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13.4.2 ¹ëCþ�~È©�5�

�!òy²dëCþÈ©�Ñ�¼ê

ϕ(u) =

∫ +∞

a

f(x, u)dx

�ëY!��!È©�5�.

½n 1 e¼ê f(x, u)3 I = [a,+∞)× [α, β]þëY,�È©

ϕ(u) =

∫ +∞

a

f(x, u)dx

3 [α, β]þ'u u��Âñ,K¼ê ϕ(u)3 [α, β]þëY.

y² duÈ©
∫ +∞
a

f(x, u)dx 3 [α, β] þ��Âñ, �é?¿��ê

ε,o�3¢ê X ,�� b > X ,Òk∣∣∣∣∫ +∞

b

f(x, u)dx

∣∣∣∣ < ε

3
, (∀ u ∈ [α, β]).

1/16

‖J I‖ J I �£ �¶ '4 òÑ



ëY5 ��È©Ò È©Òe¦�

3 [α, β] þ?��: u0, Ï�¹ëCþ�~ÂÈ©
∫ b
a
f(x, u)dx 3

[α, β]þëY,¤±�3�ê δ,� |u− u0| < δ �k∣∣∣∣∫ b

a

f(x, u)dx−
∫ b

a

f(x, u0)dx

∣∣∣∣ < ε

3
,

u´,�� |u− u0| < δ,=�í�

|ϕ(u)− ϕ(u0)| =
∣∣∣∣∫ +∞

a

f(x, u)dx−
∫ +∞

a

f(x, u0)dx

∣∣∣∣
6

∣∣∣∣∫ b

a

f(x, u)dx−
∫ b

a

f(x, u0)dx

∣∣∣∣ + ∣∣∣∣∫ +∞

b

f(x, u)dx

∣∣∣∣
+

∣∣∣∣∫ +∞

b

f(x, u0)dx

∣∣∣∣
<
ε

3
+
ε

3
+
ε

3
= ε,

ùÒy²
 ϕ(u)3: u0ëY.du u0�?¿5,� ϕ(u)3��«m [α, β]

þëY.y..
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½n 2 � f(x, u)3 D = [a,+∞)× [α, β]þëY,e

∫ +∞

a

f(x, u) dx3

(α, β)þ��Âñ,K

∫ +∞

a

f(x, α) dxÚ
∫ +∞

a

f(x, β) dxÑÂñ,�È©∫ +∞

a

f(x, u) dx3 [α, β]þ��Âñ,Ï3 [α, β]þëY.

y² e

∫ +∞

a

f(x, u) dx3 (α, β)þ��Âñ,Kd CauchyOK,éu

?¿ ε > 0,�3 B > a¦�� b2 > b1 > B �

−ε <
∫ b2

b1

f(x, u) dx < ε

é�� u ∈ (α, β)¤á. 3þª¥- u → α+ Ú u → β−,�â¹ëCþ~

ÂÈ©�5�,�

−ε 6
∫ b2

b1

f(x, α) dx 6 ε,
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−ε 6
∫ b2

b1

f(x, β) dx 6 ε.

Ïd

−ε 6
∫ b2

b1

f(x, u) dx 6 ε, ∀u ∈ [α, β].

ù`²
∫ +∞

a

f(x, u) dx3 [α, β]þ��Âñ. Ïd,

ϕ(u) =

∫ +∞

a

f(x, u) dx

3 [α, β]þëY.

^d(ØéN´�äÈ©
∫ +∞

a

e−ux
2

dx3 0 < u < 1þØ��Âñ.
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~ 1 y²È©
∫ +∞

1

cosxu

x
dx3 0 < u < 1þØ��Âñ.

y² ^ Dirichlet �O{��
∫ +∞

1

cosxu

x
dx é?¿ u ∈ (0, 1) Âñ.

Ï� f(x, u) = cosxu
x
3 D = [1,+∞)× [0, 1]ëY,�∫ +∞

1

f(x, 0) dx =

∫ +∞

1

1

x
dx

uÑ.�,

∫ +∞

1

cosxu

x
dx3 0 < u < 1þØ��Âñ.
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½n 3 e¼ê f(x, u)3 I = [a,+∞)× [α, β]þëY,�È©

ϕ(u) =

∫ +∞

a

f(x, u)dx

3 [α, β]þ'u u��Âñ,Kk∫ β

α

ϕ(u)du =

∫ β

α

[∫ +∞

a

f(x, u)dx

]
du =

∫ +∞

a

[∫ β

α

f(x, u)du

]
dx.

y² db���, é?¿� ε > 0, �3ù��ê X , �� b > X , é

?Û u ∈ [α, β]Ñk ∣∣∣∣∫ +∞

b

f(x, u)dx

∣∣∣∣ < ε

β − α
.

Ï� ϕ(u)3 [α, β]þëY£½n1¤,¤±�È,�∫ β

α

ϕ(u)du =

∫ β

α

[∫ b

a

f(x, u)dx

]
du +

∫ β

α

[∫ +∞

b

f(x, u)dx

]
du,
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é¹ëCþ�~ÂÈ©Ak∫ β

α

[∫ b

a

f(x, u)dx

]
du =

∫ b

a

[∫ β

α

f(x, u)du

]
dx,

¤±� b > X �Ò��∣∣∣∣∫ β

α

ϕ(u)du−
∫ b

a

[∫ β

α

f(x, u)du

]
dx

∣∣∣∣ 6 ∫ β

α

∣∣∣∣∫ +∞

b

f(x, u)dx

∣∣∣∣ du < ε.

Ïd,½n�y.

3½n 3 �^�e, ½n�(Øw�·�, é x 3Ã¡«m [a,+∞) þ

�È©, Ú u 3k�«m [α, β] þ�È©, üö�gS´�±���. �´,

XJ'u u�È©«m�´Ã�� [α +∞),ü�È©���¯KÒ�E,

�
.
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½n 4 XJ f(x, u)÷ve�^�:

1◦ ¼ê f(x, u)3 [a,+∞)× [α,+∞)þëY;

2◦ È©
∫ +∞
a

f(x, u)dx 'uëCþ u 3?Ûk�«m [α, β] þ��Â

ñ; �È©
∫ +∞
α

f(x, u)du 'u x 3?Ûk�«m [a, b] þ���

Âñ;

3◦ e�ü�È©∫ +∞

a

dx

∫ +∞

α

|f(x, u)|du,
∫ +∞

α

du

∫ +∞

a

|f(x, u)|dx

¥��k���3,

@o ∫ +∞

a

dx

∫ +∞

α

f(x, u)du,

∫ +∞

α

du

∫ +∞

a

f(x, u)dx

Ñ�3���,=k∫ +∞

a

dx

∫ +∞

α

f(x, u)du =

∫ +∞

α

du

∫ +∞

a

f(x, u)dx.
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y² Ø�� ∫ +∞

a

dx

∫ +∞

α

|f(x, u)|du (1)

Âñ. Ïd ∫ +∞

a

dx

∫ +∞

α

f(x, u) du

Âñ. �Iy

lim
β→+∞

∫ β

α

(∫ +∞

a

f(x, u)dx

)
du =

∫ +∞

a

(∫ +∞

α

f(x, u)du

)
dx.

d½n 3,�Iy

lim
β→+∞

∫ +∞

a

(∫ β

α

f(x, u)du

)
dx =

∫ +∞

a

(∫ +∞

α

f(x, u)du

)
dx.

=,

lim
β→+∞

∫ +∞

a

(∫ +∞

β

f(x, u)du

)
dx = 0. (2)
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d (1),é?¿ ε > 0,�3 b0 > a¦�∫ +∞

b0

(∫ +∞

α

|f(x, u)|du
)
dx <

ε

2
.

Ï�
∫ +∞
α

f(x, u)du 'u x 3 [a, b0] þ��Âñ, ¤±, �3 β0 > α, ¦�

� β > β0 �,k∣∣∣∣∫ +∞

β

f(x, u)du

∣∣∣∣ 6 ε

2(b0 − a)
, ∀ x ∈ [a, b0].

¤±� β > β0 �,k∣∣∣∣∫ +∞

a

(∫ +∞

β

f(x, u)du

)
dx

∣∣∣∣
=

∣∣∣∣∫ b0

a

(∫ +∞

β

f(x, u)du

)
dx +

∫ +∞

b0

(∫ +∞

β

f(x, u)du

)
dx

∣∣∣∣
6
∫ b0

a

ε

2(b0 − a)
dx +

∫ +∞

b0

(∫ +∞

β

|f(x, u)|du
)
dx

6
ε

2
+
ε

2
= ε. d= (2)¤á. y..
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~ 2 O�È©
∫ +∞
0

e−ax−e−bx
x

dx,Ù¥ 0 < a < b.

) �È¼ê�±L¤È©

e−ax − e−bx

x
=

∫ b

a

e−uxdu,

u´¤�O��È©ÒC�∫ +∞

0

e−ax − e−bx

x
dx =

∫ +∞

0

dx

∫ b

a

e−uxdu,

dué?¿ u ∈ [a, b],k

e−ux 6 e−ax,

Ã¡È©
∫ +∞
0

e−axdx Âñ (a > 0), d'��O{�,
∫ +∞
0

e−uxdx 3

[a, b]þ��Âñ,q e−ux 3 [0,+∞)× [a, b]þëY,�â½n 3B��∫ +∞

0

e−ax − e−bx

x
dx =

∫ b

a

du

∫ +∞

0

e−uxdx =

∫ b

a

du

u
= ln

b

a
.
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��25ïÄ¹ëCþ2ÂÈ©�¦�¯K.

½n 5 XJ¼ê f(x, u)÷ve�^�µ

1◦ f(x, u)Ú ∂f(x,u)
∂u

3 [a,+∞)× [α, β]þëY;

2◦
∫ +∞
a

f(x, u)dx3 [α, β]þÂñ;

3◦
∫ +∞
a

∂f(x,u)
∂u

dx3 [α, β]þ��Âñ.

@o ϕ(u) =
∫ +∞
a

f(x, u)dx3 [α, β]þ��,¿k

ϕ′(u) =

∫ +∞

a

∂f(x, u)

∂u
dx (α 6 u 6 β).

½n¥�«m [α, β]�¤m«m,½�m�4�«m�,½n�(Ø�¤á.

y² - ai(u) =
∫ a+i
a+i−1 f(x, u) dx i = 1, 2, · · · ,K

ϕ(u) =

∫ +∞

a

f(x, u)dx =

+∞∑
i=1

ai(u).

|^?ê¥�A�½n=�.
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~ 3 O�È©

I(β) =

∫ +∞

0

e−x
2

cos 2βxdx, β ∈ (−∞,+∞).

) Ï�é?¿�¢ê β k

|e−x2 cos 2βx| 6 e−x
2

È©
∫ +∞
0

e−x
2
dx Âñ, �È©

∫ +∞
0

e−x
2
cos 2βxdx Âñ. yO�§��,

�ò β À�ëê,du� x > 0�kØ�ª∣∣∣∣ ∂∂β(e−x2 cos 2βx)
∣∣∣∣ = |2xe−x2 sin 2βx| 6 2xe−x

2

,

È©
∫ +∞
0

xe−x
2
dx Âñ, ¤±È©

∫ +∞
0

xe−x
2
sin 2βxdx 3��ê¶þ'

u β ��Âñ,��½n 4�
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dI(β)

dβ
=

∫ +∞

0

∂

∂β
(e−x

2

cos 2βx)dx

= −2
∫ +∞

0

xe−x
2

sin 2βxdx

= e−x
2

sin 2βx
∣∣∣+∞
0
−
∫ +∞

0

e−x
2(
2β cos 2βx

)
dx

= −2βI(β)

l¼ê I(β)÷v�©�§

dI(β)

dβ
= −2βI(β).

)�©�§,¿5¿� I(0) =
∫ +∞
0

e−x
2
dx =

√
π
2
,=�

I(β) =

√
π

2
e−β

2

.

14/16

‖J I‖ J I �£ �¶ '4 òÑ



ëY5 ��È©Ò È©Òe¦�

~ 4 � x > 0.¦y:

∫ +∞

0

e−tx

1 + t2
dt =

∫ +∞

0

sin t

t + x
dt.

y² � f(x, t) =
e−tx

1 + t2
dt.K f(x, t)3 D = [0,+∞)× [0,+∞)þë

Y.d 0 < f(x, t) 6 1
1+t2
��

∫ +∞
0

f(x, t) dt'u x3 [0,+∞)þ��Âñ.

q

f ′x(x, t) = −
te−tx

1 + t2
, f ′′xx(x, t) =

t2e−tx

1 + t2

3 D þëY,¿�éu?¿ x0 > 0∫ +∞

0

te−tx

1 + t2
dt,

∫ +∞

0

t2e−tx

1 + t2
dt

Ñ3 x ∈ [x0,+∞) þ��Âñ. Ïd, ¼ê F (x) =
∫ +∞
0

e−tx

1+t2
dt 3 (0,+∞)

þ����,�

F ′(x) = −
∫ +∞

0

te−tx

1 + t2
dt, F ′′(x) =

∫ +∞

0

t2e−tx

1 + t2
dt.
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u´

F (x) + F ′′(x) =

∫ +∞

0

e−tx dt =
1

x
, (x > 0).

éu G(x) =
∫ +∞
0

sin t
t+x

dt�C� t + x = u��

G(x) =

∫ +∞

x

sin(u− x)
u

du, (x > 0).

Ïd,k

G′(x) = −
∫ +∞

x

cos(u− x)
u

du, G′′(x) = −
∫ +∞

x

sin(u− x)
u

du +
1

x
.

u´� x > 0�, F (x)� G(x)Ñ÷v�©�§ y′′(x) + y(x) = 1
x
.Ïd

F (x)−G(x) = C1 sinx + C2 cosx, (x > 0).

w,k lim
x→+∞

F (x) = lim
x→+∞

G(x) = 0.�, C1 = C2 = 0.u´ F (x) = G(x).

w,,� x = 0�,�k F (0) = G(0) = π
2
.
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