
§11.2 êþ|3¡þ�È©

11.2.1 ¡�¡È

� S ´�Ü1w¡,Ùëê�§�:

~r = ~r(u, v) = x(u, v)~i + y(u, v)~j + z(u, v)~k, (u, v) ∈ D,

= x(u, v), y(u, v), z(u, v)äkëY� �ê,�

~r′u × ~r
′
v 6= 0

ùp D ´ëCþ (u, v)¤3²¡¥���k¡È�«�.

~r(u, v)Ò´��²¡«� D � R3 ��KN�.
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^²1u Ouv �I¶��� u = ui, v = vj �©�«� D, Ù¥�

��«� Dij = {(u, v) : ui 6 u 6 ui+1, vj 6 v 6 vj+1} éA3 S þ

Ò����f¡ Sij, §dü^ u � v = vj, v = vj+1 Úü^ v �

u = ui, u = ui+1�¤. � ∆ui = ui+1− uiÚ ∆vj = vj+1− vj Ñé��, Sij

�±Cqw¤d ~r(ui+1, vj)− ~r(ui, vj)Ú ~r(ui, vj+1)− ~r(ui, vj)Ü¤�²1

o>/.

O
u

v

O
x

y

z
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Ï�

~r(ui+1, vj)− ~r(ui, vj) = ~r′u(ui, vj)∆ui + o(∆ui),

~r(ui, vj+1)− ~r(ui, vj) = ~r′v(ui, vj)∆vj + o(∆vj),

¤±, Sij �¡È

∆Sij ≈ |~r′u(ui, vj)× ~r′v(ui, vj)|∆ui∆vj.

u´¡ S �¡È

S =

∫∫
D

|~r′u(u, v)× ~r′v(u, v)| dudv.
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du

(~r′u × ~r
′
v)

2 = ~r′2u~r
′2
v − (~r′u · ~r

′
v)

2,

·

E = ~r′2u = x′2u + y′2u + z′2u ,

G = ~r′2v = x′2v + y′2v + z′2v ,

F = ~r′u · ~r
′
v = x′ux

′
v + y′uy

′
v + z′uz

′
v,

Ò��¡ S þ�¡È��

dS = |~r′u(u, v)× ~r′v(u, v)| dudv =
√
EG− F 2dudv, (11.1)

Ú¡ S �¡È���O�úª

S =

∫∫
D

√
EG− F 2dudv. (11.2)
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� F = ~r′u · ~r
′
v = 0�,`² u�Ú v ����þ�pR�,¤± u

�Ú v �3¡þ?�
���pR����.

�¡ S ´²¡«��,e S �ëê�§�

x = x(u, v), y = y(u, v), z = 0, (u, v) ∈ D.

K

|~r′u × ~r
′
v| =

∣∣∣∂(x,y)
∂(u,v)

∣∣∣ ,
¡È��

dσ =
∣∣∣∂(x,y)
∂(u,v)

∣∣∣ dudv.
2g���È©¥²¡«� S Ú²¡«� D �mC�¥¡È���m�

'X.
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XJ¡ S ´½Â3«� D þ���¼ê z = f(x, y)�Ñ,ù��ò

x, y w�ëCþ,¡ S �ëê�§Ò�AO�/ª

~r = ~r(x, y) = (x, y, f(x, y)) (x, y) ∈ D,

Ï

~r′x = (1, 0, f ′x), ~r′y = (0, 1, f ′y).

u´

E = 1 + f ′2x , G = 1 + f ′2y , F = f ′xf
′
y.

dd�

dS =
√

1 + f ′2x + f ′2y dxdy

9

S =

∫∫
D

√
1 + f ′2x + f ′2y dxdy. (11.3)

XJ¡��§� x = g(y, z)½ y = h(z, x),(J´aq�.
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~ 1 ¦�»� R�¥�L¡È.

) �¥¡ S �ëê�§�

~r : x = R sin θ cosϕ, y = R sin θ sinϕ, z = R cos θ,

(0 6 θ 6 π, 0 6 ϕ 6 2π).

O���

~r′θ = (R cos θ cosϕ, R cos θ sinϕ, −R sin θ),

~r′ϕ = (−R sin θ sinϕ, R sin θ sinϕ, 0).

E = R2, F = 0, G = R2 sin2 θ.

¤±¥¡¡È��´

dS = R2 sin θdθdϕ.

�,¥¡¡È�

S =

∫ π

0

dθ

∫ 2π

0

R2 sin θdϕ = 4πR2.
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~ 2 ¦¥¡ x2 + y2 + z2 = R2 �Î¡ x2 + y2 = Rx ¤�e�¡¡

È.

) dué¡5, ��¤¦¡�¡È´§31�%�S¡È�o�.

æ^¥¡�I� dS = R2 sin θdθdϕ. �(½ëê θ, ϕ �Cz«� D, r¥

¡�ëê�§�\Î¡�§ x2 + y2 = Rx��k sin θ = cosϕ,Ï�31�

%�¥ 0 6 θ 6 π
2
, 0 6 ϕ 6 π

2
, ¤±ùüÜ¡���3¥¡�Ie��§

� θ = π
2
− ϕ.Ïd D : 0 6 ϕ 6 π

2
, 0 6 θ 6 π

2
− ϕ,l��

S = 4

∫∫
D

R2 sin θdθdϕ

= 4R2

∫ π
2

0

dϕ

∫ π
2−ϕ

0

sin θ dθ

= 4R2

∫ π
2

0

(1− sinϕ)dϕ

= 2R2(π − 2). x

y

z
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~ 3 O��I¡ y2 + z2 = x2 �Î¡ y2 + z2 = R2 ¤�e�¡ S �

¡È

) �Ñ�¡3²¡Oyzþ�ÝK«�D´�»�R�� y2+z2 6

R2 (eã¥xÑ
¡3 x��¶Ü©),¤±

σ(S) = 2

∫∫
D

√
1 + x′2y + x′2zdydz = 2

∫∫
D

√
2dydz = 2

√
2πR2.
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