
SÈ Schwarts Ø�ª ��½n IO��z 2Â Fourier ?ê ��5 V4�õ�ª

12.2.4 2Â Fourier ?ê

SÈ

½Â 1 � X ´ Rþ��5�m,l X × X � R�N�:

(x, y) ∈ X × X → 〈x, y〉 ∈ R

¡� X þ���SÈ,eéu?¿ x, y, z ∈ X , α, β ∈ R,k

1◦ 〈x, x〉 > 0,� 〈x, x〉 = 0��=� x = 0. �5

2◦ 〈x, y〉 = 〈y, x〉 é¡5

3◦ 〈αx + βy, z〉 = α〈x, z〉 + β〈y, z〉 V�5

��½Â
SÈ��5�m¡�SÈ�m.
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3SÈ�m¥�±½Â�êÚål.

� X ´ Rþ�SÈ�m. éu x ∈ X ,-

‖x‖ =
√
〈x, x〉.

K ‖x‖´ X þ����ê. éu x, y ∈ X ,-

d(x, y) = ‖x− y‖,

K d(x, y)´ X þ���ål. � xÚ xn ´ X ¥�:,e

lim
n→∞

d(xn, x) = 0,

K¡ {xn}Âñu x.eUìù��Âñ,�m X ´��� (=, X ¥�Ä�

�Âñ� X ¥���),K¡ X ´F�ËA(Hilbert)�m.

� x, y ∈ X .e

〈x, y〉 = 0,

K¡� x� y ��,P�

x ⊥ y.
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Ún 1 (SchwartsØ�ª) � x, y ´SÈ�m X ¥���.Kk

|〈x, y〉| 6 ‖x‖ ‖y‖.

�ª¤á��=� x, y �5�'.

y² Ø�� x, y Ñ�". é?¿¢ê tk

0 6 ‖tx− y‖2 = 〈tx− y, tx− y〉

= t2‖x‖2 − 2t〈x, y〉 + ‖y‖2,

Ïdù�'uCþ t����gª��Oª���,=,

4〈x, y〉2 − 4‖x‖2‖y‖2 6 0,

Ï

|〈x, y〉| 6 ‖x‖ ‖y‖.

�ª¤á=��3¢ê t¦� tx− y = 0,=, x, y �5�'.
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�M ´ X ¥�f8,eé?¿ x, y ∈M,k

〈x, y〉 =

0, x 6= y

1, x = y,

K¡M ´ X ���5���8. X ¥����� {xn} ´5���8�,

Ò¡�5���X.

Ún 2 5���8¥?¿k����|¤�8Ü´�5Ã'�.

y² � {e1, e2, · · · , en}´5����,�

a1e1 + a2e2 + · · · + anen = 0.

K

ak = 〈akek, ek〉 = 〈a1e1 + · · · + anen, ek〉 = 〈0, ek〉 = 0.

ùÒ`² {e1, e2, · · · , en}´�5Ã'�.
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Ún 3 (��½n) � x, y ´ X ¥���� x ⊥ y. Kk

‖x + y‖2 = ‖x‖2 + ‖y‖2.

���/,� x1, x2, · · · , xn ´ X ¥p������,Kk

‖x1 + x2 + · · · + xn‖2 = ‖x1‖2 + ‖x2‖2 + · · · + ‖xn‖2.

y² ¯¢þ,e j 6= k,Kk 〈xj, xk〉 = 0,Ï∥∥∥ n∑
j=1

xj

∥∥∥2

=
〈 n∑
j=1

xj,

n∑
k=1

xk

〉
=

n∑
j=1

n∑
k=1

〈xj, xk〉

=

n∑
j=1

〈xj, xj〉

=

n∑
j=1

‖xj‖2
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Gram-SchmidtIO��z � {xn}´ X ¥���5Ã'���.�

±�E5���X {en}¦� ek ´ {x1, · · · , xk}��5|Ü.

1�Ú:�

e1 = x1/‖x1‖.

1�Ú:-

v2 = x2 − 〈x2, e1〉e1.

K v2 6= 0,� v2 ⊥ e1.-

e2 = v2/‖v2‖.

1nÚ:b� {e1, e2, · · · , en−1}®�EÐ�. -

vn = xn −
n−1∑
k=1

〈xn, ek〉ek.

K vn 6= 0,� vn ⊥ ek k = 1, 2, · · · , n− 1.-

en = vn/‖vn‖.
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2Â Fourier?ê

� {ϕ1, · · · , ϕn, · · · }´SÈ�m X ¥�|5���X,éu f ∈ X ¡

an = 〈f, ϕn〉

� f �2Â FourierXê. ¡
∑∞

n=1 anϕn � f �2Â Fourier?ê,P�

f ∼
∞∑
n=1

anϕn.

¡/X

Gn =

n∑
k=1

αkϕk

(αn Ñ´¢ê) � n g ϕ−õ�ª. 3¤k n g ϕ−õ�ª¥, 2ÂFourier

?ê�c n�Ú

Sn =

n∑
k=1

akϕk

� f �ål�á. ¯¢þ,Ï�
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∆n = ‖Gn − f‖2 =
〈 n∑
k=1

αkϕk − f,
n∑
k=1

αkϕk − f
〉

= ‖f‖2 − 2

n∑
k=1

akαk +

n∑
k=1

α2
k

= ‖f‖2 +

n∑
k=1

(αk − ak)2 −
n∑
k=1

a2
k

> ‖f‖2 −
n∑
k=1

a2
k,

�Ò¤á��=� αk = ak (k = 1, 2, · · · , n)�¤á. Ïd,k

∞∑
k=1

a2
k 6 ‖f‖

2. (12.1)

ù¡�2Â Fourier?ê� BesselØ�ª.
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��5���8

½Â 2 � X ´��SÈ�m,M ´ X ���5���8,eM Ü¤

��5�m span(M)3 X ¥È�,=

span(M) = X ,

K¡M ´��5���8.

½n 1 � X ´��SÈ�m. eM ´ X �����5���8,K

x ⊥M =⇒ x = 0. (12.2)

y² � x ∈ X � x ⊥ M.Ï x ⊥ span(M).Ï�M ´���, ¤

±�3 xn ∈ span(M),¦� xn→ x,=, ‖xn − x‖ → 0.
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Ï�

‖xn − x‖2 = 〈xn − x, xn − x〉 = ‖xn‖2 − 2〈x, xn〉 + ‖x‖2

= ‖xn‖2 + ‖x‖2

> ‖x‖2,

¤±7k ‖x‖ = 0,Ï x = 0.

½n 2 � X ´��F�ËA�m. eM = {ϕ1, ϕ2 · · · } ´ X ���5

���X,KM ´��5���X�¿©7�^�´: é?¿ f ∈ X ,k

Parseval�ª
∞∑
k=1

a2
k = ‖f‖2, (12.3)

Ù¥ ak = 〈f, ϕk〉´ f �2Â FourierXê.
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y² (7�5)�M ´��5���X,éu f ∈ X ,-

g =

∞∑
k=1

akϕk.

�â Cauchy ÂñOK, Ú Bessel Ø�ª�, þ¡�?ê3 X ¥Âñ, =,

g ∈ X .duéu?¿ ϕn k

〈f − g, ϕn〉 = 〈f, ϕn〉 − 〈g, ϕn〉 = an − an = 0.

Ïd�âM ���5,�� f − g = 0,=

f =

∞∑
k=1

akϕk.

2dM �5���5,=�

‖f‖2 =
〈 ∞∑
k=1

akϕk,

∞∑
k=1

akϕk

〉
=

∞∑
k=1

a2
k.

(¿©5)�é?¿ f ∈ X , (12.3)¤á. e f ⊥ M , Kl Parseval�ª

�� ‖f‖ = 0,Ï f = 0.ùÒ`²M ´���.
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½Â 3 � X ´��SÈ�m. M = {ϕ1, ϕ2 · · · } ´ X ���5��

�X.eéu?¿ f ∈ X , f �2Â Fourier?êÑÂñu f,=,

f =

∞∑
k=1

akϕk,

K¡M ´���5���X.

3F�ËA�m¥, 5���X´���, ���, ±9 Parseval �ª

¤áùn�¯�´�d�.
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y3�Ä�5�m C[−1, 1].éu f, g ∈ C[−1, 1],�½ÂSÈ

〈f, g〉 =

∫ 1

−1

f(x)g(x) dx.

~ 1 �

Pn(x) =
1

2n · n!
·
dn

dxn
(x2 − 1)n (n = 0, 1, 2, · · · )

§´��Ä�Xê� (2n)!
2n(n!)2 � n gõ�ª. 3«m [−1, 1] þ, {P0, P1, · · · }

�¤����X.

�
�y§����5,� n 6= m�,Ø�� n > m,K∫ 1

−1

Pn(x)Pm(x)dx = Cnm

∫ 1

−1

dn

dxn
(x2 − 1)n ·

dm

dxm
(x2 − 1)mdx,

Ù¥

Cnm =
1

2n+mn!m!
.
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du� 1 6 k 6 n�,

dn−k

dxn−k
(x2 − 1)n

∣∣∣∣
x=±1

= 0,

ëY ng¦^©ÜÈ©{��∫ 1

−1

dn

dxn
(x2 − 1)n ·

dm

dxm
(x2 − 1)mdx

= (−1)n
∫ 1

−1

(x2 − 1)n ·
dn+m

dxn+m
(x2 − 1)mdx,

� n > m,� dn+m

dxn+m(x2 − 1)m = 0,l∫ 1

−1

Pn(x)Pm(x)dx = 0.

,��¡� n = m�,éÈ©∫ 1

−1

P 2
n(x)dx =

1

22n(n!)2

∫ 1

−1

dn

dxn
(x2 − 1)n

dn

dxn
(x2 − 1)ndx,
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ëY ng¦^©ÜÈ©{,Òk∫ 1

−1

P 2
n(x)dx =

(−1)n

22n(n!)2

∫ 1

−1

(x2 − 1)ndx

=
(2n)!

22n(n!)2
· 2
∫ π

2

0

cos2n+1 tdt

=
(2n)!

22n−1(n!)2
·

(2n)!!

(2n + 1)!!

=
2

2n + 1
.

ùÒy²
¤�¼êX���X¿� {
√

2n+1
2
Pn} ´5���X. Pn(x) ¡

� ngV4� (Legrendre)õ�ª,§´e¡�V4��©�§�)

(1− x2)y′′ − 2xy′ + n(n + 1)y = 0.

V4��§´ÔnÆÚÙ¦Eâ+�~~����a~�©�§,�Á

ã3¥�I¥¦)n�.Ê.d�§£½�'�Ù¦ �©�§¤�, ¯K

B¬8(�V4��§�¦).
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dV4�õ�ª�½Â�� P0 = 1, P1(x) = x,��/,� n´Ûê�,

Pn(x)´Û¼ê;� n´óê�, Pn(x)´ó¼ê.

n����V4�õ�ª÷ve¡�4íúª:

½n 3 (4íúª) � Pn(x) (n = 0, 1, 2, · · · )´V4�õ�ª. Kk

(n + 1)Pn+1 = (2n + 1)xPn − nPn−1.

y² Ï� {P0, P1, · · · , Pn+1} ´ n + 1 gõ�ª�m��|Ä, ¤±

�3~ê c0, c0, · · · , cn+1 ¦�

xPn = c0P0 + c1P1 + · · · + cn+1Pn+1.

dV4�õ�ª���5, � ck = 〈Pk,xPn〉
〈Pk,Pk〉

. � k < n − 1 �, Pn �gê'

xPk �gêp,Ï Pn � xPk ��. �,

〈Pk, xPn〉 = 〈xPk, Pn〉 = 0.
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=, c0 = c1 = · · · = cn−2 = 0.u´

xPn(x) = cn−1Pn−1(x) + cnPn(x) + cn+1Pn+1(x). (12.4)

'�Ä�Xê,�
(2n)!

2n(n!)2
= cn+1

(2n + 2)!

2n+1((n + 1)!)2
.

dd,� cn+1 = n+1
2n+1

.5¿� P 2
n(x)´ó¼ê,k

〈Pn, xPn〉 =

∫ 1

−1

xP 2
n(x) dx = 0.

ù`² cn = 0. N´�y, é?¿ k k Pk(1) = 1. 3 (12.4) ¥- x = 1, �

cn−1 = 1− n+1
2n+1

= n
2n+1

.u´

xPn(x) =
n

2n + 1
Pn−1(x) +

n + 1

2n + 1
Pn+1(x).

ù�du4íúª. y.

Ï� P0 = 1, P1(x) = x,¤±|^þ¡�4íúª��

P2(x) =
1

2
(3x2 − 1), P3(x) =

1

2
(5x3 − 3x).
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,	§�Ä�©��k±e4í'X:

x2 − 1

n
·
dPn

dx
= xPn − Pn−1

(2n + 1)Pn =
d

dx
(Pn+1 − Pn−1).

Ù¥����úª3O�V4�õ�ª�È©�²~^�.
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