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§9.6 �þ|��û

9.6.1 �þ|

¤¢�þ|´��m¥,�«�¥, z�:éA���þ. �þ|´Ô

n�Æ�¥6�|!å|!>|!̂ |�/|0�Vg�V).

~XXã9.1 ¤«�°�¥Y6��Ý|, z���þw«T:?Y6

�Ý���Ú��, �Ý|���/¤���/, KL²Y63d/¤�

�µ6.
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�m¥Ú?�IX,�þ|�^�IX5L«.

XJ�mÚ\���IX [O;~i,~j,~k], @o�m¥��:Ò�±d�I

L«M(x, y, z),ù�:éA��þ ~v �±L«�

~v(x, y, z) = P (x, y, z)~i +Q(x, y, z)~j +R(x, y, z)~k, (x, y, z) ∈ D ⊂ R3,

Ù¥ P,Q,R¡��þ| ~v �©þ¼ê.

3²¡þÚ?���IX,@o²¡�þ|L«Xe

~v(x, y) = P (x, y)~i +Q(x, y)~j, (x, y) ∈ D ⊂ R2.

Ïd, �m¥��þ|Ò´�m¥��«���m���N�, ²¡¥

��þ|Ò´²¡¥��«��²¡���N�.

2/10

‖J I‖ J I �£ �¶ '4 òÑ



�þ| êþ| FÝ ÑÝÚ^Ý

�m¥L«: P � ��þ ~r =
−→
OP , ¡��m� ��þ|, 3��

�IXe

~r = x~i + y~j + z~k.

±�þ�M ¿ u�I�:��:,é u: (x, y, z)?�þ�m�

�:�Úå|L«Xe (ã9.2)

~F = −k
mM

r3
~r,

Ù¥ k ´Úå~ê, r =
√
x2 + y2 + z2.

ã 9.2
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²¡�þ|

~v(x, y) = −y~i + x~j

L«�´�����/¸^0G�þ| (ã9.3),Ï�

~r · ~v = (x~i + y~j) · (−y~i + x~j) = 0,

¤±T�þ|�A:´z�:��þÑ��%3�:����,¿��X�

�:�ål��,�þ��.

ã 9.3
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éu�þ| ~v(x, y, z),�e�4��3�
∂~v

∂x
= lim

∆x→0

~v(x + ∆x, y, z)− ~v(x, y, z)

∆x

Ò½Â� ~v(x, y, z) é x � �û, Ón�½Â ~v(x, y, z) é y Ú z � �

û. AO,3���IXe,e

~v(x, y, z) = P (x, y, z)~i +Q(x, y, z)~j +R(x, y, z)~k,

K'u x� �û�±L«�
∂~v

∂x
=
∂P (x, y, z)

∂x
~i +

∂Q(x, y, z)

∂x
~j +

∂R(x, y, z)

∂x
~k,

±9é y Ú z aq� �ûL«. XJ©þ¼ê P,Q,R këY� �ê,

@o·�¡�þ| ~v �1w�þ| .

�éu�þ|,·�¡�m¥�:éA��êþ¡�êþ|.

~XÔN¥z�:éA��þ�Ý!§Ý, 6N¥z�:éA�Ør

��Ñ´êþ|. ��½���IX�, êþ|Ò´: M(x, y, z) �¼ê

u(x, y, z).
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9.6.2 FÝ!ÑÝ�^Ý

�â�©�½Â, ¼ê φ(x, y, z) ��© dφ ´ dx, dy, dz ��5¼ê,

§�L«�

dφ =
∂φ

∂x
dx +

∂φ

∂y
dy +

∂φ

∂z
dz

= gradφ · d~r,

Ù¥

gradφ =
∂φ

∂x
~i +

∂φ

∂y
~j +

∂φ

∂z
~k,

d~r = dx~i + dy~j + dz~k.

Ïd¼ê��© dφ´¼ê�FÝ gradφ� d~r �:¦.
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3���IXe,½ÂXe�Î

∇ =~i
∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z
,

¿¡� Hamilton�Î½ Nabla�Î.

�Î ∇ ok�ûÚ�þü«$�á5. �Î ∇ �^3¼ê φ(x, y, z)

þÒ�Ñ
¼ê�FÝ

∇φ =
∂φ

∂x
~i +

∂φ

∂y
~j +

∂φ

∂z
~k = gradφ,

�Ïd��êþ|�FÝ´���þ|.

/^�Î ∇,¼ê φ��© dφ�±L«�

dφ = ∇φ · d~r.

du�Î ∇äk�þ5�,¤±��±��þ|©O�/:¦0Ú/�

¦0.
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3���IXe,�

~v(x, y, z) = P (x, y, z)~i +Q(x, y, z)~j +R(x, y, z)~k,

�þ| ~v �ÑÝ½ÂXe

div ~v = ∇ · ~v =
∂P

∂x
+
∂Q

∂y
+
∂R

∂z
.

Ïd,���þ|�ÑÝ´��êþ|.

�þ|�^Ý½ÂXe

rot~v = ∇× ~v =

∣∣∣∣∣∣∣∣
~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

P Q R

∣∣∣∣∣∣∣∣ ,
=

(
∂R

∂y
−
∂Q

∂z

)
~i +

(
∂P

∂z
−
∂R

∂x

)
~j +

(
∂Q

∂x
−
∂P

∂y

)
~k.

Ïd,���þ|�^Ý´���þ|.
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� φ, ψ ´êþ|, ~a, ~b��þ|,K

∇(φ + ψ) = ∇ϕ +∇ψ,

∇ · (~a +~b) = ∇ · ~a +∇ ·~b,

∇× (~a +~b) = ∇× ~a +∇×~b,

∇(φψ) = φ∇ψ + ψ∇φ,

∇ · (φ~a) = φ∇ · ~a + ~a · ∇φ,

∇ · (~a×~b) = ~b · ∇ × ~a− ~a · ∇ ×~b,

∇× (φ~a) = ∇φ× ~a + φ∇× ~a.

��±���ye�(J

rot gradφ = ∇×∇φ = ~0,

div rot~a = ∇ · (∇× ~a) = 0
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Hamilton�Î∇äk�þ�á5¦�§gCÚgC��±?1/:¦0,
Ù(J´��#��Î,P�

∆ = ∇ · ∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
·
(
∂

∂x
,
∂

∂y
,
∂

∂z

)
=
∂2

∂x2
+
∂2

∂y2
+
∂2

∂z2
,

¡� Laplace�Î,§�^3êþ| φ(x, y, z)þ�

∆φ =
∂2φ

∂x2
+
∂2φ

∂y2
+
∂2φ

∂z2
.
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