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�!(�K 10 ©) � Φ(x, y, z) ´n���¼ê��§ Φ(x, y, z) = 0 U(½���Û

¼ê x = x(y, z), y = y(z, x), z = z(x, y). ¦ ∂x
∂y
· ∂y
∂z
· ∂z
∂x
.

) �âÛ¼ê¦�{K,

∂x

∂y
= −∂Φ

∂y

/
∂Φ

∂x
,

∂y

∂z
= −∂Φ

∂z

/
∂Φ

∂y
,

∂z

∂z
= −∂Φ

∂x

/
∂Φ

∂z
.

�, ∂x
∂y
· ∂y
∂z
· ∂z
∂x

= −1.
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�! (�K 10 ©) � F (x, y) ´����¼ê. ¦y�m¥�3�^��¦�d�§

F (x− ay, z − by) = 0 (a, b ´~ê) L«�­¡��²¡o�d��²1.

y² � G(x, y, z) = F (x− ay, z − by). K

G′
x = F ′

1, G
′
y = −aF ′

1 − bF ′
2, G

′
z = F ′

2.

Ïd, �²¡�{��

~n = (G′
x, G

′
y, G

′
z) = (F ′

1,−aF ′
1 − bF ′

2, F
′
2).

Ï� ~n · (a, 1, b) = 0, ¤±�²¡{��~�þ (a, 1, b) R�. �, �²¡�± (a, 1, b)

������²1.
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n! (�K 15 ©) ?Ø¼ê f(x, y) =


(x2 + y2) sin 1√

x2+y2
, x2 + y2 6= 0

0, x2 + y2 = 0
3�:�

��5, ±9§3�:� �ê´ÄëY?

) P ρ =
√
x2 + y2. K

f(x, y) = f(0, 0) + ρ2 sin
1

ρ
= o(ρ) (ρ→ 0).

ù`² f 3 (0, 0) ��, � ∂f
∂x

= ∂f
∂y

= 0.

∂f

∂x
= 2x sin

1

ρ
+ ρ2 cos

1

ρ
· −x
ρ3

= 2x sin
1

ρ
− x

ρ
cos

1

ρ
∂f

∂y
= 2y sin

1

ρ
+ ρ2 cos

1

ρ
· −y
ρ3

= 2y sin
1

ρ
− y

ρ
cos

1

ρ
.

(x, y) ÷�� y = x ªu (0, 0) �, ∂f
∂x
, ∂f
∂y
ÑÃ4�. �, §�ØëY.
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o!(�K 15©)� aj > 0, (j = 1, 2, · · · , n).¦¼ê f(x1, · · · , xn) = x21+x22+ · · ·+x2n
3^� a1x1 + a2x2 + · · ·+ anxn = 1 �e����.

) Ï� f ´�KXê�õ�ª, ¤± f 3¤�^�ek���, �Ã���.

�E¼ê

F (x1, · · · , xn, λ) =
n∑
i=1

x2i − λ

(
n∑
i=1

aixi − 1

)
.

�â Lagrange ¦ê{, f ��4��:A� F �7:, =k,

2xi − λai = 0, (i = 1, 2, · · · , n) (1)
n∑
i=1

aixi − 1 = 0. (2)

l (1)�� xi = λai
2
,�\ (2)� λ = 2∑n

i=1 a
2
i
.Ïd,����7: P =

(
a1
Mb1

, · · · , an
M

)
,

Ù¥ M =
∑n

i=1 a
2
i . T7:7� f 3¤�^�e����:. Ïd, 3¤�^�e f

����´
n∑
i=1

( ai
M

)2
=

1

M
.
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Ê!(�K 15 ©) ¦½Â3(/«� D = {(x, y) |x 2
3 + y

2
3 6 1} þ÷v f(1, 0) = 1 �

��ëY¼ê f(x, y) ¦�
∫∫
D

f(x, y)

f(y, x)
dxdy ����, ¿¦Ñù����.

) éÈ© I =
∫∫
D

f(x,y)
f(y,x)

dxdy �C� x → y, y → x, d D �é¡5, �

I =
∫∫
D

f(y,x)
f(x,y)

dxdy. Ï


I =
1

2

∫∫
D

(
f(x, y)

f(y, x)
+
f(y, x)

f(x, y)

)
dxdy >

∫∫
D

1dxdy = σ(D).

I − σ(D) =
1

2

∫∫
D

(√
f(x, y)

f(y, x)
−

√
f(y, x)

f(x, y)

)2

dxdy > 0.

I = σ(D) ��=� f(x, y) = f(y, x). �, ¤¦¼ê�¤k÷v f(x, y) = f(y, x) 9

f(1, 0) = 0 �ëY��¼ê. (.....8 ©)

D >.�ëê�§� x = cos3 ϕ, y = sin3 ϕ (0 6 ϕ 6 2π). �, I �����

σ(D) = 4

∫∫
06r61
06ϕ6π

2

3r sin2 ϕ cos2 ϕdrdϕ = 6

∫ π
2

0

sin2 ϕ cos2 ϕdϕ =
3

8
π. (.....7 ©)

8! (�K 15©)O�n­È©

∫∫∫
V

(x2+y2)5z dxdydz,Ù¥ V ´�ÎN x2+y2 6 1

�­¡ z =
√

3x2 + y2 + 1 9 Oxy ²¡¤�e�Ü©"

) P¤¦È©� I, K

I =

∫∫
x2+y261

(x2 + y2)5
∫ √3x2+y2

0

z dz =
1

2

∫∫
x2+y261

(x2 + y2)5(3x2 + y2 + 1)dxdy.

dé¡5, ∫∫
x2+y261

(x2 + y2)5x2 dxdy =

∫∫
x2+y261

(x2 + y2)5y2 dxdy,

�,

I =
1

2

∫∫
x2+y261

(x2 + y2)5(2x2 + 2y2 + 1)dxdy =
1

2

∫∫
06r61
06ϕ62π

r10(2r2 + 1) r drdϕ =
19

84
π.

1 3 �£� 4 �¤



Ô!£�K 10 ©¤� f(x, y) ´½Â3 D = R2 \ {(0, 0)} þ���ëY��¼ê, ÷

v ∇f 6= 0 � y ∂f
∂x

+ x∂f
∂y

= 0 (∀ (x, y) ∈ D). ¦ f(x, y) �����§.

) � x = x(t), y = y(t) (0 6 t 6 1) ´��� f(x, y) = C �ëê�§. K

f(x(t), y(t)) = C.

ü>éCþ t ¦�, �

x′(t)
∂f

∂x
+ y′(t)

∂f

∂y
= 0.

(Ü^� y ∂f
∂x

+ x∂f
∂y

= 0 ��

x(t)x′(t)− y(t)y′(t) = 0,

=, (x2(t)− y2(t))′ = 0.�, x2− y2 = C1 ´~ê. �Ò´` f 3 D þ�����§�

x2 − y2 = C1 (~ê).

l!£�K 10 ©¤� P ´� (x− a)2 + y2 = a2 (a > 0) þ�Ä:. l�: �L P

:����R�, Rv� Q. � P ÷�$Ä�, : Q �;,´ xy ²¡þ�^µ4­

�. ¦dµ4­��¤«��¡È.

) � A = (a, 0), Q :�I� (x, y), AB � x ¶Y�� θ. K

OQ = OB +BQ = a cos θ + a

x = OQ cos θ = a cos θ(1 + cos θ)

y = OQ sin θ = a sin θ(1 + cos θ), (0 6 θ 6 2π)

�, : Q �4�I�§�

r =
√
x2 + y2 = a(1 + cos θ).

Q �;,¤��«��¡È�

S =

∫ 2π

0

1

2
r2(θ) dθ =

a2

2

∫ 2π

0

(1 + cos θ)2dθ =
3

2
πa2.
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