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1. �Ω = {−1, 1}Z, Ùþ�ÿÝ𝜇( 1
2
, 1
2
), 𝜎 : Ω → Ω �=£N�. q�(𝑌,𝒴 , 𝜈, 𝑆)

��_�ÿN�. -𝑋 = Ω × 𝑌 , ±9

𝑇 : 𝑋 → 𝑋, (𝜔, 𝑦) ↦→ (𝜎𝜔, 𝑆𝜔0𝑦).

y²µ(𝑋,ℬ(𝑋), 𝜇(1/2,1/2) × 𝜈, 𝑇 ) ��_�ÿXÚ§¡���Å=£(random

shift).

2. -𝑇 : R → R ½ÂXe:

𝑇 (𝑥) =

{︃
1
2

(︀
𝑥− 1

𝑥

)︀
, 𝑥 ̸= 0;

0, 𝑥 = 0.

3R þ½ÂXeÿÝµéu?Û¢ê𝑎 < 𝑏

𝜇([𝑎, 𝑏]) =

∫︁ 𝑏

𝑎

𝑑𝑥

𝜋(1 + 𝑥2)
.

y²: (R,ℬ(R), 𝜇, 𝑇 ) ��ÿXÚ, ¿�§�r·Ü�.

3. é𝑘 ∈ N, �𝜃 = (𝜃1, . . . , 𝜃𝑘) ∈ R𝑘. -

𝑇𝜃 : T𝑘 → T𝑘, �⃗� = (𝑥1, 𝑥2, . . . , 𝑥𝑘) ↦→ �⃗� + 𝜃 = (𝑥1 + 𝜃1, 𝑥2 + 𝜃2, . . . , 𝑥𝑘 + 𝜃𝑘).

�𝑚 ´T𝑘 þ�Lebesgue ÿÝ.

y²µ(T𝑘,ℬ(T𝑘),𝑚, 𝑇𝜃) ´�ÿXÚ§¿�§�H{���=�𝜃 =

(𝜃1, . . . , 𝜃𝑘) ∈ R𝑘 �knÕá�.1

4. �ã von Neumann 𝐿2 H{²þ½n£von Neumann Mean Ergodic Theo-

rem¤§¿�$^ÌnØ�£�Ñ��y².

5. �ÑBorel �5ê½néu�?�ê���, ¿��Ñy².

1¡𝜃 = (𝜃1, . . . , 𝜃𝑘) ∈ R𝑘 �knÕá�, ´�éu?Û𝑛0, 𝑛1, . . . , 𝑛𝑘 ∈ Z, 𝑛0 + 𝑛1𝜃1 + . . .+

𝑛𝑘𝜃𝑘 = 0 ⇒ 𝑛0 = 𝑛1 = . . . = 𝑛𝑘 = 0.



2

6. �𝑃��ÅÝ
, 𝑝�î���VÇ�þ, �𝑝𝑃 = 𝑝. K

𝑄 = lim
𝑁→∞

1

𝑁

𝑁−1∑︁
𝑛=0

𝑃 𝑛

�3. ¿�

(a) 𝑄 ���ÅÝ
¶

(b) 𝑄𝑃 = 𝑃𝑄 = 𝑄;

(c) 𝑃�A��1éA�A��þ��𝑄�A��þ¶

(d) 𝑄2 = 𝑄.

7. � (𝑋,𝒳 , 𝜇, 𝑇 ) �f·ÜXÚ. y²:

(1) é?¿ 𝑛 ∈ N, (𝑋𝑛,𝒳 𝑛, 𝜇𝑛, 𝑇 (𝑛)) �f·Ü�, ùp 𝑇 (𝑛) = 𝑇 × . . . × 𝑇

(𝑛g).

(2) é?¿ 𝑛 ∈ N, (𝑋,𝒳 , 𝜇, 𝑇 𝑛) �f·Ü�.

8. �(𝑋,𝒳 , 𝜇, 𝑇 )�f·Ü��ÿXÚ.XJ(𝑋,𝒳 , 𝜇)äk�êÄ, @o�3𝐽 ⊆
Z+, 𝑑(𝐽) = 0, ¦�

lim
𝐽 ̸∋𝑛→∞

𝜇(𝐴 ∩ 𝑇−𝑛𝐵) = 𝜇(𝐴)𝜇(𝐵),

é?¿𝐴,𝐵 ∈ 𝒳 ¤á.

9. �(𝑋,𝑇 )´��ÿÀÄåXÚ.�𝜇�ℬ(𝑋)þVÇÿÝ¦�(𝑋,ℬ(𝑋), 𝜇, 𝑇 )

¤��ÿXÚ. y²: 𝜇(Rec(𝑋,𝑇 )) = 1. (Rec(𝑋,𝑇 ) �£E:�N|¤�8

Ü)


