
Ä�Vg ��Âñ Cauchy OK

§7.2 ¼ê�?ê

7.2.1 Ä�Vg

� u1(x), u2(x), · · · , un(x), · · · ´½Â3 E þ���¼ê. ¡Úª
∞∑
n=1

un(x) = u1(x) + u2(x) + · · · + un(x) + · · · .

� E þ�¼ê�?ê. é x0 ∈ E,
∑∞

n=1 un(x0)Ò´��ê�?ê. XJd

?êÂñ,K¡ x0 �þ¡¼ê�?ê�Âñ:,XJuÑ,K¡�uÑ:.

Ø��¼ê�?ê�Âñ:8�N� [a, b],¤±

x ∈ [a, b], x −→
∞∑
n=1

un(x) = S(x)

½Â
��¼ê. ½ö,P

Sn(x) = u1(x) + u2(x) + · · · + un(x),
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�¼ê�?ê�c n ��Ü©Ú, XJ�3¼ê S(x), ¦�é?¿ x0 ∈
[a, b], ê� Sn(x0) Âñ� S(x0), K¡¼ê�?ê

∑∞
n=1 un(x) 3«m [a, b]

þÅ:Âñu¼ê S(x).¡ S(x)�?ê
∑∞

n=1 un(x)�Ú¼ê.

l½Â¥·���, ¼ê�?ê�Âñ, Ò´Ü©Ú¤�¤�¼ê��

Âñ¯K.

~ 1 ?Ø
∞∑
n=0

xn �Âñ5.

) ¼ê�?ê
∑∞

n=0 x
n 3 (−∞,+∞)þÑk½Â (éu�½� x,Ò

´��AÛ?ê),��3 (−1, 1)þÂñ,¿k
∞∑
n=0

xn =
1

1− x
.

� |x| > 1�,?êuÑ.
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3k�¦ÚL§¥, ¼ê�ëY5, ±9��!�È�)Û5�Ñ�±.

éuÃ�¦Ú,Ú¼ê´Ä�UU«ù
5�? =

¯K 1 Ï� un(x)ÑëY,´Ä =⇒ S(x)ëYº

¯K 2 Ï� un(x)Ñ��,´Ä =⇒ S(x)��ºXJ��,´Äk

S′(x) =

(
∞∑
n=1

un(x)

)′
=

∞∑
n=1

u′n(x)?

¯K 3 Ï� un(x)Ñ�È,´Ä =⇒ S(x)�ÈºXJ�È,´Äk∫ b

a

S(x) dx =

∫ b

a

(
∞∑
n=1

un(x)

)
dx =

∞∑
n=1

∫ b

a

un(x)dx?

kéõ~fL²XJØ\^�, @oþ¡�¯K�£�Ñ´Ä½�. �


���½�(J·�I�V\,
^�.
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~ 2 � u1(x) = x,

un(x) = xn − xn−1, (n = 2, 3, · · · ),

K

Sn(x) =

n∑
k=1

uk(x) = xn (n = 1, 2, · · · .)

w, Sn(x)Ñ3 [0, 1]þëY���. Ï�

S(x) = lim
n→∞

Sn(x) =

0, x ∈ [0, 1);

1, x = 1,

¤± S(x)3 1ØëY,�,�Ø��.

d~`²ëY¼ê��4�Ø�½ëY,�`²Ï�´ëY¼ê�?ê,

ÙÚ¼ê�7ëY.
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~ 3 � {r1, r2, · · · }´ [0, 1]þ�Nknê. -

Sn(x) =

1, x ∈ {r1, r2, · · · , rn};

0, x 6∈ {r1, r2, · · · , rn},

K

S(x) = lim
n→∞

Sn(x) =

1, x´ [0, 1]¥knê;

0, x´ [0, 1]¥Ãnê,

w, Sn(x)3 [0, 1]�È,� S(x)3 [0, 1]Ø�È.

d~`²�È¼ê��4�Ø�½�È.�`²Ï�Ñ�È�¼ê�?

ê�Ú¼êØ�½�È.
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~ 4 �

Sn(x) = 2n2xe−n
2x2 (n = 1, 2, · · · ), x ∈ [0, 1].

Kk

S(x) = lim
n→∞

Sn(x) = 0.

w, Sn(x)Ú S(x)Ñ3 [0, 1]þ�È,�∫ 1

0

Sn(x) dx =

∫ 1

0

(−e−n2x2)′dx = 1− e−n2 → 1, (n→∞),∫ 1

0

S(x) dx = 0.

d~`²=B Sn(x)Ú§�4�¼ê S(x)Ñ3«m [a, b]�È,���

Ø�½k

lim
n→∞

∫ b

a

Sn(x) dx =

∫ b

a

S(x) dx.
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~ 5 �

Sn(x) =
sinnx
√
n

(n = 1, 2, · · · ), x ∈ (−∞,+∞),

K

S(x) = lim
n→∞

Sn(x) = 0.

w, Sn(x)Ú S(x)Ñ3 (−∞,+∞)þ��,� S′(x) = 0,�

S′n(x) =
√
n cosnx 6→ 0 = S′(x) (n→∞).

d~`²=B Sn(x) Ú§�4�¼ê S(x) Ñ3«m [a, b] þ���,

Sn(x)��¼ê�UØ�½Âñ,=BÂñ�Ø�½Âñ� S(x)��¼ê.
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7.2.2 ��Âñ5

kl¼ê��Âñ5`.

¼ê� {fn(x)}3«m [a, b]þÂñu¼ê f(x)⇐⇒
∀ x0 ∈ [a, b], ∀ ε > 0, ∃ N = N(x0, ε) ∈ N,� n > N �,k

|fn(x0)− f(x0)| < ε.

��5`, þ¡� N Ø=�6u ε ��6u x0, §L«�´¼ê�

{fn(x)}3 x0 :�Âñ¯ú, N ��Âñ��ú, N ��Âñ��¯. du

N ��� x0 k',Ïd3ØÓ:Âñ��ÝØÓ,=¯úØ��.

~X,¼ê� {xn}3 (0, 1)þÂñu 0. éu x ∈ (0, 1)9?¿ ε ∈ (0, 1),

�
 |xn − 0| < ε,7L n > ln ε
lnx
.Ïd,��I� N =

[
ln ε
lnx

]
. ù�� x��

C 1, N Ò��.Ø�3�Ó�é¤k:��¤á� N.
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¼ê�Ú¼ê�?ê3Âñ�þ�Âñ5, ��þ´“:�”�Âñ. 3

��Âñ:kØÓ�Âñ�Ý. �Âñ�Ýk,«�N���5�, ¡Ù�

��Âñ,O(/`Òke¡�½Â.

½Â 1 �¼ê� {fn(x)}3 E þÂñu f(x),XJé?¿�ê ε,Ñ�3

N > 0¦�� n > N �,é¤k x ∈ E Ñk

|f(x)− fn(x)| < ε,

K¡¼ê� {fn(x)}3 E þ��Âñu f(x)£½��ªu f(x)¤.

�½Â¥�¼ê�´¼ê�?ê
∞∑
n=1

un(x)�Ü©Ú�,=

fn(x) = Sn(x) =

n∑
k=1

uk(x),

þ¡�½Â�Ò�Ñ
¼ê�?ê���Âñ5�½Â.
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��Âñ�AÛ¿Â ∀ ε > 0, ∃ N(ε),� n > N(ε)�,�§

y = fn(x), (n = 1, 2, · · · )

L«��Ñá\^/«�

{(x, y) : x ∈ [a, b], y ∈ (f(x)− ε, f(x) + ε)}

O
x

y

a b

y = f(x)

y = fn(x)

y = f(x)− ε

y = f(x) + ε
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w, {fn(x)}��Âñu f(x)�du {f(x)− fn(x)}��ªu". Ï

d·�k�d�·K

½n 1 ¼ê� {fn(x)}3 E þ��Âñu f(x)�¿©7�^�´

lim
n→∞

βn = 0, Ù¥, βn = sup
x∈E
|fn(x)− f(x)|.

y² {fn(x)} 3 E þ��Âñu f(x)⇐⇒ ∀ ε > 0, ∃ N ∈ N, ¦�
� n > N �,k

|fn(x)− f(x)| < ε

é�� x ∈ E ¤á. Ïk

sup
x∈E
|fn(x)− f(x)| 6 ε,

=� n > N �,k 0 6 βn 6 ε.¤± lim
n→∞

βn = 0.
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~ 6 ?Ø¼ê� fn(x) =
1

x+n
3 [0, 1]þ���Âñ5.

) ?� ε > 0,� N > 1
ε
,� n > N �,

|fn(x)− 0| =
1

x + n
6

1

n
< ε

é¤k x ∈ [0, 1]Ñ¤á. ¤±T¼ê�3 [0, 1]þ��Âñu 0. ��±l

βn = sup
x∈[0,1]

|fn(x)− 0| =
1

n
→ 0

��ù�(Ø.

~ 7 ¼ê� {xn}3 [0, 1)þØ��Âñu 0.

y² Ï�

βn = sup
x∈[0,1)

|xn − 0| = 1 6→ 0, (n→∞),

¤± {xn}3 [0, 1]þØ��Âñu 0.
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~ 8 ?Ø¼ê� fn(x) =
nx

1+n2x2
3©O«m (0, 1)Ú [1,+∞)þ���

Âñ5.

) w, fn(x)3 RþÅ:Âñu 0. 3 (0, 1)þk

βn = sup
x∈(0,1)

∣∣∣∣ nx

1 + n2x2

∣∣∣∣ > fn

( 1
n

)
=

1

2
6→ 0,

¤±T¼ê�3«m (0, 1)þØ��Âñ.

3«m [1,+∞)þ,k

βn = sup
x∈[1,+∞)

∣∣∣∣ nx

1 + n2x2

∣∣∣∣ 6 sup
x∈[1,+∞)

∣∣∣ nx
n2x2

∣∣∣ 6 1

n
→ 0 (n→∞),

¤±T¼ê�3«m [1,+∞)þ��Âñ.

¯K T¼ê�3«m [δ,+∞) (δ > 0)þ´Ä��Âñ?
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~ 9 ?Ø¼ê� fn(x) = 2n2xe−n
2x2 3«m [0, 1]þ���Âñ5.

) 3«m [0, 1]þ,w,k lim
n→∞

fn(x) = 0.q

βn = sup
x∈[0,1]

|fn(x)− 0|

>

∣∣∣∣fn( 1n)
∣∣∣∣ = 2ne−1 6→ 0 (n→∞),

¤±T¼ê�3«m [0, 1]þØ��Âñ.

¯K «m [0, 1]¥�=�:K�
ù�¼ê����Âñ5?
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½n 2 (¼ê���Âñ� CauchyOK) ¼ê� {fn(x)}3 E þ��Âñ

�¿©7�^�´: é?���ê ε,�3 N > 0,¦�� n > N �,é?

Û��ê pÚ x ∈ E Ñk

|fn+p(x)− fn(x)| < ε.

y² (=⇒) � {fn(x)} 3 E þ��Âñu f(x). K?¿ ε > 0 ∃
N = N(ε) ∈ N,¦�� n > N �,

|fn+p(x)− f(x)| <
ε

2
, |fn(x)− f(x)| <

ε

2
,

é�� p ∈ N9 x ∈ E ¤á. Ï

|fn+p(x)− fn(x)| < ε

é�� p ∈ N9 x ∈ E ¤á.
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(⇐=) d^��éz��½� x ∈ E, ê� {fn(x)} ´ Cauchy ê�, Ï

�3��ê,P� f(x)¦� fn(x)→ f(x) (n→∞).u´ f(x)´½Â3

E þ���¼ê,� {fn(x)}3 E þÅ:Âñu f(x).Ï�é?¿ ε > 0, ∃
N = N(ε) ∈ N,¦�� n > N �,

|fn+p(x)− fn(x)| < ε

é�� p ∈ N9 x ∈ E ¤á. 3dØ�ª¥- p→∞�

|f(x)− fn(x)| 6 ε

é�� x ∈ E ¤á. u´ {fn(x)}3 E þ��Âñu f(x).
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