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1. lim
x→1

(
2

x− 1
− x+ 3

x2 − 1

)
; 2. lim

x→0

√
1 + x2 − 1

1− cosx
;

3. lim
n→∞

n( n
√
e− 1); 4. lim

x→+∞

(
1 +

1

1 + x

) 1

ln(1+ 1
x )

.

)

1. lim
x→1

(
2

x− 1
− x+ 3

x2 − 1

)
= lim

x→1

(
2x+ 2

x2 − 1
− x+ 3

x2 − 1

)
= lim

x→1

x− 1

x2 − 1
= lim

x→1

1

x+ 1
=

1

2
.

2. lim
x→0

√
1 + x2 − 1

1− cosx
= lim

x→0

x2

(1− cosx)(
√
1 + x2 + 1)

= lim
x→0

x2

1
2
x2(
√
1 + x2 + 1)

= 1.

3. lim
n→∞

n( n
√
e− 1) = lim

n→∞

e
1
n − 1
1
n

= lim
x→0+

ex − 1

x
= 1.

4. lim
x→+∞

(
1 +

1

1 + x

) 1

ln(1+ 1
x )

= lim
x→+∞

(
1 +

1

1 + x

)(1+x) 1

(1+x) ln(1+ 1
x )

= lim
x→+∞

(
1 +

1

1 + x

)(1+x) x
1+x

= e

�!(24 ©) ¦¼ê f(x) ��ê:

1. f(x) =
lnx

2 + sin x
; 2. f(x) = x55x;

3. f(x) =

ln(1 + x), −1 < x < 0

ex − 1, x > 0
; 4. f(x) ´ y = (x2 + 1)ex ��¼ê.

)

1.

(
lnx

2 + sin x

)′
=

2 + sin x− x(cosx) lnx
x(2 + sin x)2

;

2. (x55x)′ = 5x45x + x55x ln 5 = x45x+1 + x55x ln 5;

3. f ′(x) =

 1
1+x

, −1 < x < 0

ex, x > 0
;

4. f ′(x) =
1

(f(x) + 1)2ef(x)
=

f 2(x) + 1

x(f(x) + 1)2
.
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x = cos t+ t sin t

y = sin t− t cos t
¤L«��3 t = π

4
?����§,

¿¦
d2y

dx2
.

) Ï�

dx = (− sin t+ sin t+ t cos t) dt = t cos t dt

dy = (cos t− cos t+ t sin t) dt = t sin t dt,

¤± dy
dx

= sin t
cos t

= tan t. 3 t = π
4
?, k x =

√
2
2
(1 + π

4
), y =

√
2
2
(1 − π

4
), dy

dx
= 1. �,

3 t = π
4
?����§�

y = x− π
√
2

4
.

d2y

dx2
=

d dy
dx

dt
· dt
dx

=
d tan t

dt
· 1

dx
dt

=
1

cos2 t
· 1

t cos t
=

1

t cos3 t
.

o!(10 ©) ¯¼ê f(x) = e10|x−2|−x
2

´Ä���? XJk, �¦Ñ���.

) w, f(x) ëY� lim
x→∞

f(x) = 0, f(0) = e20 > 0. Ïd f(x) k���. Ï�

f(x) =

e10(x−2)−x
2
, x > 2

e10(2−x)−x
2
, x < 2,

f ′(x) =

e10(x−2)−x
2
(10− 2x), x > 2

e10(2−x)−x
2
(−10− 2x), x < 2,

¤± f(x) kü�7: x = 5, x = −5. du f(2) = e−4, f(5) = e5, f(−5) = e45. �,

f(x) 3 x = −5 ���� e45.
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Ê!(8 ©) � f(x) =
1

1 + x+ x2
. ¦ f (3n+2)(0).

) Ï� (x3 − 1)f(x) = x− 1, ¤±�â Leibniz úª, k

n∑
k=0

(
n

k

)
(x3 − 1)(k)f (n−k)(x) = 0, n = 2, 3, · · · .

dd

(x3 − 1)f (n)(x) + 3nx2f (n−1)(x) + 3n(n− 1)xf (n−2)(x) + n(n− 1)(n− 2)f (n−3)(x) = 0.

3 x = 0 :, k

f (n)(0) + n(n− 1)(n− 2)f (n−3)(0) = 0.

´� f(0) = 1, f ′(0) = −1, f ′′(0) = 0. �, dþ¡�4íúª, ��

f (3n)(0) = (−1)n(3n)!,

f (3n+1)(0) = (−1)n+1(3n+ 1)!,

f (3n+2)(0) = 0.

8!(8 ©) � a1, · · · , an ´ n �¢ê, ÷v

|a1 sinx+ a2 sin 2x+ · · ·+ an sinnx| 6 | sinx| (∀ x ∈ R).

¦y: |a1 + 2a2 + · · ·+ nan| 6 1.

y² d^��∣∣∣∣a1 sinxx + a2
sin 2x

x
+ · · ·+ an

sinnx

x

∣∣∣∣ 6 ∣∣∣∣sinxx
∣∣∣∣ (x 6= 0).

5¿� lim
x→0

sin kx

x
= k. 3þ¡�Ø�ª¥4 x→ 0, =�

|a1 + 2a2 + · · ·+ nan| 6 1.
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Ô!(8 ©) � a1 > 0, an+1 = an +
1
an

(n = 1, 2, · · · ). ¦ lim
n→∞

an√
n
.

) d4íúª�� an > 0, Ïd {an} ´î�4O�ê�. e {an} k.,

K {an} Âñ����ê a, Ï an+1 − an → 0. �d4íúª 1
a
= lim

n→∞
1
an

=

lim
n→∞

(an+1 − an) = 0. ù´gñ�. �, an î�4OuÑ� +∞.
d4íúª

a2n+1 = a2n + 2 +
1

a2n
.

d Stolz ½n,

lim
n→∞

a2n
n

= lim
n→∞

a2n+1 − a2n
n+ 1− n

= lim
n→∞

(
2 +

1

a2n

)
= 2.

�, lim
n→∞

an√
n
=
√
2.

l!(8 ©) � f(x) 3 [0, 1] þ�K���, f(0) = 1, f(1) = 1√
3
. ¦y: �3 ξ ∈ (0, 1)

÷v f 3(ξ) + f ′(ξ) = 0.

y² e f(x) 3 (0, 1) ¥k": x0, K x0 ´ f(x) 3«mSÜ����:, Ï

 f(x0) = f ′(x0) = 0. d�� ξ � x0 =�.

e f(x) 3 (0, 1) ¥Ã":, K f(x) > 0. - g(x) = − 1
2f2(x)

+ x. K g(x) 3 [0, 1]

��, �k g(0) = g(1) = −1
2
. �â�©¥�½n, �3 ξ ∈ (0, 1) ¦� g′(ξ) = 0, =,

f ′(ξ)

f 3(ξ)
+ 1 = 0.

�, f 3(ξ) + f ′(ξ) = 0.
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