
Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

12.3.1 Âñ5½n�y²

½n 1 (Dirichlet) �¼ê f(x)± 2π �±Ï,

1◦ XJ¼ê3?Ûk�«mþ´Åã1w�, K§� Fourier ?ê3��

ê¶þÑÂñ,�

a0

2
+

∞∑
n=1

(an cosnx + bn sinnx) =
f(x + 0) + f(x− 0)

2
;

2◦ XJ¼ê??ëY,�3?Ûk�«mþ´Åã1w�, KÙ Fourier?

êÒ3��ê¶þýé��Âñu f(x).

5, ùp¤¢¼ê f(x) 3k�«mþÅã1w´�¼êØk��:	,

f(x)ëY�këY��û f ′(x),ùk��:�U´ f(x)9 f ′(x)�1�

amä:.
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

� f(x) ´ [−π, π] þ�È½ýé�È¼ê, an, bn ´ f � Fourier Xê,

=

f(x) ∼
a0

2
+

∞∑
n=1

(
an cosnx + bn sinnx

)
.

3 x0 :, Fourier?ê�Ü©Ú�

Tn(x0) =
a0

2
+

n∑
k=1

(
ak cos kx0 + bk sin kx0

)
.

ò FourierXê�L�ª

ak =
1

π

∫ π

−π
f(x) cos kx dx, bk =

1

π

∫ π

−π
f(x) sin kx dx,

�\Ü©Ú¥,��
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

Tn(x0) =
1

2π

∫ π

−π
f(x)dx +

n∑
k=1

1

π

∫ π

−π
f(x)

(
cos kx cos kx0 + sin kx sin kx0

)
dx

=
1

π

∫ π

−π
f(x)

(
1

2
+

n∑
k=1

cos k(x− x0)

)
dx.

P Kn(x) =
1

2
+

n∑
k=1

cos kx,=,

Kn(x) =
sin (n + 1

2
)x

2 sin x
2

, x 6= 2mπ, m ∈ Z (12.1)

¡� DirichletØ¼ê,´��± 2π �±Ï�ó¼ê.

Ún 1 (Riemann-Lebesgue) � f(x)´ [a, b]þ�È½ýé�È¼ê(=,

e f k.,K f Riemann�È;e f Ã.,K |f |2Â�È),Kk

lim
λ→+∞

∫ b

a

f(x) cosλx dx = 0, lim
λ→+∞

∫ b

a

f(x) sinλx dx = 0.

3/16

‖J I‖ J I �£ �¶ '4 òÑ
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Tn(x0) =
1

π

∫ π

−π
f(x)Kn(x− x0) dx

=
1

π

∫ x0+π

x0−π
f(x)Kn(x− x0) dx

=
1

π

∫ π

−π
f(x + x0)Kn(x) dx

=
1

π

∫ π

0

f(x + x0)Kn(x) dx +
1

π

∫ 0

−π
f(x + x0)Kn(x) dx

=
1

π

∫ π

0

f(x + x0)Kn(x) dx +
1

π

∫ π

0

f(−x + x0)Kn(x) dx,

¤±

Tn(x0) =
1

π

∫ π

0

f(x0 + x) + f(x0 − x)
2 sin x

2

sin(n +
1

2
)x dx. (12.2)
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�¿©���ê δ,ò (11.2)ªmà�È©©�ü�Ü©,k

Tn(x0) =
1

π

∫ δ

0

F (x, x0) sin(n +
1

2
)x dx +

1

π

∫ π

δ

F (x, x0) sin(n +
1

2
)x dx

(12.3)

Ù¥

F (x, x0) :=
f(x0 + x) + f(x0 − x)

2 sin x
2

3 [δ, π]þ�È½ýé�È.d Riemann-LebesgueÚn(=,Ún 1)� (11.3)ª

mà1��È©� n → +∞�4�� 0. Ïd f(x)� Fourier?ê3 x0 ´

ÄÂñ,±9Âñ��o���È©

1

π

∫ δ

0

f(x0 + x) + f(x0 − x)
2 sin x

2

sin(n +
1

2
)x dx (12.4)

k'. du (11.4)ª�È©�� f 3 x0 NC��k',Ïd·���e¡Û

Üz½n.
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

½n 2 (ÛÜz½n) �¼ê f(x)± 2π �±Ï,3 [−π, π]þ�È½ýé
�È. K f(x) � Fourier ?ê3 x0 ´ÄÂñ±9Âñ��o�, �� f(x)

3 x0 �NC��k'.

5¿ �â½Â, Fourier Xê� f(x) 3«m [−π, π] þ��k'. Ïd

ÛÜz½nNy
 Fourier?êAO�?.

?�ÚkXe½n.

½n 3 (Dini ½n) �¼ê f(x) ± 2π �±Ï, 3 [−π, π] þ�È½ýé
�È.éu¢ê s,-

ϕ(t) = f(x0 + t) + f(x0 − t)− 2s.

e�3 δ > 0,¦�¼ê ϕ(t)
t
3 [0, δ]þ�È½ýé�È,K f(x)� Fourier

?ê3 x0 ?Âñu s.
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

y² ~�¼ê 1� Fourier?êE´ 1,¤±3 (12.2)¥- f = 1,��

1 =
2

π

∫ π

0

sin (n + 1
2
)x

2 sin x
2

dx. (12.5)

ò (11.2)ª~� (11.5)ª� s�,�

Tn(x0)− s =
1

π

∫ π

0

f(x0 + x) + f(x0 − x)− 2s

2 sin x
2

sin(n +
1

2
)x dx

=
1

π

∫ π

0

ϕ(x)

2 sin x
2

sin(n +
1

2
)x dx. (12.6)

Ï��â^� ϕ(x)
x
3 [0, δ]þ�È½ýé�È,¤±

ϕ(x)

2 sin x
2

=
ϕ(x)

x
·

x

2 sin x
2

�3 [0, δ] þ�È½ýé�È, Ïdd¼ê3 [0, π] þ��È½ýé�È. d

Riemann-LebesgueÚn�, (11.6)ªmà�È©� n→ +∞�ªu 0,=

lim
n→∞

Tn(x0) = s.
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

½Â 1 � f(x)3 x0 NCk½Â.XJ�3 δ > 0, L > 09 α > 0¦�

|f(x0 + t)− f(x0 + 0)| 6 Ltα; t ∈ (0, δ]

|f(x0 − t)− f(x0 − 0)| 6 Ltα, t ∈ (0, δ]

K¡ f(x)3 x0 NC÷v α� Lipschitz^�.

d Dini½n,�±��Xe½n

½n 4 �¼ê f(x)± 2π �±Ï,3 [−π, π]þ�È½ýé�È.e f(x)

3 x0 NC÷v α� Lipschitz^�,K f(x)� Fourier?ê3 x0 Âñu

s =
f(x0 + 0) + f(x0 − 0)

2
.

8/16

‖J I‖ J I �£ �¶ '4 òÑ



Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

y² � t ∈ (0, δ]�,-

ϕ(t) : =
(
f(x0 + t) + f(x0 − t)

)
− 2s

=
(
f(x0 + t) + f(x0 − t)

)
−
(
f(x0 + 0) + f(x0 − 0)

)
=
(
f(x0 + t)− f(x0 + 0)

)
+
(
f(x0 − t)− f(x0 − 0)

)
.

Kk

|ϕ(x)| 6 2Ltα.

¤± ∣∣∣∣ϕ(t)t
∣∣∣∣ 6 2L ·

1

t1−α
, 0 < t 6 δ.

� α > 1�, ϕ(t)
t
3 [0, δ]þk.��È.� 0 < α < 1�, ϕ(t)

t
3 [0, δ]þý

é�È.�â½n 3 (Dini½n)�, f(x)� Fourier?ê3 x0 Âñu

f(x0 + 0) + f(x0 − 0)

2
.
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½n 5 �¼ê f(x)± 2π �±Ï,3 [−π, π]þ�È½ýé�È.e f(x)

3 x0 ��,½3 x0 kk����ê f ′−(x0)Úm f ′+(x0),K f(x)� Fourier

?ê3 x0 Âñu f(x0).e f(x)3 x0 =kü�k��2Â�!m�ê:

lim
t→0+

f(x0 − t)− f(x0 − 0)

−t
, lim

t→0+

f(x0 + t)− f(x0 + 0)

t
,

K f(x)� Fourier?ê3 x0 Âñu

s =
f(x0 + 0) + f(x0 − 0)

2
.

y² e f(x) 3 x0 kü�k��2Â��êÚ2Âm�ê, K f(x)

3 x0 NC÷v 1� Lipschitz^�.Ïd(Ø¤á.
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� f(x) ´ (−∞,+∞) þ± 2π �±Ï, ëY�1w�¼ê�, f ′(x) �

´ëY�± 2π �±Ï�¼ê, Ï3 [−π, π] þ�È�²��È. � an, bn

Ú a′n, b
′
n ©O´ f(x)Ú f ′(x)� FourierXê,K

an =
1

π

∫ π

−π
f(x) cosnxdx

= f(x) ·
sinnx

nπ

∣∣∣∣π
−π
−

1

nπ

∫ π

−π
f ′(x) sinnxdx.

Ï an = −b′n
n
.Ónk bn =

a′n
n
.d'u f ′(x)� BesselØ�ª,�

∞∑
n=1

(
(a′n)

2 + (b′n)
2
)
Âñ. qÏ�

∣∣an cosnx + bn sinnx
∣∣ 6 |an| + |bn| 6 |b′n| · 1n + |a′n| ·

1

n

6
1

2

(
(a′n)

2 + (b′n)
2
)
+

1

n2
,

¤± f(x)� Fourier?ê3 (−∞,+∞)þýé��Âñ.
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Dirichlet Âñ½n Riemann-Lebesgue Ún Dini ½n ¯K

~ 1 Pn�õ�ª
α0

2
+

∞∑
n=1

(αn cosnx + βn sinnx)�Ü©Ú�

Sn(x) =
α0

2
+

n∑
k=1

(αk cos kx + βk sin kx) .

ekf� {Snk(x)} 3 [−π, π] þ��Âñu f(x), K {α0, αn, βn} ´ f(x)

FourierXê.

y² Ï� Sn(x)3 [−π, π]þëY,¤± f(x)�3 [−π, π]þëY.P

{a0, an, bn}´ f(x) FourierXê. k

a0 =
1

π

∫ π

−π
f(x) dx =

1

π

∫ π

−π
lim
k→∞

Snk(x) dx

= lim
k→∞

1

π

∫ π

−π
Snk(x) dx = lim

k→∞
〈1, Snk(x)〉

= α0,
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an =
1

π

∫ π

−π
f(x) cosnxdx =

1

π

∫ π

−π
lim
k→∞

Snk(x) cosnxdx

= lim
k→∞

1

π

∫ π

−π
Snk(x) cosnxdx = lim

k→∞
〈cosnx, Snk(x)〉

= αn,

Ón,k

bn =
1

π

∫ π

−π
f(x) sinnxdx =

1

π

∫ π

−π
lim
k→∞

Snk(x) sinnxdx

= lim
k→∞

1

π

∫ π

−π
Snk(x) sinnxdx = lim

k→∞
〈sinnx, Snk(x)〉

= βn.
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~ 2 � f ∈ R([−π, π]) �± 2π �±Ï, |f(x)| 6 M, (x ∈ [−π, π]).
¦y: �3~ê A > 0¦�

|Tn(x)| 6 AM lnn, (n > 2)

ùp Tn(x)´ f(x)� Fourier?ê�Ü©Ú.

y² �â Fourier?êÜ©Ú�È©L« (12.2),k

Tn(x) =
1

π

∫ π

0

[
f(x + t) + f(x− t)

]sin (n + 1
2

)
t

2 sin t
2

dt.

5¿�� x ∈ (0, π
2
]�,k sinx > 2

π
x.�â^�,·�k

|Tn(x)| 6
2M

π

∫ π

0

∣∣sin (n + 1
2

)
t
∣∣

2 sin t
2

dt 6
2M

π

∫ π

0

∣∣sin (n + 1
2

)
t
∣∣

2 · 2
π
· t
2

dt

= M

∫ π

0

∣∣sin (n + 1
2

)
t
∣∣

t
dt
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� δ = 1

n+1
2

,Kk∫ π

0

∣∣sin (n + 1
2

)
t
∣∣

t
dt =

∫ δ

0

∣∣sin (n + 1
2

)
t
∣∣

t
dt +

∫ π

δ

∣∣sin (n + 1
2

)
t
∣∣

t
dt

6
∫ δ

0

(
n + 1

2

)
t

t
dt +

∫ π

δ

1

t
dt

= 1 + ln

[(
n +

1

2

)
π

]
< 5 lnn, (n > 2).

u´

|Tn(x)| 6 5M lnn, (n > 2).
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¯K 1 ?ê
∞∑
n=1

sinnx

ln(n + 1)

´Ä´,�3 [−π, π]þ�È�²��È¼ê� Fourier�?ê?

¯K 2 ?ê
∞∑
n=1

sinnx

n2

´Ä´,�3 [−π, π]þ�È�²��È¼ê� Fourier�?ê?
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	收敛性定理的证明

