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1 13 Ù �~È©Ú¹ëCþ�È©

§13.1 �~È©

13.1.1 Ã¡«mþÈ©�Âñ5

� f(x)3 [a,+∞)�?Û4f«mþ Riemann�È,K f(x)3Ã¡«

m [a,+∞)þÈ©�Âñ5½Â�Xe4�∫ +∞

a

f(x)dx = lim
b→+∞

∫ b

a

f(x)dx

½ö`½Â�¼ê

F (b) =

∫ b

a

f(x)dx,

�Âñ5. aqê�?ê,·�F"&?2ÂÈ©Âñ5��O�{.
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�â¼ê4� lim
b→+∞

F (b) � Cauchy ÂñOK, ���'u2ÂÈ©�

CauchyÂñOK.

½n 1 (Cauchy OK) � f(x) 3 [a,+∞) �?Û4f«mþ�È, K∫ +∞
a

f(x)dx Âñ�¿©7�^�´éu?���ê ε, �3 B > a, ��

b1, b2 > B,Òk

|F (b2)− F (b1)| =
∣∣∣∣∫ b2

b1

f(x)dx

∣∣∣∣ < ε.

5¿,
+∞∑
n=0

an Âñ =⇒ lim
n→∞

an = 0

�´ ∫ +∞

a

f(x)dxÂñ 6=⇒ lim
x→+∞

f(x) = 0.
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?�Ú,a'��?ê�Âñ5±,éu�K¼ê,·�kXe(J:

½n 2 �3 [a,+∞)þ f(x) > 0, f(x)3 [a,+∞)�?Ûf«mþ�È,

KÃ¡È©
∫ +∞
a

f(x)dx Âñ�¿©7�^�´, �3 M > 0 ¦é?Û

b > aÑk ∫ b

a

f(x)dx < M.

= F (b) =
∫ b
a
f(x)dxéu?Û bk..

a'?ê�ýéÂñÚ^�Âñ,k

½n 3 � f(x)3 [a,+∞)�?Û4f«mþ�È,XJ
∫ +∞
a
|f(x)|dxÂ

ñ,KÃ¡È©
∫ +∞
a

f(x)dxÂñ.

þ¡ù�½n�l CauchyÂñOK����.
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XJ
∫ +∞

a

|f(x)|dxÂñ,K¡
∫ +∞

a

f(x)dxýéÂñ.

þ¡ù�½n`²
∫ +∞

a

f(x)dx 3Ã¡«mþýéÂñ¿�XTÈ©

���Âñ.

5¿,3éu~ÂÈ© (=k�«mþ�È©),ù�(Ø¿Ø¤á,~X

f(x) =

1, � x�knê;

−1, � x�Ãnê,

T¼ê3 [0, 1]«mþýé�È,�´��Ø�È.

XJ
∫ +∞

a

f(x)dx Âñ, �
∫ +∞

a

|f(x)|dx uÑ, K¡
∫ +∞

a

f(x)dx ^

�Âñ. ~X, ∫ +∞

0

sinx

x
dx

^�Âñ.
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aqÃ¡?ê�'��O{,�k

½n 4 ('��O{) � f(x)Ú g(x)3 [a,+∞)þk½Â,é?¿ b > a,

f(x)Ú g(x)3 [a, b]�È.Xé¿©�� x,¤áØ�ª

0 6 f(x) 6 g(x),

K

1◦ e

∫ +∞

a

g(x)dxÂñ,K

∫ +∞

a

f(x)dxÂñ;

2◦ e

∫ +∞

a

f(x)dxuÑ,K

∫ +∞

a

g(x)dxuÑ.
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��|^Ã¡È©�½Â�±y²

� p > 1�
∫ +∞

a

dx

xp
(a > 0)Âñ,

� p 6 1�
∫ +∞

a

dx

xp
(a > 0)uÑ.

éu��3 [a,+∞)þëY�¼ê f(x),ò§� 1
xp
'�,��

1◦ eé¿©�� x,k |f(x)| 6 C
xp
, p > 1, C �~ê,K∫ +∞

a

f(x)dxýéÂñ.

2◦ eé¿©�� x,k f(x) > C
xp
, p 6 1, C ��~ê,∫ +∞

a

f(x)dx (a > 0)uÑ.
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½n 5 (Cauchy�O{) XJ f(x)3 [1,+∞)þk½Â��K�üN~�

¼ê,@oÈ©
∫ +∞
1

f(x) dx�?ê
∑∞

n=1 f(n)ÓñÑ.

y² d f(x)�üN5��,� k 6 x 6 k + 1�k

f(k + 1) 6 f(x) 6 f(k),

u´

f(k + 1) 6
∫ k+1

k

f(x)dx 6 f(k).

òþãØ�ªé k = 1, 2, · · · , n�\,Ò��,é?Û n ∈ Nk
n+1∑
k=2

f(k) 6
∫ n+1

1

f(x)dx 6
n∑
k=1

f(k).

e
∫ +∞
1

f(x)dxÂñ,Kdþª����
∑n+1

k=2 f(k)k.,Ï

∑∞

n=1 f(n)Â

ñ. e
∫ +∞
1

f(x)dx uÑ, Kdþªm���
∑n

k=1 f(k) Ã., �
∑∞

n=1 f(n)

uÑ.y..
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~ 1 y²�3 [0,+∞)þ���¼ê f(x)¦�∫ +∞

0

f(x) dx

Âñ,�é?¿�ê p 6= 1, ∫ +∞

0

(f(x))p dx

uÑ.

y² e p < 1,K- β = p.e p > 1,K- β = 2− p.ok β < 1.

�ê� an ∈ (0, 1
2
), n = 1, 2, · · · ,¦�
∞∑
k=1

ak = a < +∞,
∞∑
k=1

aβk = +∞.

ù��ê�´�3�,X

an =
1

n(ln(n + 4))2
.
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�E¼ê f(x)Xe: � x ∈ [n− 1, n)�,

f(x) =

an, n− 1 6 x < n− a2
n,

1
an
, n− a2

n 6 x < n.

w,k ∫ n

n−1
f(x) dx = an(1− a2

n) + an < 2an,

Ï

∫ +∞
0

f(x) dxÂñ. q∫ n

n−1
(f(x))p dx =

∫ n−a2n

n−1
apn dx +

∫ n

n−a2n

1

apn
dx

= apn(1− a
2
n) + a

2−p
n

>
1

2
apn + a2−p

n

>
1

2
aβn.

dd��
∫ +∞
0

(f(x))p dxuÑ.
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~ 2 � p > 1,K

∫ +∞

1

sinx

xp
dxÚ

∫ +∞

1

cosx

xp
dxýéÂñ.

~ 3 é?¿�K¢ê α,

∫ +∞

1

xαe−xdxÂñ.

y² du

lim
x→+∞

xαe−
x
2 = 0,

�� x¿©��k

xαe−x = xαe−
x
2e−

x
2 < e−

x
2 .

d

∫ +∞

1

e−
x
2dx�Âñ5Ò�í��È©�Âñ5.
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'��O{�kXe4�/ª.

½n 6 XJ f(x)Ú g(x)3 [a,+∞)þk½Â��K,¿�é?¿

b > a, f(x)Ú g(x)3 [a, b]�È, lim
x→+∞

f(x)
g(x)

= k,@ok

1◦ e 0 < k < +∞,K
∫ +∞
a

f(x)dx�
∫ +∞
a

g(x)dxÓñÑ;

2◦ e k = 0,K�
∫ +∞
a

g(x)dxÂñ�,
∫ +∞
a

f(x)dx�Âñ;

3◦ e k = +∞,K�
∫ +∞
a

g(x)dxuÑ�,
∫ +∞
a

f(x)dx�uÑ.

~ 4

∫ +∞

1

x2dx
√
x + 1(x4 + x + 1)

Âñ.

y² � x→ +∞�
x2

√
x + 1(x4 + x + 1)

∼
1

x5/2
.



∫ +∞
1

dx
x5/2
Âñ,d½n 5=��È©Âñ.
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~ 5 � f(x) 3 [0,+∞) þëY��, � f(0) > 0, f ′(x) > 0 (x > 0).

eÃ¡È©
∫ +∞

0

1

f(x) + f ′(x)
dxÂñ,K

∫ +∞

0

1

f(x)
dx�Âñ.

(1o3�Æ)êÆ¿mýmêÆaÁK)

y² Ï�

0 <

∫ A

0

1

f(x)
dx−

∫ A

0

1

f(x) + f ′(x)
dx

=

∫ A

0

f ′(x)

f(x)(f(x) + f ′(x))
dx 6

∫ A

0

f ′(x)

f 2(x)
dx

=

∫ A

0

(
−

1

f(x)

)′
dx =

1

f(0)
−

1

f(A)
<

1

f(0)
.

¤± ∫ A

0

1

f(x)
dx <

∫ +∞

0

1

f(x) + f ′(x)
dx +

1

f(0)
.

�,

∫ +∞

0

1

f(x)
dxÂñ.
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~ 6 � f(x) ´ [0,+∞) þ��ëY¼ê, �
∫ +∞

0

1

f(x)
dx Âñ. P

F (x) =
∫ x
0
f(t) dt.¦y∫ +∞

0

x

F (x)
dx < 2

∫ +∞

0

1

f(x)
dx,

�þªmà�Xê 2´�Z�.

y² � x > 0.|^ CauchyÈ©Ø�ª,k

1

2
x2 =

∫ x

0

t dt =

∫ x

0

√
f(t) ·

t√
f(t)

dt

6

(∫ x

0

f(t) dt

)1/2(∫ x

0

t2

f(t)
dt

)1/2

.

dd,
x

F (x)
6

4

x3

∫ x

0

t2

f(t)
dt.

þ¡�Ø�ª�k� f(t) = ct (c�~ê)�¤á,�d�
∫ +∞
0

1
f(x)

dxuÑ.
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Ïd
x

F (x)
<

4

x3

∫ x

0

t2

f(t)
dt.

ü>'u x3 [0,+∞)þÈ©,�∫ +∞

0

x

F (x)
dx < 4

∫ +∞

0

(
1

x3

∫ x

0

t2

f(t)
dt

)
dx

= 4

∫ +∞

0

(∫ +∞

t

t2

x3f(t)
dx

)
dt

= 2

∫ +∞

0

1

f(t)
dt,

Ï
¤yØ�ª¤á. e¡`²Xê 2ØU�¤���ê.

� fp(x) = (x + a)p, a = p− 1 > 0.K∫ +∞

0

1

fp(x)
dx =

1

p− 1
·

1

ap−1
.

F (x) =

∫ x

0

(t + a)p dt =
1

p + 1

(
(x + a)p+1 − ap+1

)
.
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dd ∫ +∞

0

x

F (x)
dx = (p + 1)

∫ +∞

0

x

(x + a)p+1 − ap+1
dx.

ØJy²
x

(x + a)p+1 − ap+1
>

1

p(x + 2a)p
, x > 0, p > 1.

Ï
 ∫ +∞

0

x

F (x)
dx >

p + 1

p

∫ +∞

0

1

(x + 2a)p
dx

=
p + 1

p
·

1

(p− 1)(2a)p−1

=
p + 1

p · 2p−1

∫ +∞

0

1

fp(x)
dx.

5¿ lim
p→1+

p+1
p·2p−1 = 2.dd��¤y(Ø¥Xê 2´�Z�.

5 �~�(Ø´d�A�Ã¡?ê¥~f=z
5.
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