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9.1.2 õCþ¼ê

¼êÒ´þ�þ�m��«'X (½�«éA).�±ò¼êw¤´N�.

1◦ N� �kü����8Ü X,Y, 9��5K f . e?¿�½ X ¥��

�� x,Ñ�±Uì5K f ,é� Y ¥��(½��� y (P¤ y = f(x))�

xéA,K¡ f ´ X � Y ���N�,P¤

f : X → Y.

y ¡�´ x3 f e��, x¡� y ���.P

f(X) = {f(x) |x ∈ X}

¡� X ��8. w,, f(X) ⊂ Y.
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XJN�´��ü�, =, ����k����, @o�±½Â��l

f(X)� X �N�µ

f−1 : f(X)→ X.

§�N�5K f−1´: ?� y ∈ f(X),7k�� x ∈ X ¦ y = f(x). ù� x

Ò´ y 3 f−1 e��.=´`XJ y = f(x),K x = f−1(y). ù�¡ f ��

_N�, f−1 ¡� f �_N�. §��u��¼ê��¼ê.

X Y

f
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2◦ õ�¼ê � D ⊂ Rn. Kl D �¢ê8 R �N� f : D → R ¡
��� n �¼ê. Ï� Rn ¥�:k�I (x1, x2, · · ·xn), ¤±�±�¤

z = f(x1, · · · , xn). Ï� Rn �:éA�� n��þ ~x = x1~e1 + · · · + xn~en,

¤±õ�¼ê´�þ�êþ���N� (éA'X), ùp ~e1, · · · , ~en � Rn

��I�þ.

AO,� n = 2�,Ò´��¼ê

z = f(x, y), (x, y) ∈ D ⊂ R2.

r z ¤3�ê¶��:� (x, y)²¡ R2

��:�3�å, ¿R�u²¡, ù�·�Ò

k
��n��m,:8

E = {(x, y, f(x, y))| (x, y) ∈ D}
Ò´�Ü�m¡. ùÜ¡��w¤kn�

gdÝ�n��m¥�: (x, y, z) É���

�å z = f(x, y)¤/¤�. x

y

z

D

E
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3◦ �þ�¼ê

�þ�¼ê´��l n��m Rn �m��m Rm �N�

~f : D → Rm, D ⊂ Rn

=

~x = x1~e1 + · · · + xn~en 7−→ ~y = ~f(~x) = y1~e1 + · · · + ym~em

½öP�

(x1, x2, · · · , xn) 7−→ (y1, y2, · · · , ym),

ùp

y1 = f1(x1, · · · , xn),

· · ·

ym = fm(x1, · · · , xn)

Ñ´ n�¼ê, yi ¡��þ�¼ê�1 i�©þ¼ê. � m = n�,�þ�

¼ê��¡�C�.
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XJ©þ¼êÑ´àg�5�,=,

y1 = a11x1 + a12x2 + · · · + a1nxn,

y2 = a21x1 + a22x2 + · · · + a2nxn,

· · · · · ·

ym = am1x1 + am2x2 + · · · + amnxn,

Ù¥ aij Ñ´~ê,KN�´�5�,

A = (aij)m×n =


a11 a12 · · · a1n

a21 a22 · · · a2n

... ... . . . ...

am1 am2 · · · amn


Ò´�5N��Ý
. P x = (x1, x2, · · · , xn)T , y = (y1, y2, · · · , ym)T , (ù

p T L«=�),K�5N��±{üL�

y = Ax.
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9.1.3 õCþ¼ê�4�

� z = f(x, y)´½Â3²¡:8 Dþ���¼ê,M0 = (x0, y0)´ D

�à:,XJ�3¢ê a,¦�é?Û ε > 0,�3 δ > 0,� 0 < ρ(M,M0) <

δ,�M = (x, y) ∈ D �,k

|f(M)− a| < ε,

Ò`�M ªuM0 � f(M)± a�4�,P¤

lim
M→M0

f(M) = a.

��±�¤

lim
(x,y)→(x0,y0)

f(x, y) = a ½ lim
x→x0
y→y0

f(x, y) = a.

ùÒ´��¼ê4��½Â. l¥wÑ, �´r��¼ê4�½Â¥�

ýé�£��þ:�ål¤�¤²¡þ:�ål=�.�� n�¼ê�4�

�½Â´aq�.
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��¼ê4���±¡��4�. XJ^/Oþ0��ó (=�

∆x, ∆y ´ü�Oþ),K¼ê3M0 = (x0, y0)4�Ò´

lim
∆x→0
∆y→0

f(x0 + ∆x, y0 + ∆y) = a

Ï� ρ =
√

∆x2 + ∆y2 ÷v

|∆x|, |∆y| 6 ρ 6 |∆x| + |∆y|

¤±,4���±L«¤

lim
ρ→0

f(x0 + ∆x, y0 + ∆y) = a.

�,��¼ê�4��½Â3/ªþ���¼ê��,�´Ï��êO

\
,��¼ê�4�?Øå5�E,�
. ~X,Ø�Ð?Ø��¼ê�ü

N5£Ï�²¡¥�:vk/S0¤±9¼ê��m4�¯K.�k3��¼

ê�4�L§¥, ü�gCþ�Cz�ªäk���gdÝ, §�3M0 �

NC�±^?¿�ª£���!Ú^�!����¤��CM0.
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~ 1 ¦y lim
(x,y)→(0,0)

x2y2

x4+y2 = 0.

y² |^Ø�ª

|2x2y| 6 x4 + y2

��

0 6
x2y2

x4 + y2
6

1

2
|y|,

¤±, é?¿� ε > 0, � δ = 2ε, � 0 < |x| < δ, 0 < |y| < δ �, k∣∣∣ x2y2

x4+y2

∣∣∣ < 1
2
δ < ε. �â4��½Â�

lim
(x,y)→(0,0)

x2y2

x4 + y2
= 0.
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~ 2 ¦y lim
(x,y)→(0,0)

x2y
x4+y2 Ø�3.

y² � y = kx2£(x, y)²¡¥��Ô�¤,Kk

lim
x→0
y=kx2

x2y

x4 + y2
= lim

x→0

kx4

x4 + k2x4
=

k

1 + k2
,

=� (x, y)÷XØÓ��Ô�ª� (0, 0)�,¼êkØÓ�4�,¤±4�Ø

�3. �´

lim
y→0

(
lim
x→0

x2y

x4 + y2

)
= 0, lim

x→0

(
lim
y→0

x2y

x4 + y2

)
= 0.

ù«k���4�, 2�,��4���{�\g4�. 4�Ú\g4�´

ü�ØÓ�Vg, §���35vk7,�%¹'X, �´�4�Ú\g4

�Ñ�3�,§�7,��.
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Ã¡�¼ê��

XJ� x → x0, y → y0 �, ¼ê f(x, y) �4��´", K¡¼ê

f(x, y) ´� x → x0, y → y0 ��Ã¡�þ. d�, XJéu¿©��

ρ =
√

(x− x0)2 + (y − y0)2,k∣∣∣∣f(x, y)

ρ

∣∣∣∣ 6 C

K¡ f(x, y) � x → x0, y → y0 (�du ρ → 0) �� ρ ��k�Ó��,

P� f(x, y) = O(ρ). XJ

lim
ρ→0

f(x, y)

ρk
= C£�"~ê¤

K¡ f(x, y) � ρ → 0 �´� ρk Ó��Ã¡�þ, AO� C = 1 �, P�

f(x, y) ∼ ρk. XJ4�´", K` f(x, y) � ρ → 0 �´' ρk �p��Ã

¡�þ,P� f(x, y) = o(ρk). Ó�,·��±?Øü�4��"�¼ê�m

�'�,ù
Vg���¼ê�aq,Ø2Kã.
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9.1.4 õCþ¼ê�ëY5

�üCþ�ëY5��,� f 3²¡:8Dk½Â,M0 = (x0, y0) ∈ D.

XJ

lim
M→M0

f(M) = f(M0).

K¡ f 3M0 ëY. /̂Oþ0��óQã,Ò´

lim
∆x→0
∆y→0

f(x0 + ∆x, y0 + ∆y) = f(x0, y0).

XJ f 3 D �z��:ëY,Ò¡ f 3 D ëY.

�¼ê f 3«� D þ½Â.XJé?¿�ê ε,Ñ�3�ê δ ¦�éu

D ¥�M1 ÚM2,�� ρ(M1,M2) < δ,Òk

|f(M1)− f(M2)| < ε,

@oÒ¡¼ê f(x, y)3 D þ��ëY.
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��¼ê�ØëY:��¹,�'��¼êE,�õ. ~Xe�¼ê

f(x, y) =


y
x
, x 6= 0

0, x = 0

�ØëY:��N´�^��: x = 0. =¦��¼ê f(x, y) �Uéz��

�½� y �,'u x´ëY�,éz���½� x�,'u y ëY,����

�¼êE,´ØëY�. ~X

f(x, y) =


2xy
x2+y2, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)

ù�¼êé�½� y 6= 0,w,é xëY,é y = 0, f(x, 0) = 0,¤±é x�

´ëY�. Ón, ù�¼êé�½� x, ´'u y ëY�. �´, ¼ê3��

x = y þ, Ø�: (0, 0) �	k f(x, x) = 1. �Ò´`� (x, y) ÷Xù^�

��C�:�,¼ê´ØëY�. ¤±¼ê f(x, y)3�:ØëY.
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õ�ëY¼ê�kXeaq��¼ê�5�:

1◦ õ�ëY¼ê�Ú!�!È!û (©1Ø�"�)��´ëY¼ê. ë

Y�EÜ¼ê3Ù½Â�S�´ëY¼ê.

2◦ � I ⊂ R´��m«m. XJ f ´ R2 þ�ëY¼ê,K f−1(I)´

R2 ¥�m8. (=,m8���´m8.)

3◦ (0�½n) � f(M)3ëÏ8 E ¥ëY,M1,M2 ∈ E. K f 3 E

¥�� f(M1)Ú f(M2)�m�¤k�.

4◦ k.48þ�ëY¼ê�±�����Ú���.

5◦ k.48þ�ëY¼ê,�½´��ëY�.

±ey²5� 2◦
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5� � I ⊂ R´��m«m. XJ f ´ R2þ�ëY¼ê,K f−1(I)´ R2

¥�m8.

y² �Iy² f−1(I) ¥z�:Ñ´S:. ?� P0 ∈ f−1(I), Kk

z0 = f(P0) ∈ I.Ï� I ´m«m,¤±�� ε > 0¦

(z0 − ε, z0 + ε) ⊂ I.

�â f �ëY5,�3 δ > 0¦�� |P − P0| < δ �,k

|f(P )− f(P0)| < ε,

=

f(P ) ∈ (z0 − ε, z0 + ε) ⊂ I.

Ïdk P ∈ f−1(I).ù`²

B(P0, δ) ⊂ f−1(I).

u´ P0 ´ f−1(I)�S:.
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~ 3 ïÄ¼ê f(x, y) =


xy
x−y, x 6= y

0, x = y
�ëY5.

) � x0 6= y0 �, f(x, y)w,3 (x0, y0)ëY.� x0 = y0 6= 0�,é?

¿ t > 0k

|f(x0 + 2t, y0 + t)| =

∣∣∣∣x2
0 + 3tx0 + 2t2

t

∣∣∣∣→ +∞ (t→ 0+).

� x0 = y0 = 0�,éu¢ê k 6= 0k

f(t + kt2, t) =
t2 + kt3

kt2
→

1

k
(t→ 0+).

o�,� x0 = y0�,�3ªu (x0, y0)�: (x, y),¦ f(x, y)Øªu f(x0, y0).

Ïd, f(x, y)3 x 6= y �ëY,3 x = y �ØëY.
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