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9.2.4 EÜ¼ê��©Ú���©/ªØC/

±��¼ê�~,�

u = f(ξ, ζ)

½Â3«� D þ�����¼ê,

ξ = φ(x, y), ζ = ψ(x, y)

½Â3«� ∆þ. �
¦EÜ¼ê

u = f(φ(x, y), ψ(x, y))

k¿Â,K�b�

(φ(x, y), ψ(x, y)) ∈ D

é?Û (x, y) ∈ ∆¤á. ±eo´�ù��b�.
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�
Ö��{²Ú�í25,·�k��æ^N���{. P

g = (ξ, ζ),

ùp ξ, ζ Ñ´½Â3 R2 ¥«� ∆þ���¼ê. ù�

g : ∆→ D ⊂ R2

´��N�.

� D �´ R2 ¥«�, � g(∆) ⊂ D. e��¼ê f 3 D þk½Â, K

f ◦ g Ò´½Â3 ∆þ���¼ê.

∆

D

R
g f

f ◦ g
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3?Ø��5�c,Äk�)ûEÜ¼ê�ëY5¯K.

½n 1 � ∆ Ú D Ñ´ R2 ¥«�. e g : ∆ → D 3 x0 ∈ ∆ ëY,

f : D → R3 y0 = g(x0)ëY,KEÜ¼ê f ◦ g : ∆→ R3 x0 ëY.

y² Ï� f 3 y0 ëY, ¤±é?¿ ε > 0 �3 δ1 > 0, ¦��

y ∈ B(y0, δ1) ∩D �,k

|f(y)− f(y0)| < ε.

Ï� g 3 x0 ëY,¤±é δ1 �3 δ > 0¦�� x ∈ B(x0, δ) ∩ ∆�,k

|g(x)− g(x0)| < δ1,

=, y = g(x) ∈ B(y0, δ1) ∩D.dd�� x ∈ B(x0, δ) ∩ ∆�,k

|f ◦ g(x)− f ◦ g(x0)| < ε.

ùÒ`² f ◦ g 3 x0 ëY.
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½n 2 � ∆ Ú D Ñ´ R2 ¥«�. e g : ∆ → D 3 x ∈ ∆ ��,

f : D → R3 y = g(x)��,KEÜ¼ê f ◦ g : ∆→ R3 x��,�

J(f ◦ g)(x) = Jf(y)Jg(x). (9.1)

.

úª (9.1) L«
EÜ¼ê f ◦ g � �ê� f Ú g � �ê�m

�'X, ¡�EÜ¼ê �ê�óª{K. � x = (x1, x2), y = g(x), =,

y1 = g1(x1, x2), y2 = g2(x1, x2), z = f(y1, y2) = f ◦ g,K (9.1)Ò´(
∂z
∂x1
, ∂z
∂x2

)
=
(
∂z
∂y1
, ∂z
∂y2

)(∂y1

∂x1

∂y1

∂x2

∂y2

∂x1

∂y2

∂x2

)
(9.2)

ÐmÒ´

∂z
∂x1

= ∂z
∂y1

∂y1

∂x1
+ ∂z

∂y2

∂y2

∂x1
(9.3)

∂z
∂x2

= ∂z
∂y1

∂y1

∂x2
+ ∂z

∂y2

∂y2

∂x2
(9.4)
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y² éu x ∈ ∆� h ∈ R2��¿©�,¦ x+ h ∈ ∆.Ï� g 3 x�

�,¤±

g1(x + h)− g1(x) = Jg1(x) · h + o(h) (9.5)

g2(x + h)− g2(x) = Jg2(x) · h + o(h). (9.6)

g ���5�y
§�ëY5, Ïd� h ªu"�, k = g(x + h) − g(x) �

ªu",ùpr k wÑ��þ. Ï� f 3 y = g(x)��,¤±

f(y + k)− f(y) = Jf(y) · k + o(k). (9.7)

(9.5)Ú (9.6)Ü¿å5�±�¤ k = Jg(x)h + o(h),ò��\ (9.7)¿5¿�

o(k) = o(h),Ò��

f(g(x+h))−f(g(x)) = Jf(y)·
(
Jg(x)·h+o(h)

)
+o(k) = Jf(y)·Jg(x)·h+o(h).

ùÒL²EÜ¼ê f ◦ g 3 x��,� (9.1)¤á.
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���©/ª�ØC5

£���¼ê��/. ¼ê u = f(ξ, ζ) = f(φ(x, y), ψ(x, y))Q´Cþ

ξ, ζ �¼ê, �´Cþ x, y �¼ê, Ïd'u§��©/ªkü«L«�ª,

Ù�´ dξ, dζ ��5|Ü,Ù�´ dx, dy ��5|Ü

du = ∂u
∂ξ
dξ + ∂u

∂ζ
dζ, du = ∂u

∂x
dx + ∂u

∂y
dy

5¿�,� ξ, ζ ©O´x, y �¼ê�

dξ = ∂ξ
∂x
dx + ∂ξ

∂y
dy dζ = ∂ζ

∂x
dx + ∂ζ

∂y
dy

þã'u du�ü«�©/ª�L��ª´���

du = ∂u
∂ξ
dξ + ∂u

∂ζ
dζ

= ∂u
∂ξ

(
∂ξ
∂x
dx + ∂ξ

∂y
dy
)

+ ∂u
∂ζ

(
∂ζ
∂x
dx + ∂ζ

∂y
dy
)

= ∂u
∂x
dx + ∂u

∂y
dy

ùÒ´¤¢����©/ª�ØC5.
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~ 1 � u = f(x, ξ, η), ξ = x2 + y2, η = x2 + y2 + z2.¦EÜ¼ê��

�© du.

) �â���©/ª�ØC5,k

du = f ′1dx + f ′2dξ + f ′3dη

= f ′1dx + f ′2(2xdx + 2ydy) + f ′3(2xdx + 2ydy + 2zdz)

= (f ′1 + 2xf ′2 + 2xf ′3)dx + 2y(f ′2 + f ′3)dy + 2zf ′3dz.

~ 2 )�©�§ xydz + yzdx + zxdy = 0.

) - u = xyz.K

du = xydz + yzdx + zxdy = 0.

�âíØ ??,� u�~ê,=, xyz = c.ùÒ´¤��©�§�ÏÈ©.
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9.2.5 �þ�¼ê��©��û

� ~r(t) (t ∈ [α, β])´�m¥���þ�¼ê. XJ4�

~r′(t) =
d~r

dt
(t) := lim

∆t→0

~r(t + ∆t)− ~r(t)

∆t

�3,@oÒ¡�� ~r(t)'u t��ê,§�´���þ.

lAÛþw��5` ~r(t) �;,´�m¥�^�,  ~r ′(t) Ò´

3: ~r(t) ?�����, ¿��ëêO\���. �±ù�w, ��

þü: M0 Ú M éA� ��þ©O´ ~r(t0) Ú ~r(t). u´���þ
−−−→
M0M = ~r(t) − ~r(t0), �

~r(t)−~r(t0)
t−t0

Ò�
−−−→
M0M ��, ¿��ëê�O\��.

� t→ t0 �, ~r(t)3 t0 ��ê ~r ′(t0)Ò´�3M0 ���þ,��þ��

���ëêO\���.

3���IX¥,XJ ~r(t)��I´ (x(t), y(t), z(t)),K

~r′(t) = (x′(t), y′(t), z′(t)).
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e x(t), y(t), z(t)k���ê,K ~r(t)�k���ê,�

~r′′(t) = (x′′(t), y′′(t), z′′(t)).

� ~a(t),~b(t)´�m¥����þ�¼ê, f(t)´��¼ê,Kk

d

dt
(f~a) = f

d~a

dt
+
df

dt
~a, (9.8)

d

dt
(~a ·~b) =

d~a

dt
·~b + ~a ·

d~b

dt
, (9.9)

d

dt
(~a×~b) =

d~a

dt
×~b + ~a×

d~b

dt
. (9.10)

� f : Rn −→ Rm ´�� n��þ�¼ê,=

f(x) = (f1(x), · · · , fm(x))T , x = (x1, x2, · · · , xn)T ∈ Rn

Ù¥�z��©þ yj = fj(x)Ñ´�� n�¼ê, T L«=�.·�½Â f

��©Ò´éz��©þ��©,Ïdk

df(x) = (dy1(x), · · · , dym(x))T
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|^ n�¼ê�©�5K

dyj =

n∑
i=1

∂yj
∂xi
dxi

¿|^�5�ê¥'uÝ
�$�,·�k

df = (dy1, · · · , dym)T =


∂y1

∂x1
· · · ∂y1

∂xn
... ...

∂ym
∂x1
· · · ∂ym

∂xn



dx1

...

dxn

 = (Jf)dx,

Ù¥

Jf = Jx(y) =


∂y1

∂x1
· · · ∂y1

∂xn
... ...

∂ym
∂x1
· · · ∂ym

∂xn


¡���þ�¼ê� JacobiÝ
.

� n = m�, JacobiÝ
�1�ª{P�

det Jx(y) = ∂(y1,··· ,yn)
∂(x1,··· ,xn)
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¿¡��¼ê� Jacobi1�ª. ù« Rn→ Rn �þ�¼êq¡��IC�.

AO,éu R2 −→ R2 ����þ�¼ê

f = (x(u, v), y(u, v)), ½ x = x(u, v), y = y(u, v)

Jf =

(
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

)
, ∂(x,y)

∂(u,v)
=

∣∣∣∣∣∂x∂u ∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣ .
½n 3 �k«� D ⊂ Rn,N� f, g : D → Rm 3 D ¥��,Kk

1◦ J(cf) = cJf,Ù¥ c´~ê;

2◦ J(f + g) = Jf + Jg;

3◦ J(f · g) = gT (Jf) + fT (Jg),Ù¥ f · gL« Rm¥�SÈ,mà� f, g

n)���þ.

11/16

‖J I‖ J I �£ �¶ '4 òÑ



óª{K �©/ªØC/ �þ�¼ê EÜ¼ê�p� �ê

½n 4 � ∆ ⊂ Rn Ú D ⊂ Rm Ñ´«�. e g : ∆ → D 3 x ∈ ∆ ��,

f : D → Rl 3 y = g(x)��,KEÜN� f ◦ g : ∆→ Rl 3 x��,�

J(f ◦ g)(x) = Jf(y)Jg(x). (9.11)

.

^ãL«Ò´,�

(x1, · · ·xn)
g−→ (y1, · · · , ym)

f−→ (z1, · · · , zl)

Ñ���, f ◦ g ���. (9.11)Ò´
∂z1

∂x1
· · · ∂z1

∂xn
... ... ...
∂zl
∂x1
· · · ∂zl

∂xn

 =


∂z1

∂y1
· · · ∂z1

∂ym
... ... ...
∂zl
∂y1
· · · ∂zl

∂ym




∂y1

∂x1
· · · ∂y1

∂xn
... ... ...

∂ym
∂x1
· · · ∂ym

∂xn

 (9.12)
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~ 3 Äk£��e���ê�½Â.¤¢3�: (x0, y0)����êÙ

¢Ò´EÜ¼ê

u = f(x0 + t cosα, y0 + t cosβ)

éCþ t ¦�, ùp ~e = (cosα, cosβ) ´ü �þ. ¤±�âEÜ¼ê¦�

5K,k
∂u
∂~e

= df
dt

= ∂f
∂x

dx
dt

+ ∂f
∂y
dy
dt

= ∂f
∂x

cosα + ∂f
∂y

cosβ

��5`, =¦��Ø´ü �þ, Xé�����þ ~l = (l1, l2), E,

k

∂u

∂~l
=
df(x0 + tl1, x0 + tl2)

dt
= ∂f

∂x
l1 + ∂f

∂y
l2

5¿,·�Ï~S. /̂d0L«é�k��Cþ��ê, /̂∂0L«

éõ�Cþ� �ê.
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~ 4 � u = f(x, y, z), y = ϕ(x, r), z = ψ(x, y, r). ¦ ∂u
∂x
, ∂u
∂r
.

) ùp²LEÜ�,r u�¤gCþ x, r ���¼ê

u = f(x, y, z)

= f(x, ϕ(x, r), ψ(x, y, r))

= f(x, ϕ(x, r), ψ(x, ϕ(x, r), r))

= u(x, r).

Ïd·�k

∂u
∂x

= f ′x + f ′yϕ
′
x + f ′z(ψ

′
x + ψ′yϕ

′
x),

∂u
∂r

= f ′yϕ
′
r + f ′z(ψ

′
yϕ
′
r + ψ′r).
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EÜ¼ê�p� �ê

3O�EÜ¼ê�p� �ê�,���EA^EÜ¼ê¦��óª{

K=�.

~ 5 � f(x, y) këY��� �ê. ¦EÜ¼ê z = f
(
xy, y

x

)
�n

��� �ê.

) EÜ¼ê z = f
(
xy, y

x

)
´ x, y ���¼ê,�� �ê�

∂z
∂x

= yf ′1 −
y
x2f
′
2,

∂z
∂y

= xf ′1 + 1
x
f ′2,

�� �ê�

∂2z
∂x2 = y

(
yf ′′11 −

y
x2f
′′
12

)
− y

x2

(
yf ′′21 −

y
x2f
′′
22

)
+ 2y

x3f
′
2

= y2f ′′11 −
2y2

x2 f
′′
12 + y2

x4f
′′
22 + 2y

x3f
′
2,

Ón,k

∂2z
∂x∂y

= xyf ′′11 −
y
x3f
′′
22 + f ′1 −

1
x2f
′
2,

∂2z
∂y2 = x2f ′′11 + 2f ′′12 + 1

x2f
′′
22.
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~ 6 � ϕ(x), ψ(x)��ëY��. ¦y: ¼ê

u = ϕ(x− at) + ψ(x + at)

÷vÅÄ�§
∂2u
∂t2

= a2∂2u
∂x2.

y² w, u´��ëY�����¼ê.

∂u
∂x

= ϕ′(x− at) + ψ′(x + at),

∂u
∂t

= −aϕ′(x− at) + aψ′(x + at),

∂2u
∂x2 = ϕ′′(x− at) + ψ′′(x + at),

∂2u
∂t2

= a2ϕ′′(x− at) + a2ψ′′(x + at)

= a2∂2u
∂x2.
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