
Dirichlet È© Laplace È© Fresnel È©

13.4.3 A���È©

1◦ Dirichlet È©

∫ +∞

0

sinx

x
dx.

d Dirichlet �O{��ù�È©Âñ, �ØýéÂñ. Ú?ÂñÏf

e−ux,¿�Ä¹ëCþ�È©

I(u) =

∫ +∞

0

e−ux
sinx

x
dx.

du� u > 0�,dÈ©´��Âñ�. �È¼ê3«� [0,+∞)×[0,+∞)

þëY,Ï I(u)Ò3 [0,+∞)þëY.AO3: u = 0ëY,�í�

lim
u→0+

I(u) = I(0) =

∫ +∞

0

sinx

x
dx.

,��¡,ò I(u)�ûq�

I ′(u) = −
∫ +∞

0

e−ux sinxdx,
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Dirichlet È© Laplace È© Fresnel È©

Ù¥3È©Òeé u�û�Ün5´Ï� u > u0 > 0�,È©∫ +∞

0

e−ux sinxdx

´��Âñ�. d©ÜÈ©{

I ′(u) = e−ux cosx
∣∣∣+∞
0

+ u

∫ +∞

0

e−ux cosx dx

= −1 + u

(
e−ux sinx

∣∣∣+∞
0

+ u

∫ +∞

0

e−ux sinx dx

)
= −1− u2I ′(u),

l��

I ′(u) = −
1

1 + u2
,
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Dirichlet È© Laplace È© Fresnel È©

ü>È©¦�

I(u) = − arctanu + c,

� u > 0�,·�k

|I(u)| =
∣∣∣∣∫ +∞

0

e−ux
sinx

x
dx

∣∣∣∣ 6 ∫ +∞

0

e−uxdx =
1

u
,

��� u→ +∞� I(u)→ 0,dd½Ñ~ê c = π
2
. �k

I(u) =
π

2
− arctanu, (u > 0).

- uªu"=� ∫ +∞

0

sinx

x
dx = I(0) =

π

2
.

5 '�?ê
∞∑
n=1

sinn

n
=
π − 1

2
.

3/15

‖J I‖ J I �£ �¶ '4 òÑ



Dirichlet È© Laplace È© Fresnel È©

2◦ Laplace È©

I(β) =

∫ +∞

0

cosβx

α2 + x2
dx (α > 0, β > 0),

J(β) =

∫ +∞

0

x sinβx

α2 + x2
dx (α > 0, β > 0).

Ï�é?¿� β > 0Ú α > 0,k

| cosβx|
α2 + x2

6
1

α2 + x2
,

� I(β)3 β ∈ [0,+∞)þ��Âñ.

,	,d Dirichlet�O{�, J(β)é?¿� β > β0 > 0��Âñ. w,,

I(β) � J(β) Ñ3 β > β0 > 0 þ��Âñ. dÈ©Òe¦����5½n

�, I(β)é β ��û�3È©Òe?1,¿k

I ′(β) =

∫ +∞

0

∂

∂β

(
cosβx

α2 + x2

)
dx = −

∫ +∞

0

x sinβx

α2 + x2
dx = −J(β).
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Dirichlet È© Laplace È© Fresnel È©

� β > 0�,k
π

2
=

∫ +∞

0

sinβx

x
dx,

u´k

I ′(β) +
π

2
= −

∫ +∞

0

x sinβx

α2 + x2
dx +

∫ +∞

0

sinβx

x
dx

= α2

∫ +∞

0

sinβx

x(α2 + x2)
dx,

þªq�é β 3È©Òe¦�û,u´qk

I ′′(β) = α2

∫ +∞

0

cosβx

α2 + x2
dx = α2I(β),

ù´����~Xê�5�©�§,¦�Ï)�

I(β) = c1e
αβ + c2e

−αβ,
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Dirichlet È© Laplace È© Fresnel È©

Ù¥ c1, c2 �?¿~ê. dué β > 0k

|I(β)| 6
∫ +∞

0

dx

α2 + x2
=
π

2α
,

�� I(β)k.,qÏ� α > 0,¤± c1 7L�",�k

I(β) = c2e
−αβ.

5¿,�d��,$�Ñ´3 β > 0�b�e?1�.

e¡5(½ c2��,duÈ© I(β)3 β ∈ [0,+∞)þ��Âñ,� I(β)

3 [0,+∞)þëY,AO3 β = 0?mëY,u´k

c2 = lim
β→0+

I(β) = I(0) =

∫ +∞

0

dx

α2 + x2
=
π

2α
.

���

I(β) =

∫ +∞

0

cosβx

α2 + x2
dx =

π

2α
e−αβ (α > 0, β > 0).
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Dirichlet È© Laplace È© Fresnel È©

��,é α > 0, β > 0,k

J(β) = −I ′(β) =
π

2
e−αβ,

u´�� ∫ +∞

0

x sinβx

α2 + x2
dx =

π

2
e−αβ (α > 0, β > 0).
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Dirichlet È© Laplace È© Fresnel È©

~ 1 ¦È© I(α) =

∫ +∞

0

sin2αx

1 + x2
dx.

) Ï� sin2αx = 1−cos 2αx
2

,¤±

I(α) =
1

2

∫ +∞

0

1− cos 2αx

1 + x2
dx

=
1

2

∫ +∞

0

1

1 + x2
dx−

1

2

∫ +∞

0

cos 2αx

1 + x2
dx

=
π

4
−

1

2
·
π

2
e−2α

=
π

4

(
1− e−2α

)
.
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Dirichlet È© Laplace È© Fresnel È©

3◦ Fresnel È© ∫ +∞

0

sinx2dx,

∫ +∞

0

cosx2dx.

�È©C��� ∫ +∞

0

sinx2dx =
1

2

∫ +∞

0

sin t
√
t
dt,

TÈ©´^�Âñ�. � t > 0�,d

1
√
t
=

2
√
π

∫ +∞

0

e−tu
2

du,

�� ∫ +∞

0

sin t
√
t
e−vtdt =

2
√
π

∫ +∞

0

e−vt sin tdt

∫ +∞

0

e−tu
2

du,

��È©gSÒ��∫ +∞

0

sin t
√
t
e−vtdt =

2
√
π

∫ +∞

0

du

∫ +∞

0

e−(u
2+v)t sin tdt

=
2
√
π

∫ +∞

0

du

1 + (u2 + v)2
.
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Dirichlet È© Laplace È© Fresnel È©

�ª ∫ +∞

0

sin t
√
t
e−vtdt =

2
√
π

∫ +∞

0

du

1 + (u2 + v)2
.

mà�È©'u v 3 [0,+∞)þ��Âñ, �à�È©'u v 3 [0,+∞)

þ��Âñ. Ïd� v → 0+ �,�±3�ªüà�È©Òe�4��,=k∫ +∞

0

sin t
√
t
dt =

2
√
π

∫ +∞

0

du

1 + u4
=

2
√
π

π

2
√
2
=

√
π

2
.

¤± ∫ +∞

0

sinx2dx =

√
π

8
.

aq�� ∫ +∞

0

cosx2dx =

√
π

8
.

�I�yþ¡��A©gS�Ün5.
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Dirichlet È© Laplace È© Fresnel È©

(1) Äkéu�½� v > 0,

∫ +∞

0

du

∫ +∞

0

e−t(u
2+v)| sin t|dt�3,Ï�∫ +∞

b

du

∫ +∞

0

e−t(u
2+v)| sin t|dt 6

∫ +∞

b

∣∣∣∣∫ +∞

0

e−t(u
2+v)dt

∣∣∣∣ du
=

∫ +∞

b

du

u2 + v
<

1

b
.

(2) Ùg

∫ +∞

0

e−t(u
2+v) sin tdt'u u3 [0,+∞)þ��Âñ,Ï�k

|e−t(u2+v) sin t| 6 e−tv.

(3) ��y²
∫ +∞

0

e−t(u
2+v) sin tdu'u t3 [0,+∞)þ��Âñ. ù´

Ï� ∣∣∣e−t(u2+v) sin t
∣∣∣ 6 e−t(u

2+v)t 6
e−1

u2 + v
.
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Dirichlet È© Laplace È© Fresnel È©

~ 2 � x > 0.¦y:

∫ +∞

0

e−tx

1 + t2
dt =

∫ +∞

0

sin t

t + x
dt.

y² Ï� ∫ +∞

0

e−ut sinudu =
1

1 + t2
,

¤±∫ +∞

0

e−tx

1 + t2
dt =

∫ +∞

0

(∫ +∞

0

e−ut sinudu

)
e−tx dt

=

∫ +∞

0

(∫ +∞

0

e−(u+x)t sinudu

)
dt

=

∫ +∞

0

(∫ +∞

0

e−(u+x)t sinudt

)
du (��È©gS)

=

∫ +∞

0

sinu

u + x
du.
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Dirichlet È© Laplace È© Fresnel È©

~ 3 O�È©
∫ +∞

0

xp−1

1 + x
dx (0 < p < 1).

) du 0´��×:,òÈ©©¤ü�Ü©:∫ +∞

0

xp−1

1 + x
dx =

∫ 1

0

xp−1

1 + x
dx +

∫ +∞

1

xp−1

1 + x
dx

= I1 + I2.

� 0 < x < 1�,�|^Ðmª

xp−1

1 + x
=

∞∑
n=0

(−1)nxn+p−1.

T?ê3 (0, 1)�?Û4f«m J þ��Âñ. � Sn´Ùc n�Ü©Ú,K

0 6 Sn =

n−1∑
k=0

(−1)kxk+p−1 =
xp−1(1− (−1)nxn)

1 + x

6 2
xp−1

1 + x
6 2xp−1.
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Dirichlet È© Laplace È© Fresnel È©

Ï�

∫ 1

0

xp−1 dxÂñ,¤±
∫ 1

0

Sn(x) dx'u n��Âñ. u´k

I1 =

∫ 1

0

xp−1

1 + x
dx =

∞∑
n=0

∫ 1

0

(−1)nxn+p−1 dx =

∞∑
n=0

(−1)n

n + p
.

éuÈ© I2,�C� x = 1/t,�

I2 =

∫ 1

0

t−p

1 + t
dt =

∫ 1

0

t(1−p)−1

1 + t
dt

=

∞∑
n=0

(−1)n

n + 1− p
=

∞∑
n=1

(−1)n

p− n
.

u´k ∫ +∞

0

xp−1

1 + x
dx =

∞∑
n=0

(−1)n

n + p
+

∞∑
n=1

(−1)n

p− n

=
1

p
+

∞∑
n=1

2p(−1)n

p2 − n2
.
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Dirichlet È© Laplace È© Fresnel È©

3 Fourier?ê�Ù!¥®²y²


π

sin pπ
=

1

p
+

∞∑
n=1

2p(−1)n

p2 − n2
.

Ïd,���� ∫ +∞

0

xp−1

1 + x
dx =

π

sin pπ
(0 < p < 1).

~ 4 O�È©
∫ +∞

0

1

1 + xp
dx (p > 1).

) �C� t = xp,K x = t1/p, dx = 1
p
t(1/p)−1dt,Ï∫ +∞

0

1

1 + xp
dx =

1

p

∫ +∞

0

t
1
p−1

1 + t
dx =

1

p
·
π

sin π
p

.
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	几个重要的积分

