
4� ^�4� Lagrange ¦ê{

9.5.3 õ�¼ê�4�

½Â 1 � p0 ∈ D ⊂ Rn, f : D → R.XJ�3 δ > 0,¦�

f(p) > f(p0) (f(p) 6 f(p0), (∀ p ∈ B(p0, δ) ∩D),

K¡ p0´ f ���4� (�)�:. f(p0)´��4� (�)�.eþ¡�Ø�

ª´î��,K p0 ¡�î�4� (�)�:.

½Â 2 � D ⊂ Rn, f : D → R, p0 ∈ D◦.XJ f 3 p0 ���� �

ê�3,� Jf(p0) = 0,K¡ p0 ´ f ���7:.

7:Ø�½´4�:.

~ 1 � f(x, y) = xy.K

∂f
∂x

(0, 0) = ∂f
∂y

(0, 0) = 0,

¤± (0, 0)´ f ���7:. �3 (0, 0)NC x, y ÓÒ�, f ��, x, y ÉÒ

�, f �K.Ïd, (0, 0)Ø´4�:.
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4� ^�4� Lagrange ¦ê{

½n 1 � D ⊂ Rn, f : D → R, p ∈ D◦. XJ f 3 p �4�, � f 3 p

���� �ê�3,K p´ f ���7:.

y² - p = (p1, · · · , pn), K��¼ê ϕ(t) = f(t, p2, · · · , pn) 3S:

p1 �4�.qÏ� ϕ′(p1) = ∂f
∂x1

(p1, p2, · · · , pn)�3,¤±d��¼ê�4�

½n,� ϕ′(p1) = 0,=,
∂f
∂x1

(p) = 0.

Ón,
∂f
∂xi

(p) = 0, i = 2, 3 · · · , n.

¤± Jf(p) = 0,= p´��7:. y..

3��¼ê��/, e f 37:���¥k���ê, �7:?k�

(K)����ê,K7:´î�4� (�)�:. duõ�¼ê� HessianéA

X��¼ê����ê,Ïd, Hessian�/�0½/K034�:�?Ø¥Ò

é�.
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4� ^�4� Lagrange ¦ê{

½Â 3 � A = (aij)´�� n�é¡�
, x = (x1, · · · , xn) ⊂ Rn.¡

Q(x) = xAxT =

n∑
i,j=1

aijxixj

� x1, · · · , xn ����g.. �
 A¡��g. Q(x)�Xê�
.

1◦ XJé���" x, k Q(x) > 0 (Q(x) < 0), K¡ Q(x) ´�½� (K½

�). �¡ A´�½� (K½�).

2◦ XJ Q(x)Qk���kK�,K¡ Q(x)�Ø½�. �¡ A´Ø½�

3◦ XJé�� x,k Q(x) > 0 (Q(x) 6 0),�é,
�" xk Q(x) = 0,K

¡ Q(x)´��½� (�K½�). �¡ A´��½� (�K½�).

~ 2 Q(x, y) = 2x2 + 2xy + y2 ´�����½�g.. Xê�
(
2 1

1 1

)
´�½�.
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½n 2 é¡�
 A = (aij)´�½�⇐⇒^SÌfªÑ�u",=

a11 > 0,

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ > 0, · · · detA > 0.

A = (aij)´K½�⇐⇒−A´�½�,=

a11 < 0,

∣∣∣∣∣a11 a12

a21 a22

∣∣∣∣∣ > 0,

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ < 0, · · · (−1)n detA > 0.

~ 3 � A =

(
3 −2

−2 2

)
, B =

(
−2 1

1 −1

)
, C =

(
2 1

1 −1

)
.K A´�

½�, B ´K½�, C ´Ø½�.
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½n 3 � n �¼ê f 3 x0 �����SkëY��� �ê, � x0 ´

f ���7:.

1◦ XJ Hessian Hf(x0) ´�½� (K½�), @o x0 ´ f ���î�4�

�: (4��:).

2◦ XJ Hessian Hf(x0)´Ø½�,@o x0 Ø´ f �4�:.

íØ 1 ���¼ê f(x, y)3 (x0, y0)�����SkëY��� �ê,

� (x0, y0)´ f ���7:. P

A = ∂2f
∂x2(x0, y0), B = ∂2f

∂x∂y
(x0, y0), C = ∂2f

∂y2(x0, y0).

1◦ XJ A > 0, AC −B2 > 0,@o (x0, y0)´ f ���î�4��:;

2◦ XJ A < 0, AC −B2 > 0,@o (x0, y0)´ f ���î�4��:;

3◦ XJ AC −B2 < 0,@o (x0, y0)Ø´ f �4�:.
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½n 3 �y² 1◦ Ï� x0 ´ f ���7:, � f 3 x0 �����S

´ C2 �,¤±� ‖h‖��,�3 θ ∈ (0, 1)¦�

f(x0 + h) = f(x0) +
1

2
hHf(x0 + θh)hT

= f(x0) +
1

2
hHf(x0)h

T +
1

2
h
(
Hf(x0 + θh)−Hf(x0)

)
hT

Ï� Hf(x0)´�½�,¤±� h 6= 0�, hHf(x0)h
T > 0.5¿�

ϕ(h) = hHf(x0)h
T

´ h�ëY¼ê. P Rn ¥�ü ¥¡�

S = {h ∈ Rn : ‖h‖ = 1}

ù´ Rn ¥�k.48. -m = min
h∈S

ϕ(h),Km > 0.

é��� h 6= 0,k h
‖h‖ ∈ S.Ïd

hHf(x0)h
T =

(
h

‖h‖

)
Hf(x0)

(
h

‖h‖

)T
· ‖h‖2 > m‖h‖2.
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Ï� Hf(x)3 x0 ���SëY,¤±�3 δ > 0,¦�� ‖h‖ < δ �,k

‖Hf(x0 + θh)−Hf(x0)‖ < m.

Ï

‖h
(
Hf(x0 + θh)−Hf(x0)

)
hT‖ < m‖h‖2, (n 6= 0).

u´� ‖h‖ < δ � h 6= 0�,k

f(x0 + h)− f(x0) >
1

2
m‖h‖2 −

1

2
‖h
(
Hf(x0 + θh)−Hf(x0)

)
hT‖ > 0.

¤± x0 ´ f ���4��:.

2◦ �â Taylorúª,3 x0 ���Sk

f(x0 + h)− f(x0) =
1

2
hHf(x0)h

T + o(‖h‖2).

Ï� Hf(x0)´Ø½�
,¤±�3 p, q ∈ Rn ¦�

pHf(x0)p
T < 0 < qHf(x0)q

T .
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4� ^�4� Lagrange ¦ê{

é¿©�� ε > 0,©O� h = εpÚ h = εq �

f(x0 + εp)− f(x0) =
ε2

2
pHf(x0)p

T + o(ε2)

=
ε2

2

(
pHf(x0)p

T + o(1)
)
< 0

f(x0 + εq)− f(x0) =
ε2

2
qHf(x0)q

T + o(ε2)

=
ε2

2

(
qHf(x0)q

T + o(1)
)
> 0

¤± x0 Ø´ f �4�:.
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~ 4 ?Ø f(x, y) = x3 + y3 − 3xy �4�:�¹.

) Ï�

f ′x(x, y) = 3x2 − 3y, f ′y(x, y) = 3y2 − 3x,

¤± f kü�7: P0 = (0, 0)Ú P1 = (1, 1).qÏ�

A = f ′′xx(x, y) = 6x,

B = f ′′xy(x, y) = −3,

C = f ′′yy(x, y) = 6y,

¤±3 P0 k ∆ = AC −B2 < 0,Ïd P0 Ø´4�:. 3 P1 k A = 6 > 0,

∆ = 27 > 0,Ïd P1 ´4��:.
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~ 5 ¦¼ê f(x, y) = sinx sin y sin(x + y) 34«� D : x > 0, y >

0, x + y 6 π þ����Ú���.

) w, f 3 D þ�K, 3 D �>.þ�", 3 D SÜ��. Ï� f

ëY, Ïd3 D þk���, ���:M 73 D SÜ. Ï� f ��, ¤±

M ´ f �7:. Ï�

f ′x = sin y sin(2x + y), f ′y = sinx sin(x + 2y),

 sinxÚ sin y 3 D SÜ��, x + 2y Ú 2x + y 3 (0, 2π)¥,Ïd3SÜ

7:k

2x + y = x + 2y = π,

=, x = y = π
3
.ù´SÜ���7:. u´M = (π

3
, π

3
).¤± f 3 D þ��

��� f(M) = 3
√

3
8
.����".
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9.5.4 ^�4�

^�4�´õ�¼ê4�¯K¥��«, 'X�¦�m¥�Ü¡

ϕ(x, y, z) = 0 þ��:�ål�C�:, Ò´�¦�¼ê f(x, y, z) =√
x2 + y2 + z2 ����, ,, ùp�þ x, y, z Ø2´��gd�, 7L

´3¡þ, =§�É�¡�§ ϕ(x, y, z) = 0 ��å. 2'X, XJ��

¼ê f(x, y) �4�:3Ù½Â��>.þ, ù�c¡¤?Ø�¦4���

{ÒØ·^
. XJ¼ê�½Â�´ Oxy ²¡þ�^� ϕ(x, y) = 0¤�

¤�«�,@o¼ê3>.þ��4��¯KÒz�¦¼ê f(x, y)�4�,

Ù¥: (x, y)÷v ϕ(x, y) = 0.

���¹e,�¼ê z = f(x, y),3«�D ⊂ R2þkëY��û,¦¼

ê f(x, y)3��^�

ϕ(x, y) = 0

e�4�¯K¡�^�4�¯K.
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XJ�§ ϕ(x, y) = 0�3Û¼ê,~XkÛ¼ê y = y(x),K§��û

´ y′(x) = −ϕ′x(x,y)

ϕ′y(x,y)
. �\ z = f(x, y)�

z = z(x) = f(x, y(x))

Ïd^�4�ÒC¤
��¼ê z = z(x) �4�¯K. � x = a ´§��

�7:,P b = y(a),K

z′(a) = f ′x(a, b)) + f ′y(a, b)y
′(a) = f ′x(a, b)− f ′y(a, b)

ϕ′x(a, b)

ϕ′y(a, b)
= 0

P

λ = −
f ′x(a, b)

ϕ′x(a, b)
= −

f ′y(a, b)

ϕ′y(a, b)

Òk

(f ′x + λϕ′x)|(a,b) = 0,

(f ′y + λϕ′y)|(a,b) = 0.

�Ò´`�3ê λ¦� (a, b)´¼ê f(x, y) + λϕ(x, y)�7:.
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Ïd3¦¼ê z = f(x, y) 3�å^� ϕ(x, y) = 0 �e�^�4��,

�±kÚ?9Ï¼ê

F (x, y) = f(x, y) + λϕ(x, y).

d�,^�4�:A÷v7:�§
F ′x(x, y) = f ′x(x, y) + λϕ′x(x, y) = 0,

F ′y(x, y) = f ′y(x, y) + λϕ′y(x, y) = 0,

ϕ(x, y) = 0.

Ïd,�¦^�4�,�±Äklþã�§¥)Ñ7:,,�2�âK¿,

��O=
7:´4�:. ù«�{¡� Lagrange¦ê{.

éuk�õC��¼ê�^�4�¯K,��±Ó�^ Lagrange¦ê{

5?Ø.
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4� ^�4� Lagrange ¦ê{

~ 6 ¦3�å^� (x− 1)2 + y2 − 1 = 0e z = xy �4�.

) �9Ï¼ê

F (x, y) = xy + λ
(
(x− 1)2 + y2 − 1

)
.

u´��7:�§ 
y + 2λ(x− 1) = 0,

x + 2λy = 0,

(x− 1)2 + y2 − 1 = 0.

)�7: M1(0, 0), M2

(
3
2
,
√

3
2

)
, M3

(
3
2
, −

√
3

2

)
.

w,M1 Ø´ z = xy �4�:. qÏ�ëY¼ê z = xy 3k.48

D = {(x, y) | (x−1)2 +y2−1 = 0}þ7U�����Ú���,����

:Ú���:Ñ´7:. ¤± z2 = 3
√

3
4
´���,�´4��, z3 = −3

√
3

4

´���,�´4��.
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~ 7 ¦d�:�¡ (x− y)2 − z2 = 1��áål.

) �Ä�:�¡þ�: (x, y, z) �ål²� d2 = x2 + y2 + z2, K

¯KÒz¤¦¼ê

u = x2 + y2 + z2

3��^� (x− y)2 − z2 = 1e����.U¦ê{�9Ï¼ê

F (x, y, z) = x2 + y2 + z2 + λ[(x− y)2 − z2 − 1],

¿¦�7:�§| 

∂F
∂x

= 2x + 2λ(x− y) = 0,

∂F
∂y

= 2y − 2λ(x− y) = 0,

∂F
∂z

= 2z − 2λz = 0,

(x− y)2 − z2 − 1 = 0.

d1n�§� z(1− λ) = 0. �� λ = 1�N´wÑ,ù|�§Ø�N,¤±
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�Uk z = 0. l)�

x = ±
1

2
, y = −x = ∓

1

2
.

u´:
(

1
2
,−1

2
, 0
)
�
(
−1

2
, 1

2
, 0
)
B�U´4�:. d¯K���¿Â���

��½´�3, ¼ê3ùü:þ��Ó�� 1
2
. Ïdùü:Ñ´¼ê��

��:,¿�Ñ¤¦��áål d =
√

2
2
.
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~ 8 Áò�ê a©¤ n��ê�Ú,¦ù n��ê�¦È��.

) � a ©¤� n ��ê� x1, x2, · · · , xn, K¯KÒ¤�3��^�
x1 + x2 + · · · + xn = ae¦¼ê u = x1x2 · · ·xn ����.�9Ï¼ê

F (x1, x2, · · · , xn) = x1x2 · · ·xn + λ(x1 + x2 + · · · + xn − a),

�7:�§|
∂F

∂x1

= x2x3 · · ·xn + λ = 0,

∂F

∂x2

= x1x3 · · ·xn + λ = 0,

· · · · · · ,
∂F

∂xn
= x1x2 · · ·xn−1 + λ = 0.

x1 + x2 + · · · + xn = a

'�ù
�ª��

x1 = x2 = · · · = xn.
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�\��^�¦�

x1 = x2 = · · · = xn =
a

n
.

lK¿������½�3,Ïdù����U�4�:Ò´¦¼ê���

��:. lí�, eò�ê a©¤ n�����ê, Kù n��ê�¦È

��,Ù����
(
a
n

)n
.

lþã(J��±������Ø�ª. du

x1x2 · · ·xn 6
(a
n

)n
=

(
x1 + x2 + · · ·xn

n

)n
,

¤±
n
√
x1x2 · · ·xn 6

x1 + x2 + · · ·xn
n

,

= n��ê�AÛ²þ�Ø�u§���â²þ�.
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