
��Âñ Cauchy OK Weierstrass �O{ Dirichlet �O{ Abel �O{ Dini ½n

¼ê�?ê���Âñ

½Â 1 �
∑∞

n=1 un(x)´½Â3 E þ�¼ê�?ê, Sn(x) =
∑n

k=1 uk(x).

XJ¼ê� {Sn(x)}3 E þ��Âñu S(x),@oÒ¡
∑∞

n=1 un(x)3 E

þ��Âñu S(x).

½n 1 (¼ê�?ê��Âñ� Cauchy OK) ¼ê�?ê
∑∞

n=1 un(x) 3

E þ��Âñ�¿©7�^�´: é?���ê ε, �3 N > 0, ¦��

n > N �,é?Û��ê pÚ x ∈ E Ñk

|un+1(x) + un+2(x) + · · · + un+p(x)| < ε.

íØ 1 e¼ê�?ê
∑∞

n=1 un(x) 3 E þ��Âñ, K {un(x)} 3 E þ

��Âñu 0.
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~ 1
∞∑
n=1

ne−nx 3 (0, 1)þ´Ä��Âñ?

) Ï�

sup
x∈(0,1)

|ne−nx| > ne−1 6→ 0,

¤±Ï�3 (0, 1)þØ��Âñu 0,Ï
∞∑
n=1

ne−nx 3 (0, 1)þØ��Âñ.

~ 2
∑∞

n=1
1
n
e−nx 3 (0, 1)þ´Ä��Âñ?

) Ï�� p > n�,

sup
x∈(0,1)

∣∣∣∣ 1

n + 1
e−(n+1)x +

1

n + 2
e−(n+2)x + · · · +

1

n + p
e−(n+p)x

∣∣∣∣
>

1

n + 1
+

1

n + 2
+ · · · +

1

n + p

>
p

n + p
>

1

2
.

¤±
∑∞

n=1
1
n
e−nx 3 (0, 1)þØ��Âñ.
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½n 2 (Weierstrass) e��?ê
∑∞

n=1 an Âñ¶q3 E þðk

|un(x)| 6 an,

K¼ê�?ê
∑∞

n=1 un(x)3 E þ��Âñ.

y² |^^�Ú CauchyOK,=�.

~ 3 e α > 1,K?ê
∞∑
n=1

cosnx
nα
3 (−∞,+∞)þ��Âñ.

y² Ï� ∣∣∣cosnx
nα

∣∣∣ 6 1

nα
,

?ê
∞∑
n=1

1
nα
3 α > 1�Âñ,¤±�?ê��Âñ.
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½Â 2 � {fn(x)}´½Â3 E þ�¼ê�. e�3M > 0¦�

|fn(x)| 6M

é�� n ∈ N9�� x ∈ E ¤á,K¡ {fn(x)}3 E þ��k.. eéz

� x ∈ E,ê� {fn(x)}k.,K¡ {fn(x)}3 E þÅ:k..

~ 4 ?Ø¼ê� {nxn}3 (0, 1)þ�k.5.

) éz� x ∈ (0, 1)ê� {nxn}Âñu 0. Ïd,T¼ê�Å:k..

eT¼ê���k.,K�3M > 0¦�

|nxn| 6M

éé�� n ∈ N9�� x ∈ (0, 1)¤á. AOk

√
n = n

(
1

2n
√
n

)n
6M

é�� n¤á. ùØ�U.ÏdT¼ê�3 (0, 1)þØ´��k.�.
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½n 3 (Dirichlet) �
∑∞

n=1 an(x)bn(x)´½Â3 E þ�¼ê�?ê. e

1◦ {bn(x)}3 E þ��Âñu 0,�éz��½� x,´üN4~�;

2◦ An(x) =
∑n

k=1 ak(x)3 E þ��k.,

K
∑∞

n=1 an(x)bn(x)3 E þ��Âñ.

y² � |An(x)| 6M,é�� x9 n¤á,K∣∣∣∣∣
n+p∑
k=n+1

ak(x)

∣∣∣∣∣ = |An+p(x)−An(x)| 6 2M.

d AbelÚn,�

∣∣∣∣∣
n+p∑
k=n+1

ak(x)bk(x)

∣∣∣∣∣ 6 2M(|bn+1(x)|+2|bn+p(x)|).d1��^

��,é?¿ ε > 0, ∃N ¦�� n > N �,é�� x ∈ E,k |bn(x)| < ε
8M
.

¤±� n > N �,

∣∣∣∣∣
n+p∑
k=n+1

ak(x)bk(x)

∣∣∣∣∣ < εé�� x ∈ E 9 p ∈ N¤á. �

â CauchyOK,(Ø�±y².
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~ 5 � {an}üN~ªu 0, δ ∈ (0, π). K

∞∑
n=1

an cosnx3 [δ, 2π − δ]

þ��Âñ.

y² Ï�

Ak(x) = cosx + cos 2x + · · · + cos kx

=
sin
(
k + 1

2

)
x− sin x

2

2 sin x
2

,

¤±

|Ak(x)| 6
1∣∣sin x

2

∣∣ 6 1

sin δ
2

.

ù`² {An(x)} 3¤�«mþ��k.. q {an} w,üN~��ªu 0.

¤±�â Dirichlet�O{���?ê3½Â�«mþ´��Âñ�.
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½n 4 (Abel) �
∑∞

n=1 an(x)bn(x)´½Â3 E þ�¼ê�?ê. e

1◦ {bn(x)}3 E þ��k.,�éz��½� x,´üN�;

2◦
∑∞

k=1 ak(x)3 E þ��Âñ,

K
∑∞

n=1 an(x)bn(x)3 E þ��Âñ.

y² � |bn(x)| 6M.d^� 2◦,é?¿ ε > 0,�3 N,� n > N �,

é�� x9 pk ∣∣∣∣∣
n+p∑
k=n+1

ak(x)

∣∣∣∣∣ < ε

3M
.

�â AbelÚn,k∣∣∣∣∣
n+p∑
k=n+1

ak(x)bk(x)

∣∣∣∣∣ 6 ε

3M
(|bn+1(x)| + 2|bn+p(x)|) < ε

é�� x9 p¤á. u´�â CauchyOK,(Ø�±y².
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~ 6 �
∞∑
n=1

an Âñ,¦y:

∞∑
n=1

an

nx
3 [0,+∞)þ��Âñ.

y² Ï�

∞∑
n=1

an 'u x��Âñ£§� x��ÎÃ'X¤,¼ê�

{ 1
nx
} é�½� x > 0 üN4~, � | 1

nx
| 6 1 'u x ��k.. ¤±�â

Abel�O{���?ê3 [0,+∞)þ��Âñ.
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7.2.3 ��Âñ?ê�5�

½n 5 XJ?ê
∑∞

n=1 un(x) 3«m E þ��Âñu S(x), �¦Ú�

un(x)3«m E þëY,K S(x)�3 E þ�ëY.

½n 6 XJ¼ê� {fn(x)} �z��Ñ33«m E þëY, � {fn(x)}
3 E þ��Âñu f(x),@o f(x)�3 E þëY.

y² ?� x0 ∈ E,��y² lim
x→x0

f(x) = f(x0)=�.é?¿� ε > 0,

d��Âñ5��,�3N ,¦é?Û x ∈ E Ñk |fN(x)− f(x)| < ε/3.2

d fN(x)3 x0 ëY5��,�3 δ > 0,� |x− x0| < δ �,k

|fN(x)− fN(x0)| < ε/3.¤±,� |x− x0| < δ �,

|f(x)− f(x0)| 6 |f(x)− fN(x)| + |fN(x)− fN(x0)|

+ |fN(x0)− f(x0)| < ε.
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½n 7 (Dini ½n) �¼ê� {fn(x)} 3k�4«m [a, b] þëY, �3

[a, b]þÂñuëY¼ê f(x). XJéz��½� x,ê� {fn(x)}´4~
�,@o¼ê� {fn(x)}3 [a, b]þ��Âñu f(x).

y² Ø�� f(x) = 0,Ø,�Ä gn(x) = fn(x)− f(x).^�y{y².

e {fn(x)}3 [a, b]þØ��Âñu 0,K�3 ε0 > 0¦�é?¿ n ∈ N,�
3 xn ∈ [a, b]÷v

fn(xn) > ε0.

Ï� {xn} ´k.�, ¤±�3Âñf�. Ø�� {xn} ��Âñ. �

xn→ y ∈ [a, b].Ïdé�� n, p ∈ Nk

ε0 6 fn+p(xn+p).

d {fn(x)}�4~5,�

ε0 6 fn(xn+p).
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Ï� fn(x)´ëY�,3þª¥- p→∞�

ε0 6 fn(y).

2- n→∞� ε0 6 0.gñ!

½n 8 (Dini ½n) �¼ê�?ê
∑∞

n=1 un(x) �Ï�3k�4«m [a, b]

þëY��K.XJT?ê3 [a, b]þÂñuëY¼ê S(x),@oT?ê3

[a, b]þ��Âñu S(x).

5¿, Dini ½n¥�«m [a, b] ØU�¤m«m (a, b), �ØU�¤Ã¡

«m.

~ 7
∑∞

n=0 x
n 3 (0, 1)þØ��Âñ.

~ 8
∑∞

n=0
x
n2 =

π2

6
x, x ∈ [0,+∞)Ø��Âñ.

~ 9 ¼ê� fn(x) =
1

1+nx
3 (0, 1)þ4~ªu 0,�Ø��Âñ.
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