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1.õ�¼ê�4�µ� f(p) ´ D ⊂ Rn þ�¼ê, p0 ´ D �à:, 3 D

þ� p→ p0 � f(p)± A�4�,=

lim
p→p0

f(p) = A

�½Â´µ∀ ε > 0, ∃ δ > 0, � p ∈ D, � 0 < ‖p − p0‖ < δ �§k

|f(p)−A| < ε.

2.\g4�µ±��¼ê�~§� f(x, y)3 (x0, y0)����%��¥k

½Â§é?¿�½� y XJ4� lim
x→x0

f(x, y)�3§-

ϕ(y) = lim
x→x0

f(x, y).

§´��3 y0 C�k½Â�¼ê"XJ4� lim
y→y0

ϕ(y)�3§Ò-

lim
y→y0

lim
x→x0

f(x, y) = lim
y→y0

ϕ(y).

¡� f 3 (x0, y0)?���\g4�"
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3.4��\g4��«Oµ4��\g4�´ü�ØÓ�Vg§§��

mvk7,�%¹'X"~Xéu¼ê

f(x, y) =
xy

x2 + y2
, g(x, y) = y sin

1

x
,

k lim
(x,y)→(0,0)

f(x, y)Ø�3§

lim
x→0

lim
y→0

f(x, y) = lim
y→0

lim
x→0

f(x, y) = 0.

lim
(x,y)→(0,0)

g(x, y) = 0,

lim
x→0

lim
y→0

g(x, y) = 0, � lim
y→0

lim
x→0

g(x, y)Ø�3.

4.ü«4��'Xµe4��\g4�Ñ�3§K§�7��"
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5.õ�ëY¼êµ� D ⊂ Rn, f : D → R, p0 ∈ D.XJ ∀ ε > 0, ∃ δ > 0,

¦� ∀ p ∈ D ∩Bδ(p0),k

|f(p)− f(p0)| < ε,

K¡ f 3 p0ëY"5¿� p0´ D��á:�§f �½3 p0ëY"� p0

´ D �à:�§f 3 p0 ëY�du

lim
p→p0

f(p) = f(p0).

6.���êÚ �êµ�m8 D ⊂ Rn, f : D → R, u ´����§
p0 ∈ D.XJ4�

lim
t→0

f(p0 + tu)− f(p0)

t
�3�k�§Ò¡ù�4�´ f ´3: p0 ÷�� u ����ê§P�
∂f
∂u

(p0). ÷�� ei = (0, . . . , 0, 1, 0, . . . , 0) ����ê¡� f �1 i ��

� �ê§P� ∂f
∂xi

(p0).
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7.�©�½Âµ� h = (h1, h2, · · · , hn).XJ¤áX

f(p0 + h)− f(p0) =

n∑
i=1

λihi + o(‖h‖), ‖h‖ → 0,

Ù¥ λ1, λ2, · · · , λn ´Ø�6u h�~ê§@oÒ¡ f 3 p0 :��§¡
n∑
i=1

λihh � f 3 p0 ��©§P�

df(p0) =

n∑
i=1

λihh.

8.� f 3 p0 ���§f 3 p0 � n��� �ê�3§�

df(p0) =

n∑
i=1

∂f

∂xi
(p0)hi.
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9.������ê9ëY�m�'Xµ
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��1
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6

�
�
�

~X¼ê

f(x, y) =


x2y
x4+y2, x2 + y2 > 0,

0, x = y = 0.

3�:??¿������êÑ´"§�d¼ê3�:ØëY.
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10.EÜ¦�µ�m8 D ⊂ Rn, f : D → Rm 3 x0 ��§g : f(D) → Rl

3 f(x0)��§K g ◦ f D → Rl 3 x0 ��§�

J(g ◦ f)(x0) = Jg(f(x0)) · Jf(x0).

dª�à´�� l× n�Ý
§mà Jg(f(x0))´ l×m�Ý
§Jf(x0)

´m× n�Ý
§§�©O´ g ◦ f, g Ú f � Jacobian.

±��¼ê�~§� u = f(x, y), x = ϕ(s, t), y = ψ(s, t).¦EÜ¼

ê u = f(ϕ(s, t), ψ(s, t))� �ê�úª´(
∂u
∂s

∂u
∂t

)
=
(
∂f
∂x

∂f
∂y

)(∂ϕ
∂s

∂ϕ
∂t

∂ψ
∂s

∂ψ
∂t

)
,

=
∂u

∂s
=
∂f

∂x

∂ϕ

∂s
+
∂ϕ

∂y

∂ψ

∂s
,

∂u

∂t
=
∂f

∂x

∂ϕ

∂t
+
∂ϕ

∂y

∂ψ

∂t
.
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11.·Ü �ê�m8 D ⊂ R2, f : D → R,: p0 ∈ D.XJ f �ü�·Ü

 �ê3 D þ�3§¿3 p0 ëY§@o

∂2f

∂x∂y
(p0) =

∂2f

∂y∂x
(p0).

��5`§ü�·Ü �êXJ�´¦�^SØÓ§��§�ÑëY§@

o§�Ò��"
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12. Taylor õ�ª � f(x1, · · · , xn) ´ n �¼ê, k�« �ê, ��«·Ü

 �êÑëY,d� ∂
∂xi
� ∂

∂xj
��\Ú�¦,\{Ú¦{k��Æ.éu

õ�I α = (α1, · · · , αn)Ú�©�f D = ( ∂
∂x1
, ∂
∂x2
, · · · , ∂

∂xn
),P

Dα =
∂|α|

∂xα1
1 · · · ∂xαnn

, Dαf =
∂|α|f

∂xα1
1 · · · ∂xαnn

.

½n (Taylor úª) � U ⊂ Rn ´��à«�, f : U → R ¿�
f ∈ Cm+1(U).2� a = (a1, · · · , an)Ú a + h = (a1 + h1, · · · , an + hn)

´ U ¥ü:. K�3 θ ∈ (0, 1)¦�

f(a + h) =

m∑
k=0

∑
|α|=k

Dαf(a)

α!
hα +Rm, (1)

Ù¥

Rm =
∑
|α|=m+1

Dαf(a + θh)

α!
hα. (2)
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AO��´ Taylorúª¥�cn�:

f(a + h) = f(a) +
(
∂f
∂x1

(a)h1 + · · · + ∂f
∂xn

(a)hn

)
+

1

2

n∑
i,j=1

∂2f
∂xi∂xj

(a)hihj + · · ·

= f(a) + Jf(a) · h +
1

2
hHf(a)hT + · · ·

Ù¥

Hf(a) =


∂2f
∂x2

1
(a) · · · ∂2f

∂x1∂xn
(a)

... ...
∂2f

∂xn∂x1
(a) · · · ∂2f

∂x2
n
(a)

 (3)

´�� n�é¡�
,¡� f 3 a:� Hessian.

3�:Ðm� Taylorúª¡�Maclaurinúª.
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13.4�� p0´ n�¼ê f ���7:§¼ê f 3 p0�,��SkëY�

�� �ê"XJ3 p0 :� HenssianÝ


Hf(p0) =


∂2f
∂x2

1
· · · ∂2f

∂x1∂xn

... ...
∂2f

∂xn∂x1
· · · ∂2f

∂x2
n


´î�½�£K¤�
§@o p0 ´ f ���î�4�£�¤�:¶XJ

Hf(p0)´Ø½�
§@o p0 Ø´ f �4�:"

5¿µ:t���Ún�¼ê�4��O�"

14.^�4� � f(x1, · · · , xn, y1 · · · , ym) ´½Â3 Rn+m ¥m8 D þ�

n +m�¼ê"XJT¼ê3m��å^�µ
Φ1(x1, · · · , xn, y1 · · · , ym) = 0,

......

Φm(x1, · · · , xn, y1 · · · , ym) = 0.
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��åe3 D ¥�: z0 = (x0, y0) = (a1, · · · , an, b1, · · · , bm) ��4

�§@o�3 λ = (λ1, · · · , λm) ∈ Rm,¦� (x0, y0)´¼ê

F (x, y) = f(x, y) +

m∑
i=1

λiΦi(x, y)

�7:"

5¿µ:t��k���å^���¹.
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15.¡�wª�§ÚÛª�§

�n�¼ê F (x, y, z)½Â3«� D ⊂ R3 þ§«� D ¥¤k÷v

�§

F (x, y, z) = 0

�:8|¤ R3 ¥�Ü¡§¡�dd�§(½�Ûª¡"ed¡´

1w�§p0 = (x0, y0, z0)´¡þ�:§KLd:��²¡��§´

(x− x0)
∂F

∂x
(p0) + (y − y0)

∂F

∂y
(p0) + (z − z0)

∂F

∂z
(p0) = 0.

AO§éuwª�§

z = f(x, y),

3 p0 = (x0, y0)��²¡�§´

z − f(p0) = (x− x0)
∂F

∂x
(p0) + (y − y0)

∂F

∂y
(p0).
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� ∆´ëê uv ²¡þ���«�§ëê�§
x = x(u, v),

y = y(u, v),

z = z(u, v),

(u, v) ∈ ∆,

L« R3 ¥�Ü¡§3¡þ�: p0 = (u0, v0)�{��(
∂(y, z)

∂(u, v)
,
∂(z, x)

∂(u, v)
,
∂(x, y)

∂(u, v)

)
(p0)
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~ 1 �äe�4�´Ä�3,ek4�,¦ÑÙ4�.

(1) lim
x→0
y→a

sinxy

x
; (2) lim

x→∞
y→a

(
1 +

1

x

) x2

x+y

; (3) lim
x→∞
y→∞

x2 + y2

x4 + y4
;

(4) lim
x→1
y→0

ln(x + ey)√
x2 + y2

; (5) lim
x→0
y→0

√
xy + 1− 1

x + y
; (6) lim

x→0
y→0

(1 + xy)
1

x+y .
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~ 2 � f(x, y) =

y sin 1
x2+y2, x2 + y2 6= 0,

0, x2 + y2 = 0.
�	¼ê f(x, y) 3�

: (0, 0)� �ê.

) du

lim
(x,y)→(0,0)

f(x, y) = f(0, 0) = 0,

Ïd f 3 (0, 0)ëY.5¿� f(x, 0) = 0,Ï

∂f

∂x
(0, 0) = lim

x→0

f(x, 0)− f(0, 0)

x
= 0.

∂f

∂y
(0, 0) = lim

y→0

f(0, y)− f(0, 0)

y
= lim

y→0
sin

1

y2
Ø�3.

5,eK¥� y sin 1
x2+y2 U� |y|t sin 1

x2+y2 (t > 1)K ∂f
∂x

(0, 0) = ∂f
∂y

(0, 0) =

0,� f(x, y)3 (0, 0)��.
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~ 3 �C�

u = x− 2y,

v = x + ay
�r�§ 6∂

2z
∂x2 + ∂2z

∂x∂y
− ∂2z

∂y2 = 0 {z�

∂2z
∂u∂v

= 0. ¦~ê a. (Ù¥�� �êþëY)

) dC���, x, y ´ u, v �¼ê. Ïd

∂z

∂x
=
∂z

∂u
·
∂u

∂x
+
∂z

∂v
·
∂v

∂x
=
∂z

∂u
+
∂z

∂v
∂z

∂y
=
∂z

∂u
·
∂u

∂y
+
∂z

∂v
·
∂v

∂y
= −2

∂z

∂u
+ a

∂z

∂v
∂2z

∂x2
=

(
∂2z

∂u2
+

∂2z

∂u∂v

)
+

(
∂2z

∂v∂u
+
∂2z

∂v2

)
=
∂2z

∂u2
+ 2

∂2z

∂u∂v
+
∂2z

∂v2

∂2z

∂y∂x
= −2

(
∂2z

∂u2
+

∂2z

∂u∂v

)
+ a

(
∂2z

∂v∂u
+
∂2z

∂v2

)
= −2

∂2z

∂u2
+ (a− 2)

∂2z

∂u∂v
+ a

∂2z

∂v2

∂2z

∂y2
= −2

(
−2
∂2z

∂u2
+ a

∂2z

∂u∂v

)
+ a

(
−2

∂2z

∂v∂u
+ a

∂2z

∂v2

)
= 4

∂2z

∂u2
− 4a

∂2z

∂u∂v
+ a2∂

2z

∂v2
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u´

6
∂2z

∂x2
+

∂2z

∂x∂y
−
∂2z

∂y2
= (10 + 5a)

∂2z

∂u∂v
+ (6 + a− a2)

∂2z

∂v2
.

�âK�^�,Ak a 6= −2�

6 + a− a2 = 0.

�, a = 3.
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~ 4 Á¦de��§ u3 − 3(x + y)u2 + z3 = 0 ¤(½�Û¼ê u �

�©.

) �â���©/ª�ØC5,é�§ü>¦�©,�

3u2du− 3(dx + dy)u2 − 6(x + y)udu + 3z2dz = 0.

=, (
u2 − 2(x + y)u

)
du = u2dx + u2dy − z2dz.

�,

du =
u

u− 2x− 2y
dx +

u

u− 2x− 2y
dy −

z2

u2 − 2xu− 2yu
dz.
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~ 5 ¦¼ê f(x, y) = 1
1−x−y+xy

3: (0, 0)� TaylorÐm,Ðm� n�

��.

) - u = x + y − xy,K f(x, y) = 1
1−u.du

1

1− u
=

n∑
k=0

uk + o(un).

5¿� |u| 6 (
√

2 + 1
2
)ρ,ùp ρ =

√
x2 + y2.k o(u) = o(ρ).

f(x, y) =

n∑
k=0

uk + o(un)

=

n∑
k=0

k∑
i=0

(−1)iCi
k(x + y)k−i(xy)i + o(ρn)

=

n∑
k=0

min{k,n−k}∑
i=0

(−1)iCi
k(x + y)k−i(xy)i + o(ρn).
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~ 6 ¦¼ê u = x + y + z 3^� 1
x

+ 1
y

+ 1
z

= 1, x > 0, y > 0, z > 0

�e�4�.

) �

F (x, y, z, λ) = x + y + z + λ

(
1

x
+

1

y
+

1

z
− 1

)
.

K

∂F

∂x
= 1−

λ

x2
,
∂F

∂y
= 1−

λ

y2
,
∂F

∂z
= 1−

λ

z2
.

- ∂F
∂x

= 0, ∂F
∂y

= 0, ∂F
∂z

= 0¿- 1
x

+ 1
y

+ 1
z

= 1.�� x = y = z = 3.

d^���¼ê x > 1, y > 1, z > 1,�, u = x + y + z Ã���,�k

���, T���731�%�SÜ��k.48��. du3¤�^�e

�k��7:, T7:�7´ u����:. u´ x + y + z > 9.dd��

é?¿�ê x, y, z k

(x + y + z)

(
1

x
+

1

y
+

1

z

)
> 9.
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