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�!1!¦4�

lim
x2+y2→∞

x2 + y2

x4 + y4

) Ï� (x2 + y2)2 6 2(x4 + y4), ¤±

0 6
x2 + y2

x4 + y4
6

2

x2 + y2
→ 0

�!2!¦ f(x, y) = (x+ y)3 3«� D = [−1, 1]× [−1, 1] þ�È©.

) ��^��¼ê (x+ y)3 3È©«�þ�é¡5�È©�". ½ö

È© =

∫ 1

−1
dx

∫ 1

−1
(x+ y)3 dy =

1

4

∫ 1

−1
dx((x+ 1)4 − (x− 1)4) = 0.

ùp, �È¼ê´ x �Û¼ê, È©«m'u�:é¡, Ïd����È©�".

�!3!¦�þ ~a =~i+~j + ~k � ~b =~i+ 2~j + 3~k ��¦ ~a×~b.

) ��O� ~a×~b =~i− 2~j + ~k.

�!4!¦ f(x, y) = ex+y 3�:� 4 �Taylor Ðmª.

) Ï�
∂i+jf(x, y)

∂xi∂j
= ex+y,, ¤±

f(x, y) = 1 + (x+ y) +
1

2!
(x+ y)2 +

1

3!
(x+ y)3 +

1

4!
(x+ y)4.

�!� f(x, y) k 2 )ëY �ê,
∂f

∂y
6= 0, ¦ f(x, y) = 0 (½�Û¼ê y = ϕ(x) �

���ê£^ f ����êL«¤.

1



) 3ð�ª f(x, ϕ(x)) = 0 ü>é x ©O¦��Ú���êµ

���: f ′x(x, ϕ(x)) + f ′y(x, ϕ(x))ϕ′(x) = 0

���: f ′′xx + f ′′xyϕ
′ + (f ′′yx + f ′′yyϕ

′)ϕ′ + f ′yϕ
′′ = 0.

d1���§)Ñ

ϕ′(x) = −fx(x, ϕ(x))

f ′y(x, ϕ(x))
.

�\1���§¿)Ñ ϕ′′ �

ϕ′′(x) = −
f ′′xx(f ′y)

2 − 2f ′′xyf
′
xf
′
y + f ′′yy(f

′
x)2

(f ′y)
3

��±��éϕ′(x) = −fx(x, ϕ(x))

f ′y(x, ϕ(x))
UY¦�, ��þ´���.

n!O�È©

I =

∫
V

(x2 + y2 + z2) dx dy dz

Ù¥V =
{

(x, y, z) | x2

a2
+ y2

b2
+ z2

c2
6 1, x, y, z > 0

}
) - x = au, y = bv, z = cw,

∂(x, y, z)

∂(u, v, w)
= abc.

I = abc

∫
V ′

(a2u2 + b2v2 + c2w2) du dv dw

Ù¥V ′ = {(u, v, w) | u2 + v2 + w2 6 1, u, v, w > 0}. 5¿�È©∫
V ′
u2 du dv dw =

1

3

∫
V ′

(u2 + v2 + w2) du dv dw

=
1

3

∫ �
2

0

dθ

∫ �
2

0

dϕ

∫ 1

0

r4 sin θ dr =
1

30
�

¤±

I =
1

30
abc(a2 + b2 + c2)�.

�K31�gC��, �,È©«�C�{ü
, �´�È¼ê��5E,. c[*

	uy�È¼ê3¥þ�È©äk,«é¡5. ÏdÈ©��¿©|^�È¼ê½È

©«��é¡5, �KXJé∫
V ′

(a2u2 + b2v2 + c2w2) du dv dw

2



��^¥�IC�, ¬��O\O�JÝ.

o!� x, y, z > 0, x+y+z = 1,Á^Lagrange¦ê{¦ f(x, y, z) = xaybzc (a, b, c > 0)

����.

) -

F (x, y, z) = xaybzc + λ(x+ y + z − 1),

7::

∂F

∂x
= axa−1ybzc + λ = 0,

∂F

∂y
= bxayb−1zc + λ = 0,

∂F

∂z
= cxaybzc−1 + λ = 0,

x+ y + z − 1 = 0.

þ¡cn��§©O¦± x, y, z �\�2|^1o��§�

λ = −(a+ b+ c)xaybzc,

�\cn��§©O�

x0 =
a

a+ b+ c
, y0 =

b

a+ b+ c
, z0 =

c

a+ b+ c
,

duD = {(x, y, z) | x+ y+ z = 1, x, y, z > 0´�m¥k.48. ëY¼êf(x, y, z) =

xaybzc 3 D þ�½�����, qÏ�f 3 D þ����, 3> x = 0, ½ y = 0, ½

z = 0 þ¼ê���", Ïd�U3���7:�����, ����

f(x0, y0, z0) =
aabbcc

(a+ b+ c)a+b+c
.

¦^�4��, ��âK¿, ©Û7:´Ä´4�:½��:.

Ê!�ëêC� u = u(x, y), v = v(x, y) k��ëY��ê, ¿÷v

∂u

∂x
=
∂v

∂y
,
∂u

∂y
= −∂v

∂x
,

y²é?¿��ëY��¼ê z = f(x, y), k

∂2z

∂x2
+
∂2z

∂y2
=

((
∂u

∂x

)2

+

(
∂u

∂y

)2
)
∂2z

∂u2
+
∂2z

∂v2

3



y² �â^�ØJ�y

∂2u

∂x2
+
∂2u

∂y2
= 0,

∂2v

∂x2
+
∂2v

∂y2
= 0,

|^þª��O�
∂z

∂x
,
∂2z

∂x2
,
∂z

∂y
,
∂2z

∂y2
,

=�.

�K�1�K8¥�N
Ø�ÓÆéõCþ�EÜ¼ê¦��3n)þÚO�þ�

V­¯K. EÜ¼ê¦�´�ê$��Ä��¯K, F"@ýé�.

8!1. ¦ý¥
x2

9
+
y2

16
+
z2

25
= 1 3: M0

(
√

3,
4
√

3

3
,

5
√

3

3

)
��²¡ Π;

2. � V ´�²¡ Π �n��I²¡�¤�«�, ¦È©

I =

∫∫∫
V

x
(√

3− y

4
− z

5

)
dx dy dz

) P

F (x, y, z) =
x2

9
+
y2

16
+
z2

25
− 1,

=⇒ ∇F = 2
x

9
~i+ 2

y

16
~j + 2

z

25
~k,

Ïd3 M0,k

∇F (M0) =
2
√

3

3

(
1

3
~i+

1

4
~j +

1

5
~k

)
.

�� ∇F (M0) ²1��þ ~n = 1
3
~i+ 1

4
~j + 1

5
~k ���²¡�{�þ��²¡�§�

1

3
(x−

√
3) +

1

4

(
y − 4

√
3

3

)
+

1

5

(
z − 5

√
3

3

)
= 0

=⇒ x

3
+
y

4
+
z

5
−
√

3 = 0

4



¦È©:

I =

∫∫∫
V

x
(√

3− y

4
− z

5

)
dx dy dz

=

∫∫
y
4
+ z

5
6
√
3,y,z>0

(√
3− y

4
− z

5

)
dy dz

∫ 3(
√
3− y

4
− z

5
)

0

x dx

2

9

∫∫
y
4
+ z

5
6
√
3,y,z>0

(√
3− y

4
− z

5

)3
dy dz =

81

2

√
3

�KÄk�O� ∇F (M0), Ïd��À�� ∇F (M0) ²1��þ���²¡�{�

þ=�, ¦�U{z. {z�8�´�
?�ÚO�ME^�. ÄKO\O�JÝÚ

Ñ�Ç.

Ô!� A,B,C ´²¡þØ���n:, �n�/ 4ABC k��S�> 120◦. �Ä

²¡þXe¼ê

f(P ) = |
−→
PA|+ |

−−→
PB|+ |

−→
PC|

1. y²¼ê f(P ) �±3²¡þ�����.

2. ¦¼ê f(P ) 3��:�FÝ.

3. y²¼ê f(P ) vk7:, ¦¼ê����¿`²nd.

y² Ï�¼ê f(P ) ëY, �

lim
P→+∞

f(P ) = +∞.

Ïd���?¿~êM > f(A),K�3 R > 0,¦�� |
−→
OP | > R�,Òk f(P ) > M.

dd�ä f(P ) � D = {P (x, y) | |
−→
OP | 6 R} 	���u M .

Ï� D ´�m¥k.48, Ïd f(P ) 3 D þ�����, T����´ f(P )

3²¡þ����.

qÏ�

∇f(P ) = −

( −→
PA

|
−→
PA|

+

−−→
PB

|
−−→
PB|

+

−→
PC

|
−→
PC|

)
.

Ø A,B,C n:	ëY£n� �êëY¤, Ïd��. �3 A,B,C ?Ø��.

'u1n¯�æ��y{. XJ f k7: P0 K

∇f(P0) = 0,=⇒
−−→
P0A

|
−−→
P0A|

+

−−→
P0B

|
−−→
P0B|

+

−−→
P0C

|
−−→
P0C|

= 0,

5



Ïdn�ü �þ
−−→
P0A

|
−−→
P0A|

,

−−→
P0B

|
−−→
P0B|

,

−−→
P0C

|
−−→
P0C|

�mY�� 120◦, �Ò´
−−→
P0A,

−−→
P0B,

−−→
P0C

�Y��´ 120◦. ¿� P0 � A,B,C üüØ��.

�âK¿, Ø��n�/ 4ABC ¥ ∠BAC > 120◦. P∠P0AB = α, Ïd

∠P0AC > 120◦ − α, ddíÑ

34P0AB ¥ : ∠P0BA = 60◦ − α,

34P0AC ¥ : ∠P0CA < α− 60◦.

gñ. Ïd¼ê f vk7:.

du¼ê3��?vk7:, Ïd����U3Ø���n: A,B,C ?��,

=

min f(P ) = min{f(A), f(B), f(C)}.

?�Ú��, en�/ 4ABC ¥ ∠BAC > 120◦, K

min f(P ) = f(A) = |
−−→
PB|+ |

−→
PC|.

�KÄk©Û3²¡þ�����. Ï�²¡Ø´k.48, ØU��¦^/ëY¼

ê����0�(J. =¦¼ê´��, ke(., �ØU�y�����, ~X e−x
2

3��þe(.´ 0, �´�Ø����. Aò²¡y©�üÜ©, �Ñ����½3

��k.48�¥, l
�yU�����.

l!� f ´½Â3 D = {(x, y) | x2 + y2 < 1} þ�n�ëY��¼ê, � f(0, 0) = 0.

1. y²�3 D þ2�ëY��¼ê g1, g2 ÷v

f(x, y) = xg1(x, y) + yg2(x, y).

2. q� ∇f(0, 0) = 0, �

det


∂2f

∂x2
∂2f

∂x∂y
∂2f

∂x∂y

∂2f

∂x2

 (0, 0) < 0

y²3�:�����S�3C� x = x(u, v), y = y(u, v) ¦�

f(x(u, v), y(u, v)) = u2 − v2.

6



y² Ï�

f(x, y) =

∫ 1

0

df(tx, ty)

dt
dt =

∫ 1

0

[xf ′x(tx, ty) + yf ′y(tx, ty)] dt.

-

g1(x, y) =

∫ 1

0

f ′x(tx, ty) dt, g2(x, y) =

∫ 1

0

f ′y(tx, ty) dt,

Òk

f(x, y) = xg1(x, y) + yg2(x, y).

�
y² g1, g2 ���5, k

g1(x+h, y)−g(x, y) =

∫ 1

0

(f ′x(tx+th, ty)−f(tx, ty)) dt =

∫ 1

0

tf ′′xx(tx+tθh, ty) dt (0 < θ < 1).

Ïd

lim
h→0

g1(x+ h, y)− g(x, y)

h
= lim

h→0

∫ 1

0

f ′′xx(tx+ tθh, ty) dt =

∫ 1

0

tf ′′xx(tx, ty) dt.

ùpÏ� f ′′xx ëY, ¤±∣∣∣∣∫ 1

0

f ′′xx(tx+ tθh, ty) dt−
∫ 1

0

tf ′′xx(tx, ty) dt

∣∣∣∣ 6 ∫ 1

0

t|f ′′xx(tx+tθh, ty)−f ′′xx(tx, ty)| dt→ 0.

ùp¢Sþ^�
ëCþÈ©�¦�¯K, �¡ò�ù�, �¢Sy²¿Ø(J.

aq�{�y² g1, g2 2�ëY��.

'u1�¯�y²Xe:

Ï� ∇f(0, 0) = 0,=⇒ f ′x(0, 0) = f ′y(0, 0) = 0. |^1�¯�(J

f ′x(x, y) = g1(x, y) + xg′1x(x, y) + yg′2x(x, y)

¤± f ′x(0, 0) = g1(0, 0) = 0, Ón� g2(0, 0) = 0. ©Oé g1(x, y) Ú g2(x, y) ¦^1�

¯�(J, �3 a1(x, y), b1(x, y) Ú a2(x, y), b2(x, y) ¦�

g1(x, y) = xa1(x, y) + yb1(x, y), g2(x, y) = xa2(x, y) + yb2(x, y).

�\ f(x, y) �L�ª�

f(x, y) = x2a(x, y) + 2xyb(x, y) + y2c(x, y).

ùp�
{z§·�-

a(x, y) = a1(x, y), b(x, y) =
b1(x, y) + b2(x, y)

2
, c(x, y) = b2(x, y).

7



��O��

∂2f

∂x2
(0, 0) = a(0, 0),

∂2f

∂x∂y
(0, 0) = b(0, 0),

∂2f

∂y2
(0, 0) = c(0, 0)

¤±

det

(
∂2f
∂x2

∂2f
∂x∂y

∂2f
∂x∂y

∂2f
∂x2

)
(0, 0) = det

(
a b

b c

)
(0, 0) = (a2 − bc)(0, 0) < 0

Ï� a(x, y), b(x, y), c(x, y) ëY, Ø�� a(0, 0) > 0, Ïd3�:����Sk

a(x, y) > 0, a2(x, y)− b(x, y)c(x, y) < 0, 3T��SòL�ª

f(x, y) = x2a(x, y) + 2xyb(x, y) + y2c(x, y).

z�Xe/ª

f(x, y) =

(
x
√
a+ y

b√
a

)2

+

(
c− b2

a

)
y2.

-

u = x
√
a+ y

b√
a
, v = y

√
b2

a
− c,

��O��
∂(u, v)

∂(x, y)

∣∣∣
x=0,y=0

=
√
b2 − ac

∣∣∣
(0,0)

> 0

¤±3�:NC�3_C�

x = x(u, v), y = y(u, v)

¦�

f(x(u, v), y(u, v)) = u2 − v2.
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