf Ifk| < €
C

0

— =l < [+ [ 1A+ suptt— fim(Bo)
BS BS Bo

Er-@(FERX)



5753

®’Y feLl'(R"), xo€eR", aeR\{0}.

Ln f(x + x0)dx = fRn f(x)dx;

fn flax)dx = #Ln f(x)dx;

WERR:  REWHEf =y, 15, RIAETNE LA

Er-@(FERX)



5754

feL'[0, +00) = lim f(x + n) === 0.
& 1 00

HERA: Z f If(x 4+ n)| dx = f [f(x)| dx < +o0
n=0 V0 0

[ f(x+n) a.e.in[0,1] 0.

n—oo

Er-@(FERX)



(o]

5 1

Wan >0, Y — < +oo.
n=1 an

fe L'(R) = lim f(anx) ===

n—oo

0.

(9]

1EER: Z f [f(anx)| dx = Z alf X)| dx < +oo.
n=1vR f

n=1

Er-@(FERX)



576

o {RIZRECR", m(E)<oco, f,e L' (E),N

fr3f —— fe L (E ffn f

o m(E) = oI RAL.

1
&15'] fn = E/\/(o’zn]'

Er-@(FERX)



BIRE7: BT AT

@ E c R LebesgueT;ll,
e feLT(E),

® ¢:[0,+00) > R T, AFALEITELL, ¢(0) = 0.

_ f ))dx = f m[x € E : f(x) > t]¢’(t)dt.

Er-@(FERX)



@) = [ “Sdt, vae[ow)

f(x)
—— el = [ et = [ ot et

—— | p(f(x))dx = fR XE(x)( fR +)qo,f(x)](t)so’(l‘)dt)dx
= LJF ¢’ (t)dt LXE(X)X[f(x)N](X)dX
= foo m[x € E : f(x) > t]¢’(t)dt.

0

Er-@(FERX)



@ Ecla,b],

e f:[a,p] —— R

o fEELB—RWS, |f'(X)|<M,VxeE.

——— m"(f(E)) < Mm*(E).

Er-@(FERX)



EEe > 0.
En = {x e E1f(y = f()l < M+ )ly = . ¥y < [a.b] 0 B(X’%)}'
lim m*(E 1) = m*(E)

En\{a,b} C U n,k> ﬁIZl‘EﬂIn,k c (a,b):

, Vk € N.

S|=

i m(lhx) < m*(E) + e, m(lnk) <

k=1

Er-@(FERX)



WERASE

s.t€ Ep[ )k === If(s)- ()] < (M+e€)ls—1] < (M+€)m(ln)

N

m*(f(En N U Ink))

> m*(f(Eq O Ink))

k

Zdiam(f(En N Ink))

k

(M+€) > m(lnk))
k

(M + €)(m*(En) + €)

m*(f(En))

N

N

N

N

£n — o0, € — 0BJTH].

Er-@(FERX)



PlR9: BRAR 15 AN FE

o f:[a,b] —— RAIM
@ E c [a,b]al:

o fEELB—RAS

— m*(f(E)) < L|f’(x)ldx.

Er-@(FERX)



WERA

ElZEe > 0.

En = {x € E:(n-1)e <IF () < ne| TMEHTMATISHATM).

m*(f(En)) < nem*(Ej)
< j;nlf’(x)lderem*(En)

= f(U En) = U f(E

m*(f(E flf/ )ldx + em™(

Er-@(FERX)



e fe Cla,b]n W"[a,b],

o [RT —1MEZAHESI, rFEMAARIR

——— fe AC|a, b]

Er-@(FERX)



A= {x € la,b]: f’(x)Z:ﬁ?'f}, EZAH

Y(a,B) C [a, b]

m(f(a,B)) (NM1EZEIR)
m(f((a,8) N A°)) (AZESTTH)

f " (x)ldx

(a,B)NAC

f " (x)ldx
(a)

—— Z If(bi) — f(ai)l < f | (x)]dx.

i=1 |_|,n:1 (ai,bi)

If(8) — f(a)l

I nm

N

N

Er-@(FERX)



Er-@(FERX)



e f,g e ACl[a,b]

. fa ” 10g (x)dx )| - f x)g(x)alx

Er-@(FERX)



e f,g e AC[a,b] === fg € AC|a, b]

@ f,ge ACla,b] === f'ge L'[a,b], fg’ €L'[a,b]

b

b
fa (F(x)g(x)) dx = f(x)a(x)[°

b b b
fa (F(x)g(x)) dx = f (x)a(x)dx + f f(x)g’ (x)dx

Er-@(FERX)



PR 13: 3 73 B —P{EETE

e fe Cla,b], gel'la,b]nLT[a,b]

— f " Hge)ox 228 f o(x

HUERR[E]Riemannfl 43 1B 74

Er-@(FERX)



PR 14: 3353 R T 2 T (ZE

@ g:[a,b]— [c,d]a.e.A]F.
e fel'lc,d]
= [ f(t)dt

THFMN
(1) F(g(t)) € ACla, b]

(2) f(g(1))g'(t) € L'[a, b], T E

f " {0 = f o()g (e V[ 5] C [a.b]
9(@)

Er-@(FERX)



A E X g(t)
F(g(t)) - F(g(a)) TRIEX fg

f(x)dx
(a)

[ Hto@g @y

———= Foge ACJa,b].

{Er- st (REREK)



— F € ACJa, b]

REUER  (F(2) =0, vEMEZ

f(g(t)g'(t) € L'[a, b]

9(8)
fg ., 1000x = Fla(p) ~ F(o(e)

Er-@(FERX)



#MFEUERA

FeACla,b] =———= m(F(2))=0, VENEZ

o BFHEHEG:

Z\{a,b}c Gc(a,b), m(G)<e
e G= El (ai, bj):
° B ’:,1 d; € [aj, bj]:

F([ai, bi]) = [F(ci), F(di)]

Er-@(FERX)



m*(F(Z)) = m*(F(Z\{a,b}))

(I

N

m*(F( (a, b,)))

Zm ([ai, bi]))
— Zm([F(Ci),F(di)])

i

= Z |F(ci) = F(d)l <€

Il
N

N

{Er- st (REREK)



#MFEUERR: B &R BRI FH

BRIE TR EHRE:
o RHJLFLAAFTH
g:[a,b] —— [c.d]

F:lc,d —— R
Fog:lab] —— R

o F/(x) ==22— f(x):

e m(F(Z))=0, VEMNEZCc/cd|

= (F(g(1))) === (9(1)g'(1)

Er-@(FERX)




o MEKRA

Z :={x €|c,d]: FIEEXA T F)
A=g"(2)
B :=[a.b]\ A

o EEte B, gELEAIT (g ae )

— gTEtRIELL, g(t) e Z° F'(g(t)) = f(9(t))

° &

F(g(t+h)-F(g(t))) _
—gtrh 9@’ g(t+h)-g(t)#0
¢(h) =

f(g(t)) g(t+h)—g(t)=0

Er-@(FERX)



WERASE

o lim ¢(h) = f(g(t))

h—0
o 7EB LRI (EM+IRIR)
(F(a(1))) f(g(1))g'(t)
o fEA LML
gA) c Z
m(g(A) = m(F(g9(A))) =0

— (F(g(t))y =22= f(g(1))g'(1)




#MFEUERA

RI% T HISR AR -
e f:[a,b] > R
e Ecab], fEERBHRATH

e m(f(E))=0

f'(X) a.e.xeE 0

Er-@(FERX)



o

B={xeE:If(x)>0 =B,
n=1

B, — {x € E: If(y) - f(x)| > %Iy—xl Vy € B(x, %)}

REIEAB, = EME.

Er-@(FERX)



VIKENFLIMXE, A :=1nB,
f(A) c f(B,) c f(E)EM%
Ve > 0, FEFXEFUL) . f(A)c| Jh, D m(k)<e.
k k
Ac = AN (k)
A :UAk, AccA=InB,
K
f(Ax) C Ik

m*(Ak) < diam(Ak) < ndiam(f(Ak))

— m*(A) < nZdiam(Ik) < ne.
K

Er-@(FERX)



K (H), 528K IR

Er(FERX)

2024-6-5

Er-@(FERX)



RHEZAR

e LP(E)RBanachz|d].

ECR'AM, pelt,+oo].

Er-@(FERX)



AIRE ERE RS
S B2k BN
L'(R") LP(R") % BanachZ3|g]

Er-@(FERX)



pe[1.+0)

LP(E) {f E—RAM: |l < +oo}

L(F) —— {tE—FAM: (EELac AR

(f € L*(E) & aM > 0, |f(x)|a'<e' M)

o LP(E)= BRI ZE:
LP(E)zsia s JLF A28 AIESE.



LPE[B]RYSEHL

1/p
61, 0
Aloey 22t i), = { fE |f(x)|"dx} .

R" LP(E)
“#axHE BIER -
BIRYE ToBR4E

Er-@(FERX)



L2z [ERYSER: BUe R AT Re/ IR TR, RATRERHY

RRTASERHZETLS

Ifll=g)y = ess supyeglf(X)l

= inf  sup [f(x)|
m(Z)zoerE)z ()

a.e.
_ inf{M>o: 1(x)1 € M }

= sup{M>0: m{er: |f(x)|>M}>0}

MA AN £ R




o AMLEmMF

ess sup = essential supremum

o g

sup xo(x) = 1, ess sup yy(x) = 0.

XeR XeR

Er-@(FERX)



it LA RER

o M, A LA BN EHBFAIER:

f 1] < lIflam(E)
E

JERR: & = |f| < sup|fl m(E).
E\Z E\Z

o AMEMASLMBFINXAR:

Ifll.=) < sup If(x)l, ¥ m(Z)=0
xeE\Z

Er-@(FERX)



HtiRie%

o HAEHEH(p, 9):

=1, p,q € [1,00].

T
Q=

o BIF: (p.g)=(2.2),(1,00),(c0,1).

Er-@(FERX)



Holder S5

o Holder"ER: &p, git4e, N
fgll 1 ey < lflle(g)llgllLace)

o FSRILFM:

e, PEll o) e o
FERL %: f(x)P £2= Ag(x)I%  Bg(x) 2= 0.
A5 2 A>0

Er-@(FERX)



SchwarzA~ 33\

@ SchwarzA"ZER:

f,g € L3(E) = lifgll. gy < Ifll2(g)llgllLze)

fEIfgl< \/E\/E

BERT ———  [f(x) 22 Ag(x)l, Fg(x) 2= 0

Hﬁgﬂbo

Er-@(FERX)



Young A" EF 3\

Wp, gEHIIEH, p.ge[1,+w), a,b>00

aP b9
_|_
p q
ZEZRKZL ———= aP = bI.

MERR:  log x /& (0, +o00) 4% M K 4.

Er-@(FERX)



Holder A~ =\ BYERA
1EH1:  p,gZz—Hoo, FiHEp = .

liglle < Il fE gl

1BH2: p,g#c

] g o 1900

FX = s —
& lIfllLe lIgllLa
Young A~ F3 FOP G0
P q
FIP  1G|¢ o
Fai < e 160 nbioit
P q

Er-@(FERX)



Holder N FRIABIF N 1FH

e 0.

()19, Fg(x) =

Er-@(FERX)



MinkowskiNZE =

¥ pe[1,+oo]
If+glle < lifll +llgllp

Er-@(FERX)



MinkowskiNZE =

IERR: AHHip € (1, +o0)

ir+gl < [mrrapt+ [+ gf

Hoélder 1/q ) 1/q
o [[1+09) " g [ 11+ a-9)

(il + llgllo)IIf + gllE’?

Er-@(FERX)



ChebyshevA &=

%p e (0,+), felP(E), N

f p
m[lf| > €] < (w)
€
WERR:

g > [ P> emin> dl
[Ifl>€]

{Er- st (REREK)



LP(E def
AN . BT TR

Er-@(FERX)



PO s

LP(E) Chebyshev m Riesz a.e.
pe[1,00
fo L=(E) f fo a.un. fo m f fo a.e. £

Er-@(FERX)



PO i S 25

JERA: Ve>0, ATMEZ:

sup|fy — fl < |Ifk — fllo +€/2 < € (k> 1).
E\Z

——  HFEE\ZL,f Xt

Er-@(FERX)



LPRZ ]

o LP(E)RZMZE (pel[l,)).

Fig: a,b>0

2P~1(aP +bP), if px=1
(a+b)P <
aP + bP, if 0<p<1.

Er-@(FERX)



LPRIHSE 2k 14 =5 8]

o LP(E)RMSELMZIE (pe[1,)).

o dEfalE:
[Ifllo = O, Iflp =0 f=0, BIf 220
o FFik
llafllo = lal [Ifllp, VYaeR
o =ATER

If + gllo < IIfllo + ligllp

Er-@(FERX)



B {ABanachz3|g]

WE CRAIA, pe[l,+oo]. N

LP(E)®&Banachz3|g].

Er-@(FERX)



@ BanachZi[8]=E& Mo Lt = (8]
o LP(E)FE# < CauchyFFI 2 &F51.

@ LP(E)sCauchy/F3l:

lim [[fx = fillp =0
k,j—co

Er-@(FERX)



SE& 4 ERA
o pel +e):

Chebysh .
LPCauchy N {4 E Cauchy

— {KNEYS

Riesz

Ja.e. WHF7F

Fatou

LP Y8y

[@ZChebyshev A= :

mllf| > €] < (”f#)p

Er-@(FERX)



ST UERRSE

If — fxlP < lim f Ify, = flP < €P, k> 1
E

E j—oo

—— 1S f=(f-f)+felP

Er-@(FERX)



ST UERRSE

@ p=+00:

L*Cauchy =———= f£E\ Z—%Cauchy
= FEE\Z—EUs
s RLS(E\ 2) K

Er-@(FERX)



ST UERRSE

MERR: Ve > 0,AFMEZ -

€ .
sup |fi(x) = fi(X)| < [l = fillo + 5 <e, (k,j>1)
xeE\Zy

= sup |fx(x) - fi(x)| <€, (k,j>1, Z= U Zi)
xeE\Z k,j=1

f(x) == klinoo fk(X)XE\Z(X)

= Ik —fll.~ <€ f=(f-"fg)+fi e L®

Er-@(FERX)



THEUNE E

o MEZE(N, 2", u = IHHUNE)

oI=

LP(N, du) = ¢P(N) := {{Xn} H{Xn Yrz

(Z ol ) <

)

o MEZE)(Zn, 2%, u = THHUME)

R" = L%(Z,, du) = €3(Zy).

Er-@(FERX)



MinkowskiNZE =

o c-BIRMEZTIEI(X,u), (Y,v),
@ f: XxY — RALM,
@ pel,+o0].

)

(,

Hpe(1,0), BAFXBBAMR, MEFRXRLIZIRZ

[ tenaueaf )< [[( [ 1oenparn)

a.e.

If(x, y)I
Hrp(x), p(y)2IEG2 BT oR 25 .

e(x)p(y),



5I8R1: R [EIHOlderfNZER

o RIEHOderRFER: #&p,qe(-0,1), T4+1=11

1
p

ifgll 1 ey = Iflle(g)llgllLe(E)

o FSRILFM:

e s PsGE(=o0,1) . ..
é'g}ijlL =”=> |f(X)|p _i_e_ /llg(x)|q, Ef(:g(x) a.e 0.
IE 0

Er-@(FERX)



R [EIHGIder A~ ZF 3 B IERA

Tipgp >0,9+0, FHIEIERH

1

u= 5

1
_’ V:
P

flee = 1IPgPg™ Il

N

(1P gPllLullg™PllLv) P

lIfgll.s
lI9lILa

Er-@(FERX)



ffi@2: LPEIEXAR

@ LP[a,b]XFp™=tgl (Holder™ER)

o LPR)MAEHPEFER.

1
LP(R) o AP .= {fa,gﬁ B < b < a'}

Er-@(FERX)



Blas:  peIMAIR R

m(E)e(0,4+)

p|i_f)Tlo Iflle(E) IfllL(E)

Er-@(FERX)



SERBIR PREE

JERR: IfllLo(ey < IIfll=(eym(E)"P

It 41—
i} pllnoo”f”Lp(E) < ||f||L°°(E)

Er-@(FERX)



p3E 2 HIER PREE

VM < |IfllL=(g)
:>A:{XEE: |f(x)|>M}, m(A) >0

_ ||f“Lp(E) > M m(A)1/p,

TS
_— |I_m ||f||1_p(E) > ||f||L°°(E)

p—00

Er-@(FERX)



f5I854: Holder NS AYHES ™

o f,geLt(E), p,ge[l,o), re[l,+o]. #FE =1.

=S| =

o=
Q=

1=

— fE f(X)g(x)dx<||f||;‘€||f||l,’%( fE (x)g(x)dx)".

Er-@(FERX)



Er-@(FERX)



@ feLP(R"),ge LIR"), p,q,rBLBIE, r+ oo

h(x) = fRn f(t)g(x — t)dt

== [Ihll- < IIfllpllgllq

WERRRRES . HE f (h(x))"dx, %I B AR +Fubini EIE
Rﬂ

Er-@(FERX)



sl

P250 £Z83RR

P253 Z85R1

P289 ZE1, 28R

Er-@(FERX)



