
k�«mþ� Fourier ?ê Eê/ª

k�«mþ� Fourier?ê

1)e f(x)3 [−`, `)þk½Â,K± 2`�±Ïòÿ� (−∞,+∞)þ�,

f(x)� Fourier?ê�

f(x) ∼
a0

2
+

∞∑
n=1

(
an cos

nπ

`
x + bn sin

nπ

`
x
)
,

Ù¥

an =
1

`

∫ `

−`
f(x) cos

nπ

`
x dx, (n = 0, 1, · · · )

bn =
1

`

∫ `

−`
f(x) sin

nπ

`
x dx, (n = 1, · · · ).

5 �	¼ê g(t) = f(`t
π
)� Fourier?ê.
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2)e f(x)3 [0, `)þk½Â,Kkóòÿ� [−`, `)2± 2`�±Ïòÿ

� (−∞,+∞)þ�, f(x)� Fourier?ê���{u?ê

f(x) ∼
a0

2
+

∞∑
n=1

an cos
nπ

`
x,

Ù¥

an =
2

`

∫ `

0

f(x) cos
nπ

`
x dx, (n = 0, 1, · · · ).

3)e f(x)3 (0, `)þk½Â,KkÛòÿ� [−`, `)2± 2`�±Ïòÿ

� (−∞,+∞)þ�, f(x)� Fourier?ê����u?ê

f(x) ∼
∞∑
n=1

bn sin
nπ

`
x,

Ù¥

bn =
2

`

∫ `

0

f(x) sin
nπ

`
x dx, (n = 1, 2, · · · ).
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4) e f(x) 3 [a, b) þk½Â, K± b − a �±Ïòÿ� (−∞,+∞) þ

�, f(x)� Fourier?ê�

f(x) ∼
a0

2
+

∞∑
n=1

(
an cos

2nπ

b− a
x + bn sin

2nπ

b− a
x
)
,

Ù¥

an =
2

b− a

∫ b

a

f(x) cos
2nπ

b− a
x dx, (n = 0, 1, · · · )

bn =
2

b− a

∫ b

a

f(x) sin
2nπ

b− a
x dx, (n = 1, 2, · · · ).

y² � g(t) = f(t + a+b
2
), t ∈ [−`, `), ` = b−a

2
.K

g(t) ∼
a′0
2

+

∞∑
n=1

(
a′n cos

nπt

`
+ b′n sin

nπt

`

)
, (1)
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Ù¥

a′n =
1

`

∫ `

−`
g(t) cos

nπt

`
dt, n = 0, 1, 2, · · · (2)

b′n =
1

`

∫ `

−`
g(t) sin

nπt

`
dt, n = 1, 2, · · · (3)

�C� x = t + a+b
2
,- g(t) = f(t + a+b

2
).d (1)��

f(x) = g(t) ∼
a′0
2

+

∞∑
n=1

(
a′n cos

nπ(x− a+b
2
)

`
+ b′n sin

nπ(x− a+b
2
)

`

)

=
a′0
2

+

∞∑
n=1

[(
a′n cos(

nπ

`

a + b

2
)− b′n sin(

nπ

`

a + b

2
)

)
cos

nπx

`

+

(
a′n sin(

nπ

`

a + b

2
) + b′n cos(

nπ

`

a + b

2
)

)
sin
nπx

`

]
=
a0

2
+

∞∑
n=1

(
an cos

nπx

`
+ bn sin

nπx

`

)
,
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Ù¥

a0 = a′0 =
1

`

∫ `

−`
g(t) dt =

2

b− a

∫ `

−`
f(t +

a + b

2
) dt =

2

b− a

∫ b

a

f(x) dx,

an = a′n cos(
nπ

`

a + b

2
)− b′n sin(

nπ

`

a + b

2
)

=
1

`

∫ `

−`
g(t)

[
cos

nπt

`
cos(

nπ

`

a + b

2
)− sin

nπt

`
sin(

nπ

`

a + b

2
)

]
dt

=
2

b− a

∫ `

−`
f(t +

a + b

2
) cos

nπ(t + a+b
2
)

`
dt

=
2

b− a

∫ b

a

f(x) cos
nπx

`
dx.

Ón

bn = a′n sin(
nπ

`

a + b

2
) + b′n cos(

nπ

`

a + b

2
) =

2

b− a

∫ b

a

f(x) sin
nπx

`
dx.
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~ 1 ò 1− x2 3 [−1, 1]þÐm Fourier?ê.

) ò 1 − x2 ± 2 �±Ïòÿ�¢¶þ, ´��ëY�ó¼ê. Ïd

bn = 0. a0 = 2

∫ 1

0

(1− x2) dx = 2

(
1−

1

3

)
=

4

3
.

an = 2

∫ 1

0

(1− x2) cos(nπx) dx

= 2

[
(1− x2)

sin(nπx)

nπ

∣∣∣1
0
−
∫ 1

0

(−2x)
sin(nπx)

nπ
dx

]
=

4

nπ

∫ 1

0

x sin(nπx) dx =
4

nπ

[
x
− cos(nπx)

nπ

∣∣∣1
0
+

∫ 1

0

cos(nπx)

nπ
dx

]
=

4

nπ

[
(−1)n−1

nπ
+

1

nπ

sin(nπx)

nπ

∣∣∣1
0

]
=

4(−1)n−1

n2π2
.

�,

1− x2 =
2

3
+

∞∑
n=1

4(−1)n−1

n2π2
cos(nπx), x ∈ [−1, 1]. (1)
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3þª¥� x = 1
4
,�

13π2

12× 16
=

∞∑
n=1

(−1)n−1 cos nπ
4

n2

=

∞∑
k=0

[
cos (4k+1)π

4

(4k + 1)2
−

cos (4k+2)π
4

(4k + 2)2
+

cos (4k+3)π
4

(4k + 3)2
−

cos (4k+4)π
4

(4k + 4)2

]

=

∞∑
k=0

[
(−1)k/

√
2

(4k + 1)2
−

(−1)k/
√
2

(4k + 3)2
+

(−1)k

(4k + 4)2

]

=

∞∑
k=0

(−1)k
√
2

[
1

(4k + 1)2
−

1

(4k + 3)2

]
+

1

16
·
π2

12
.

�,
∞∑
k=0

(−1)k
[

1

(4k + 1)2
−

1

(4k + 3)2

]
=

√
2π2

16
. (2)
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~ 2 ò¼ê f(x) =

0, −1 6 x 6 0

x2 0 < x < 1
3 (−1, 1) þÐm¤ Fourier ?

ê,¿¦?ê
∑∞

k=1
(−1)k−1
(2k−1)3 ��.

) a0 =
∫ 1

0
x2 dx = 1

3
.

an =

∫ 1

0

x2 cosnπxdx =
2(−1)n

n2π2
, n = 1, 2, · · ·

bn =

∫ 1

0

x2 sinnπxdx = −
x2 cosnπx

nπ

∣∣∣1
0
−
∫ 1

0

2x
− cosnπx

nπ
dx

=
(−1)n−1

nπ
+

2

nπ

∫ 1

0

x cosnπxdx

=
(−1)n−1

nπ
+

2

n3π3
((−1)n − 1) .

�,

f(x) ∼
1

6
+

∞∑
n=1

[
2(−1)n

n2π2
cosnπx +

(
(−1)n−1

nπ
+

2 ((−1)n − 1)

n3π3

)
sinnπx

]
. (1)
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- x = 1
2
,¿|^

∞∑
k=1

(−1)k−1

2k − 1
=
π

4
,

∞∑
k=1

(−1)k−1

k2
=
π2

12
,

��
∞∑
k=1

(−1)k−1

(2k − 1)3
=
π3

32
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~ 3 ò¼ê

f(x) =

x, 0 6 x < `
2

`− x, `
2
6 x 6 `

± 2`�±ÏÐm��u?êÚ{u?ê.

) 1) Ðm��u?ê: kÛòÿ� [−`, `) 2± 2` �±Ïòÿ�

(−∞,+∞).

O
x

f(x)

``
2

−`
2

−`
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bn =
2

`

∫ `

0

f(x) sin
nπ

`
x dx

=
2

`

∫ `/2

0

x sin
nπ

`
x dx +

2

`

∫ `

`/2

(`− x) sin
nπ

`
x dx

=
2

`

∫ `/2

0

x sin
nπ

`
x dx +

2

`

∫ `/2

0

x sin
nπ(`− x)

`
dx

=
2(1 + (−1)n−1)

`

∫ `/2

0

x sin
nπ

`
x dx =

2`(1 + (−1)n−1)
π2

∫ π/2

0

x sinnxdx

=

0, n = 2k

4`(−1)k−1
(2k−1)2π2, n = 2k − 1,

¤±

f(x) =
4`

π2

∞∑
k=1

(−1)k−1

(2k − 1)2
sin

(2k − 1)πx

`
, x ∈ [−`, `].
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2) Ðm�{u?ê: kò¼êóòÿ� [−`, `) 2± 2` �±Ïòÿ�

(−∞,+∞).

O
x

f(x)

``
2

−`
2

−`

a0 =
2

`

∫ `

0

f(x) dx =
2

`
·
`2

4
=
`

2
.
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an =
2

`

∫ `/2

0

x cos
nπx

`
dx +

2

`

∫ `

`/2

(`− x) cos
nπx

`
dx

=
2

`

∫ `/2

0

x cos
nπx

`
dx +

2

`

∫ `/2

0

x cos
nπ(`− x)

`
dx

=
2

`

(
1 + (−1)n

) ∫ `/2

0

x cos
nπx

`
dx

=
2
(
1 + (−1)n

)
`

π2

∫ π/2

0

x cosnxdx

=

 `
k2π2

(
(−1)k − 1

)
, n = 2k

0, n = 2k − 1,

¤±

f(x) =
`

4
−
∞∑
k=1

2`

π2(2k − 1)2
cos

2(2k − 1)πx

`
, x ∈ [−`, `].
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12.1.4 Fourier?ê�Eê/ª

�â Eulerúªk

eix = cosx + i sinx, e−ix = cosx− i sinx,

cosx =
eix + e−ix

2
, sinx =

eix − e−ix

2i
,

Ù¥ i =
√
−1´Jêü . dù
úªÒ�±ò Fourier?êL«�Eê/

ª.

� f(x)3 [−`, `]þ� Fourier?ê�

f(x) ∼
a0

2
+

∞∑
n=1

(
an cosnωx + bn sinnωx

)
,

ùp ω = π
`
.Ï�

cosnωx =
einωx + e−inωx

2
, sinnωx =

einωx − e−inωx

2i
,
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¤±

f(x) ∼
a0

2
+

∞∑
n=1

(
an
einωx + e−inωx

2
+ bn

einωx − e−inωx

2i

)
=
a0

2
+

∞∑
n=1

(
an − bni

2
einωx +

an + bni

2
e−inωx

)
=

+∞∑
n=−∞

Fne
nωx, (1)

Ù¥

F0 =
a0

2
=

1

2`

∫ `

−`
f(x) dx

F±n =
an ∓ bni

2
=

1

2`

∫ `

−`
f(x)

(
cosnωx∓ i sinnωx

)
dx

=
1

2`

∫ `

−`
f(x)e∓inωx dx, (n = 1, 2, · · · )

w,k F−n = Fn.
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