
Dirichlet Âñ½n {u?ê �u?ê

12.1.3 ¼ê� Fourier?êÐm

½n 1 (Dirichlet) �¼ê f(x)± 2π �±Ï,

1◦ XJ¼ê3?Ûk�«mþ´Åã1w�, K§� Fourier ?ê3��

ê¶þÑÂñ,�

a0

2
+

∞∑
n=1

(an cosnx + bn sinnx) =
f(x + 0) + f(x− 0)

2
;

2◦ XJ¼ê??ëY,�3?Ûk�«mþ´Åã1w�, KÙ Fourier?

êÒ3��ê¶þýé��Âñu f(x).

5, ùp¤¢¼ê f(x) 3k�«mþÅã1w´�¼êØk��:	,

f(x)ëY�këY��û f ′(x),ùk��:�U´ f(x)½ f ′(x)�1�

amä:.
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Dirichlet Âñ½n {u?ê �u?ê

~ 1 �

f(x) =

{
0, −π 6 x < 0

x, 0 6 x < π

�âc¡�~f,k

f(x) ∼
π

4
+

∞∑
n=1

[
(−1)n − 1

n2π
cosnx +

(−1)n+1

n
sinnx

]
. (1)

dÂñ5½n�,3«m (−π, π)¥þªA��ª. � x = 0,�

π

4
+

∞∑
n=1

(−1)n − 1

n2π
= 0,

=,
∞∑
n=1

1

(2n− 1)2
=
π2

8
.
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Dirichlet Âñ½n {u?ê �u?ê

?�Ú,k
∞∑
n=1

1

n2
=

∞∑
n=1

1

(2n− 1)2
+

∞∑
n=1

1

(2n)2
=
π2

8
+

1

4

∞∑
n=1

1

n2
.

u´k
∞∑
n=1

1

n2
=
π2

6
.

qÏ�

∞∑
n=1

(−1)n−1

n2
ýéÂñ,¤±

∞∑
n=1

(−1)n−1

n2
=

∞∑
n=1

1

(2n− 1)2
−
∞∑
n=1

1

(2n)2

=
π2

8
−

1

4

∞∑
n=1

1

n2
=
π2

8
−

1

4
·
π2

6

=
π2

12
.
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Dirichlet Âñ½n {u?ê �u?ê

3 (1)¥� x = π
2
�

π

4
+

∞∑
n=1

[
(−1)n − 1

n2π
cos

nπ

2
+

(−1)n−1

n
sin
nπ

2

]
=
π

2
,

Ï
∞∑
n=1

1

2n− 1
sin

(2n− 1)π

2
=
π

4
,

=
∞∑
n=1

(−1)n−1

2n− 1
=
π

4
.

4/15

‖J I‖ J I �£ �¶ '4 òÑ



Dirichlet Âñ½n {u?ê �u?ê

� f(x)´ [−π, π]þ�ó¼ê�, f(x)± 2π�±Ïòÿ� (−∞,+∞)

���´ó¼ê,d�,

bn =
1

π

∫ π

−π
f(x) sinnxdx = 0 (n = 1, 2, · · · ).

Ïd f(x)� Fourier?ê�

a0

2
+

∞∑
n=1

an cosnx,

Ù¥

an =
2

π

∫ π

0

f(x) cosnxdx.

ù«/ª�n�?ê¡�{u?ê.
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Dirichlet Âñ½n {u?ê �u?ê

Ón, � f(x) ´ [−π, π] þ�Û¼ê�, f(x) ± 2π �±Ïòÿ�

(−∞,+∞)��¦�¤�Û¼ê,d�,

an =
1

π

∫ π

−π
f(x) cosnxdx = 0 (n = 0, 1, 2, · · · ).

Ïd f(x)� Fourier?ê�
∞∑
n=1

bn sinnx,

Ù¥

bn =
2

π

∫ π

0

f(x) sinnxdx.

ù«/ª�n�?ê¡��u?ê.
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Dirichlet Âñ½n {u?ê �u?ê

~ 2 �3 [−π, π]þ, f(x) = |x|, §�òÿ¤�����þ± 2π �±

Ï�±Ï¼ê,�´ëY�.

Ïd�â FourierXê�O�úª� bn = 0,

a0 =
1

π

∫ π

−π
f(x)dx =

2

π

∫ π

0

xdx = π,

an =
1

π

∫ π

−π
f(x) cosnxdx =

2

π

∫ π

0

x cosnxdx

=
2

n2π
[(−1)n − 1]

=

− 4
(2k−1)2π, � n = 2k − 1.

0, � n = 2k;

¤±§�Ðmª�¹{u¼ê�,�Ðmª´��Âñ�. Ïd

|x| =
π

2
−

4

π

∞∑
k=1

1

(2k − 1)2
cos(2k − 1)x, [−π < x < π].
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Dirichlet Âñ½n {u?ê �u?ê

~ 3 ±Ï� 2π �ç¸¼ê

f(x) =

{
1
2
(π − x), 0 < x 6 2π

f(x− 2nπ), 2nπ < x 6 2(n + 1)π, n´�ê

� Fourier?ê�

f(x) ∼
∞∑
n=1

sinnx

n
.

¤±

1

2
(π − x) =

∞∑
n=1

sinnx

n
, (0 < x < 2π). (1)
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Dirichlet Âñ½n {u?ê �u?ê

3dª¥- x = π
3
�

π

3
=

∞∑
n=1

sin nπ
3

n
=

∞∑
k=0

(
sin (3k+1)π

3

3k + 1
+

sin (3k+2)π
3

3k + 2

)

=

∞∑
k=0

(
(−1)k sin π

3

3k + 1
+

(−1)k sin 2π
3

3k + 2

)
=

∞∑
k=0

(−1)k
(

1

3k + 1
+

1

3k + 2

)√
3

2
.

Ïd,
∞∑
k=0

(−1)k
(

1

3k + 1
+

1

3k + 2

)
=

2
√
3

9
π. (2)

3�?êÜ©,·�®��
∞∑
n=1

(−1)n−1

n
= ln 2,
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Dirichlet Âñ½n {u?ê �u?ê

=,
∞∑
k=0

(
(−1)k

3k + 1
−

(−1)k

3k + 2
+

(−1)k

3k + 3

)
= ln 2.

5¿�
∞∑
k=0

(−1)k

3k + 3
=

1

3

∞∑
k=0

(−1)k

k + 1
=

1

3
ln 2.

u´
∞∑
k=0

(
(−1)k

3k + 1
−

(−1)k

3k + 2

)
=

2

3
ln 2. (3)

d (2), (3)��
∞∑
k=0

(−1)k

3k + 1
=

√
3

9
π +

1

3
ln 2,

∞∑
k=0

(−1)k

3k + 2
=

√
3

9
π −

1

3
ln 2. (4)
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Dirichlet Âñ½n {u?ê �u?ê

ò (1)¥� x�¤ 3x (0 < x < 2π
3
),k

π − 3x

2
=

∞∑
n=1

sin 3nx

n
=

∞∑
n=1

3 sinnx− 4 sin3 nx

n

= 3

∞∑
n=1

sinnx

n
− 4

∞∑
n=1

sin3 nx

n

=
3

2
(π − x)− 4

∞∑
n=1

sin3 nx

n
.

�,
∞∑
n=1

sin3 nx

n
=
π

4
, (0 < x <

2π

3
). (5)
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Dirichlet Âñ½n {u?ê �u?ê

~ 4 ¦?ê f(x) =

∞∑
n=1

sin2 nx

n2
�Ú.

) Ï�T?ê�Ï��ýé�Ø�L 1
n2 , ¤±d?ê3¢¶þÂñ.

qÏ�± π �±Ï, �3 0 ��� 0. �, �I3«m (0, π) ¥?Ø. Ï��

�ê� sin 2nx
n
.d Dirichlet�O{��,é?¿ δ ∈ (0, π

2
)?ê

∑∞
n=1

sin 2nx
n
3

«m [δ, π − δ]þ��Âñ. u´,?ê
∑∞

n=1
sin2 nx
n2 3 (0, π)�Å�¦�. =,

f ′(x) =

∞∑
n=1

sin 2nx

n
, x ∈ (0, π). (1)

d~ 3� (1),� f ′(x) = 1
2
(π − 2x), x ∈ (0, π).Ïd f(x) = 1

2
(πx− x2).�,

∞∑
n=1

sin2 nx

n2
=

1

2
x(π − x), x ∈ [0, π]. (2)

3dª¥- x = π
2
��

∑∞
n=1

1
(2n−1)2 =

π2

8
.dþª¿|^��úª��

∞∑
n=1

cosnx

n2
=
π2

6
−
x

2

(
π −

x

2

)
, x ∈ [0, 2π]. (3)
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Dirichlet Âñ½n {u?ê �u?ê

~ 5 ¦¼ê f(x) = cosαx (0 < α < 1)3«m [−π, π]þ� Fourier?

êÐm.

) du cosαx´ó¼ê,�§� Fourier?ê�{u?ê.

a0 =
2

π

∫ π

0

cosαxdx =
2 sinαπ

πα
,

an =
2

π

∫ π

0

cosαx cosnxdx

=
sinαπ

π
(−1)n

(
1

α + n
+

1

α− n

)
(n = 1, 2, · · · ).

u´� |x| 6 π �,k

cosαx =
sinαπ

π

[
1

α
+

∞∑
n=1

(−1)n
(

1

α + n
+

1

α− n

)
cosnx

]
.

- x = 0,��

1

α
+

∞∑
n=1

(−1)n
(

1

α + n
+

1

α− n

)
=

π

sinαπ
.
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Dirichlet Âñ½n {u?ê �u?ê

~ 6 � f(x)´��± 2π �±Ï�¼ê,

(1) XJ f(x ± π) = −f(x), Áy² f(x) 3 (−π, π) S� Fourier Ðm

�¹kÛg�Å,=

a2n = 0 (n = 0, 1, 2, · · · ), b2n = 0 (n = 1, 2, · · · );

(2) XJ f(x ± π) = f(x), Áy² f(x) 3 (−π, π) S� Fourier Ðm�

¹kóg�Å,=

a2n−1 = b2n−1 = 0 (n = 1, 2, · · · ).
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Dirichlet Âñ½n {u?ê �u?ê

y² ·��y² (1). � f(x)± 2π �±Ï� f(x± π) = −f(x).

a2n =
1

π

∫ π

−π
f(x) cos(2nx) dx

=
1

π

∫ 2π

0

f(x) cos(2nx) dx

=
1

π

∫ π

0

f(x) cos(2nx) dx +
1

π

∫ 2π

π

f(x) cos(2nx) dx

=
1

π

∫ π

0

f(x) cos(2nx) dx +
1

π

∫ π

0

f(x + π) cos(2nx + 2nπ) dx

=
1

π

∫ π

0

f(x) cos(2nx) dx−
1

π

∫ π

0

f(x) cos(2nx) dx

= 0.

Ón�y b2n = 0.
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