
à:ëY5 Å�È© Å�¦�

½n 1 (à:?�ëY5) �¼ê�?ê
∑∞

n=1 un(x) �Ï�3«m (a, b)

þëY�T?ê3 (a, b) þ��Âñu S(x). XJéz� n �4�

lim
x→b−

un(x)�3�k�,@o lim
x→b−

S(x)�3�

lim
x→b−

S(x) =

∞∑
n=1

lim
x→b−

un(x).

y² ½Â un(b) = lim
x→b−

un(x), K un(x) 3 (a, b] þëY. Ï�?ê∑∞
n=1 un(x) 3 (a, b) þ��Âñu S(x), ¤±é?¿ ε > 0 �3 N , �

n > N �,

|un+1(x) + un+2(x) + · · · + un+p(x)| 6 ε,

é�� x ∈ (a, b) 9��g,ê p ¤á. - x → b− �, þª3 (a, b] �¤

á. u´
∑∞

n=1 un(x)3 (a, b]þ��Âñ. Ï(Ø¤á.
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~ 1 � f(x) =

∞∑
n=0

xn

3n
cos(nπx2).¦ lim

x→1
f(x).

) � x ∈ [0, 2]�,k∣∣∣∣xn3n cos(nπx2)

∣∣∣∣ 6 (2

3

)n
.

Ï�?ê
∑∞

n=0(
2
3
)n Âñ, ¤±�â Weierstrass �O{�

∑∞
n=0

xn

3n
cos(nπx2)

3«m [0, 2] þ��Âñ. duÏ�´ëY¼ê, ¤± f(x) 3 [0, 2] þëY,

Ï

lim
x→1

f(x) = f(1) =

∞∑
n=0

(
−
1

3

)n
=

1

1 + 1
3

=
3

4
.
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~ 2 � f(x) =

∞∑
n=1

sin(nx)

n
. ¦y f(x)´ (0, 2π)þ�ëY¼ê.

y² �â Dirichlet�O{��é?¿ x ∈ (0, 2π)?ê
∞∑
n=1

sin(nx)

n
Â

ñ, Ïd f(x) 3 (0, 2π) þk½Â. é?¿ x ∈ (0, 2π) � 0 < δ < π ¦�

x ∈ [δ, 2π − δ]. �â Dirichlet�O{
∞∑
n=1

sin(nx)

n
3 [δ, 2π − δ]þ��Âñ,

Ïd f(x)3 xëY,l f(x)3 (0, 2π)þëY.
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½n 2 XJ¼ê� {fn(x)}�z��Ñ33«m [a, b]þ�È,� {fn(x)}
3 [a, b]þ��Âñu f(x),@o f(x)�3 [a, b]þ�È,�

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx.

y² é?¿ ε > 0,� γ ∈ (0, ε
3(b−a)).du {fn(x)}3 [a, b]þ��Â

ñu f(x),��3 N ¦� n > N �,k

|fn(x)− f(x)| < γ (1)

é�� x ∈ [a, b]¤á. é�½� n0 > N ,� [a, b]�©� T ¦�

S(fn0, T )− S(fn0, T ) <
ε

3
, (2)

d (1)ª,k f(x) < fn0(x) + γ,Ïd

S(f, T ) < S(fn0, T ) + γ(b− a) < S(fn0, T ) +
ε

3
.
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l (1)ª,��� f(x) > fn0(x)− γ,Ïd

S(f, T ) > S(fn0, T )−
ε

3
. (3)

u´

S(f, T )− S(f, T ) < ε.

ùÒ`² f(x)3 [a, b]þ�È.q� n > N �,k∣∣∣∣∫ b

a

f(x) dx−
∫ b

a

fn(x) dx

∣∣∣∣ = ∣∣∣∣∫ b

a

(f(x)− fn(x)) dx
∣∣∣∣

6
∫ b

a

|f(x)− fn(x)| dx

6 γ(b− a) <
ε

3
,

¤±

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx.
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íØ 1 XJ«m [a, b] þ��È(ëY)¼ê� {fn(x)} 3 [a, b] þ��Â

ñu f(x),@o f(x)�3 [a, b]þ�È(ëY),�

lim
n→∞

∫ b

a

fn(x) dx =

∫ b

a

f(x) dx.

½n 3 �?ê
∞∑
n=1

un(x)3«m [a, b]þ��Âñu S(x). XJÏ� un(x)

3 [a, b]þ�È,@oÚ¼ê S(x)�3 [a, b]þ�È,�∫ b

a

S(x) dx =

∫ b

a

(
∞∑
n=1

un(x)

)
dx =

∞∑
n=1

∫ b

a

un(x) dx.
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~ 3 ¦?ê
∞∑
n=1

xn

n
�Ú,ùp x ∈ (−1, 1).

) éu?¿ δ ∈ (0, 1),?ê
∞∑
n=1

tn−1 3 [−δ, δ]þ��Âñ,�Ï�ë

Y.u´

f(x) =

∞∑
n=1

xn

n
=

∞∑
n=1

∫ x

0

tn−1 dt

=

∫ x

0

∞∑
n=1

tn−1 dt

=

∫ x

0

1

1− t
dt

= ln
1

1− x
.
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½n 4 XJ¼ê� {fn(x)}÷ve¡�^�:

1◦ z� fn(x)3«m [a, b]këY��¼ê;

2◦ {f ′n(x)}3«m [a, b]þ��Âñu¼ê g(x);

3◦ ¼ê� {fn(x)}3,: x0 ∈ [a, b]Âñ,

@o {fn(x)} 34«m [a, b] þ��Âñu,�ëY���¼ê f(x), �

f ′(x) = g(x), x ∈ [a, b].

y² d 1◦� f ′n(x)ëY,d 2◦9c¡�½n�, g(x)3 [a, b]ëY.d

3◦ Ø�� {fn(x0)}Âñu f(x0).-

f(x) =

∫ x

x0

g(t) dt + f(x0),

K f(x) 3 [a, b] þ��, � f ′(x) = g(x), x ∈ [a, b]. e¡y² {fn(x)} 3
[a, b]þ��Âñu f(x).
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d 2◦ Ú 3◦,é?¿ ε > 0,�3 N ,� n > N �,é�� x ∈ [a, b]k

|f ′n(x)− g(x)| <
ε

2(b− a)
, |fn(x0)− f(x0)| <

ε

2
.

u´� n > N �,k

|fn(x)− f(x)| =
∣∣∣∣(∫ x

x0

f ′n(t) dt + fn(x0)

)
−
(∫ x

x0

g(t) dt + f(x0)

)∣∣∣∣
6

∣∣∣∣∫ x

x0

|f ′n(t)− g(t)|dt
∣∣∣∣ + |fn(x0)− f(x0)|

6
ε

2(b− a)
· (b− a) +

ε

2

= ε, ∀ x ∈ [a, b].

¤± {fn(x)}3 [a, b]þ��Âñu f(x).
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½n 5 XJ¼ê�?ê
∞∑
n=1

un(x)÷ve¡�^�:

1◦ z� un(x)3«m [a, b]këY��¼ê;

2◦
∞∑
n=1

u′n(x)3«m [a, b]þ��Âñu¼ê g(x);

3◦ ��k�: x0 ∈ [a, b],¦
∞∑
n=1

un(x0)Âñ,

@o
∞∑
n=1

un(x)34«m [a, b]þ��Âñu,�ëY���¼ê S(x),�

S′(x) = g(x),= (
∞∑
n=1

un(x)

)′
=

∞∑
n=1

u′n(x).
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~ 4 ¦¼ê�?ê
∞∑
n=1

xn+1

n(n + 1)
�Ú¼ê.

) éu x ∈ [−1, 1],k
∣∣∣ xn+1

n(n+1)

∣∣∣ 6 1
n(n+1)

.Ï�

∞∑
n=1

1

n(n + 1)
Âñ,¤±

�â Weierestrass�O{�,�?ê3 [−1, 1]þ��Âñ. é?¿�ê δ < 1,

?ê
∞∑
n=1

xn

n
3«m [−δ, δ] þ��Âñ. �, f(x) =

∞∑
n=1

xn+1

n(n + 1)
3 (−1, 1)

�±Å�¦�, f ′(x) =

∞∑
n=1

xn

n
= ln

1

1− x
.Ïd,

f(x) =

∫ x

0

ln
1

1− t
dt = −

∫ x

0

ln(1− t) dt

= −
[
t ln(1− t)

∣∣∣x
0
+

∫ x

0

t

1− t
dt

]
= x + (1− x) ln(1− x), x ∈ [−1, 1].
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