
Âñ«� Âñ�» �?ê�$�

§7.3 �?ê� Taylor Ðmª

e¡/ª�¼ê�?ê:
∞∑
n=0

an(x− x0)
n = a0 + a1(x− x0) + · · · + an(x− x0)

n + · · · . (7.1)

¡�3 x0Ðm��?ê. Ï�ù«?ê�c n + 1��Ú´ ngõ�ª,¤

±§kéÐ�5�,�BuO�.

�
�B,·�ò?Ø3 0:Ðm�{ü/ª��?êµ
∞∑
n=0

anx
n = a0 + a1x + a2x

2 + · · · + anxn + · · · . (7.2)

����?ê´ù«{ü�?ê���²£. �?ê�/ª�,{ü, �§

Ú�¡�?Ø�n�?ê´A^�2�����üa¼ê�?ê.

·�kïÄ�?ê�Ú¼ê�5�µ½Â�!ëY5!��5Ú�È5.
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Âñ«� Âñ�» �?ê�$�

7.3.1 �?ê�Âñ«�

½n 1 XJ�?ê3 x0 (6= 0)?Âñ,K§3¤k |x| < |x0|�: x?ý

éÂñ. XJ�?ê3 x0 ?uÑ,K� |x| > |x0|��uÑ.

y² ��?ê3 x0 6= 0 Âñ, K�â?êÂñ�7�^�, k

lim
n→∞

anx
n
0 = 0. Ïd�3 M > 0 ¦� |anxn0 | < M£k.¤. Ï�éu

?¿÷v |x| < |x0|� x,k

anx
n = anx

n
0

(
x

x0

)n
,

Ï

|anxn| 6M |
x

x0

|n.

du | x
x0
| < 1,

∞∑
n=0

|
x

x0

|n Âñ,�â'��O{�
∞∑
n=0

|anxn|Âñ. y..
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©Û�e,�?ê�Âñ� E kn«�Uµ

1◦ =3 x = 0?ÂñµE = {0};

2◦ 3 E = (−∞,+∞)þ??Âñ;

3◦ kØ�"�Âñ:ÚuÑ:,¤± E k..

½n 2 XJ�?êk�"�Âñ:ÚuÑ:, Kk�ê R, ¦��?ê3

(−R,R)¥ýéÂñ,� |x| > R�,�?êuÑ.

y² dukuÑ:,¤± E ´��k.8,� E kþ(.,P� R. q

duk�"�Âñ:,¤± R > 0,�â½n 1Ò���½n�(Ø.

¡þ¡� R��?ê�Âñ�»¶(−R,R)¡�?ê�Âñ«m. y3

Ä�²x
, 3�:Ðm��?ê�Âñ«� E Ä�þ´��±�:�¥

%�«m,3ù�«mSÜ,�?êØ�Âñ�ýéÂñ. �´«m�à:

ÿØ(�,I�äN¯KäNé�.
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7.3.2 Âñ�»�O�

½n 3 XJ lim |an+1

an
| = L; ½ lim sup n

√
|an| = L, K�?ê

∑∞
n=0 anx

n

�Âñ�»�

R =
1

L
=


0, L = +∞;

1
L
, L k�;

+∞, L = 0.

y² �â D’Alembert�O{l

lim
n→∞

∣∣∣∣an+1x
n+1

anxn

∣∣∣∣ = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ |x| = L|x|.

���� L|x| < 1, = |x| < R = 1
L
�, �?ê

∑∞
n=0 anx

n Âñ; �

|x|L > 1,= |x| > R�,�?êuÑ.¤±,?ê�Âñ�»� R. 1��ú

ª��â Cauchy�O{y².
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~ 1 ¦?ê
∞∑
n=1

nαxn �Âñ�» R.

) Ï� lim nα

(n+1)α
= lim

(
n
n+1

)α
= 1,� R = 1;

� α = 0µ
∑
xn 3 x = ±1uÑ,¤± E = (−1, 1)£Ø¹à:¤.

�α = −1µ
∑

1
n
xn3 x = 1uÑ,3 x = −1Âñ. ¤±E = [−1, 1)£¹

�à:,Ø¹mà:¤.

� α = −2µ
∑

1
n2x

n 3 x = ±1 ÑÂñ. ¤± E = [−1, 1]£¹�mà
:¤.

þ¡�~f`²3Âñ«m�à:,�«�¹Ñ�Uu).

~ 2 ¦?ê
∞∑
n=1

1

n!
xn �Âñ�» R.

) Ï� lim n!
(n+1)!

= lim 1
n+1

= 0,� R = +∞.
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~ 3 ¦�?ê
∞∑
n=1

(2n)!

(n!)2
x2n �Âñ�» R.

) � an = (2n)!
(n!)2

x2n.Ï�

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(2n+2)!
(n+1)!2

(2n)!
n!2

|x|2

= lim
n→∞

(2n + 2)(2n + 1)

(n + 1)2
|x|2

= lim
n→∞

n + 1
2

n + 1
4|x|2

= 4|x|2,

¤±�â��?ê� d’Alembert�O{��,� 4|x|2 < 1�,T?êÂñ;�

4|x|2 > 1�,T?êuÑ.ÏdT?ê�Âñ�»� R = 1
2
.
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~ 4 ¦�?ê
∞∑
n=0

anx
n �Âñ�»,Ù¥

an =

2k, n = 2k,

k, n = 2k + 1.

) ��?ê�±�¤ü��?ê�Ú:
∞∑
n=0

anx
n =

∞∑
n=0

2nx2n +

∞∑
n=0

nx2n+1.

�c��~Kaq^ d’Alembert �O{��, þªmà1��?ê�Âñ�

»� 1√
2
,mà1��?ê�Âñ�»� 1. �,��?ê�Âñ�»� 1√

2
.

��±^

lim sup n
√
an =

√
2

¦� R = 1√
2
.
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7.3.3 �?ê�$�

��?ê
∑∞

n=0 anx
n Ú

∑∞
n=0 bnx

n �Âñ�»©O� R1 Ú R2, P R

� R1 Ú R2 ¥�����. ü��?ê3�Ó�Âñ«�, =, 3 (−R,R)

¥�±�\,�
∞∑
n=0

anx
n ±

∞∑
n=0

bnx
n =

∞∑
n=0

(an ± bn)xn.

ü��?ê��±�¦,Ù(J�´���?êµ
∞∑
n=0

anx
n

∞∑
n=0

bnx
n =

∞∑
n=0

cnx
n

3 (−R,R)¥¤á,Ù¥ cn =

n∑
k=0

akbn−k.

e R1 < R2,Kþ¡üªmà��?ê�Âñ�»� R1.
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~ 5 ¦¼ê 1
(1−x)(2−x) 3 0:��?êÐmª.

) 5¿�
1

(1− x)(2− x)
=

1

1− x
−

1

2− x
.

du

1

1− x
=

∞∑
n=0

xn (−1 < x < 1),

1

2− x
=

1

2
·

1

1− x
2

=
1

2

∞∑
n=0

(x
2

)n
(−2 < x < 2),

Ïd� −1 < x < 1�,k

1

(1− x)(2− x)
=

∞∑
n=0

(
1−

1

2n+1

)
xn.
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