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1 4 Ù Ø½È©

§4.1 Ø½È©9ÙÄ��O��{

4.1.1 Ä�Vg

½Â 1 �¼ê F (x)� f(x)3«m I þk½Â.eéz� x ∈ I Ñk

F ′(x) = f(x), ½ dF (x) = f(x)dx,

K¡ F (x)� f(x)3«m I þ����¼ê.
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1 4 Ù Ø½È©

§4.1 Ø½È©9ÙÄ��O��{

4.1.1 Ä�Vg

½Â 1 �¼ê F (x)� f(x)3«m I þk½Â.eéz� x ∈ I Ñk

F ′(x) = f(x), ½ dF (x) = f(x)dx,

K¡ F (x)� f(x)3«m I þ����¼ê.

5¿1,XJ F (x)´ f(x)£3«m I þ¤����¼ê,K F (x)\þ�

�?¿~ê�E,´ f(x)����¼ê;
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1 4 Ù Ø½È©

§4.1 Ø½È©9ÙÄ��O��{

4.1.1 Ä�Vg

½Â 1 �¼ê F (x)� f(x)3«m I þk½Â.eéz� x ∈ I Ñk

F ′(x) = f(x), ½ dF (x) = f(x)dx,

K¡ F (x)� f(x)3«m I þ����¼ê.

5¿1,XJ F (x)´ f(x)£3«m I þ¤����¼ê,K F (x)\þ�

�?¿~ê�E,´ f(x)����¼ê;

5¿2, f(x)�?¿ü��¼ê�����~ê.
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

½Â 2 ¡ f(x) 3«m I þ��N�¼ê {F (x) + C} �¼ê f(x) 3«

m I þ�Ø½È©,P� ∫
f(x) dx = F (x) + C,

Ù¥ C ´?¿~ê, ¡�È©~ê;

∫
¡�È©Ò; f(x) ¡��È¼ê;

f(x)dx¡��ÈL�ª; x¡�È©Cþ.

AÛþ)º¦¼ê f(x)��¼ê�¯K:3 Oxy ���IX¥éÑ�

^� y = F (x), ¦Ù3î�I� x �:?����Ç� f(x). ù���

^�, ¡� f(x) ��^È©�, ò§÷X y ¶����²£, B�Ñ¤

kÙ{ (ÎÜþã�¦)��.Ïd,3AÛþ,Ø½È©
∫
f(x)dxL«�

¹þã�ÜÈ©���x.
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£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?
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£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?

£2¤XJ��¼ê f(x)k�¼ê,@oXÛäN�Ñ f(x)��¼ê?
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£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?

£2¤XJ��¼ê f(x)k�¼ê,@oXÛäN�Ñ f(x)��¼ê?

£3¤duÐ�¼ê��êE,´Ð�¼ê, @o���ê�_$�, �

�Ð�¼ê��¼ê£½ö`Ø½È©¤́ Ä�½�U
L«¤Ð�¼ê?
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£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?

£2¤XJ��¼ê f(x)k�¼ê,@oXÛäN�Ñ f(x)��¼ê?

£3¤duÐ�¼ê��êE,´Ð�¼ê, @o���ê�_$�, �

�Ð�¼ê��¼ê£½ö`Ø½È©¤́ Ä�½�U
L«¤Ð�¼ê?

�â Darboux ½n��, �¼ê÷v0�½n, Ø�Uk1�amä:

�¼ê. Ïd�ÎÒ¼ê y = sgnx ù��¼ê´ØUL«¤��¼ê��

ê�, Ïvk�¼ê. ,, ·�ò3e�Ù¥y²���¯¢: éu�

½«mþ�ëY¼ê,3ù«mþ7k�¼ê.
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£1¤�o��¼êk�¼ê£½ö`�o���È¼êkØ½È©¤?

£2¤XJ��¼ê f(x)k�¼ê,@oXÛäN�Ñ f(x)��¼ê?

£3¤duÐ�¼ê��êE,´Ð�¼ê, @o���ê�_$�, �

�Ð�¼ê��¼ê£½ö`Ø½È©¤́ Ä�½�U
L«¤Ð�¼ê?

�â Darboux ½n��, �¼ê÷v0�½n, Ø�Uk1�amä:

�¼ê. Ïd�ÎÒ¼ê y = sgnx ù��¼ê´ØUL«¤��¼ê��

ê�, Ïvk�¼ê. ,, ·�ò3e�Ù¥y²���¯¢: éu�

½«mþ�ëY¼ê,3ù«mþ7k�¼ê.

�Ù��Ä½Â3��«mþ�ëY¼ê�Ø½È©,¿±¦ÑØ½È

©��Ì�8I.ùp¤¢�/¦ÑØ½È©0,´��òØ½È©L«�Ð

�¼ê. �(¢kù��Ð�¼ê,§��Ø½È©Ã{L«¤Ð�¼ê. ~

X, �±y²e�È©
∫
e−x

2
dx,

∫
1

lnx
dx,

∫
sinx2 dx �´ØUL«¤�

Ð�¼ê�.
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4.1.2 Ä�È©L

dc¡��©úªL,���e¡�Ø½È©úªL.

(i)

∫
0 dx = C; (ii)

∫
1
x
dx = ln |x| + C;

(iii)

∫
xα dx = 1

α+1
xα+1 + C, (α 6= −1);

(iv)

∫
ax dx = 1

ln a
ax + C (a > 0, a 6= 1);

(v)

∫
sinx dx = − cosx + C;

∫
cosxdx = sinx + C;∫

sec2 x dx = tanx + C;

∫
csc2 x dx = − cotx + C;

(vi)

∫
1√
1−x2

dx = arcsinx + C = − arccosx + C1;∫
1

1+x2
dx = arctanx + C = −arccotx + C1.
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4.1.3 Ø½È©��55�

(i)e a´~ê (a 6= 0),K

∫
a · f(x)dx = a ·

∫
f(x)dx;

(ii)

∫ (
f(x)± g(x)

)
dx =

∫
f(x)dx±

∫
g(x)dx.

·�5¿, 'uØ½È©��ª¢Sþ´'u¼êx��ª (=��8

Ü�ª). �ª (i) �¹Â´, � a 6= 0 �, a · f ��¼ê�d a ¦ f ��¼

ê��;� a¦ f ��¼ê�7´ a · f ��¼ê. �ª (ii)äkaq�¹

Â. (·�2gJ�e,3¼êëY�cJe,�¼ê��35®��
�y.)

�ª (i)Ú (ii)´�©{K�w,íØ (~X,du (i)ªüà¥¼ê��

©Ñ´ af(x)dx, l (i) ¤á; aq/��Ñ (ii)). d	, ´� (ii) éuõ�

¼ê��/�¤á.

dùü��ª,�±ò���E,�Ø½È©z�eZ�®��Ø½È

©�Ú,?�Ñ(J.ù«�{,¡�©�È©{.
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.

) ∫
x2 − 3x + 1

x + 1
dx
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.

) ∫
x2 − 3x + 1

x + 1
dx =

∫ (
x− 4 +

5

x + 1

)
dx
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.

) ∫
x2 − 3x + 1

x + 1
dx =

∫ (
x− 4 +

5

x + 1

)
dx

=

∫
xdx− 4

∫
dx + 5

∫
dx

x + 1
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.

) ∫
x2 − 3x + 1

x + 1
dx =

∫ (
x− 4 +

5

x + 1

)
dx

=

∫
xdx− 4

∫
dx + 5

∫
dx

x + 1

=
1

2
x2 − 4x + 5 ln |x + 1| + C.
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~ 1 ¦
∫
x2 − 3x + 1

x + 1
dx.

) ∫
x2 − 3x + 1

x + 1
dx =

∫ (
x− 4 +

5

x + 1

)
dx

=

∫
xdx− 4

∫
dx + 5

∫
dx

x + 1

=
1

2
x2 − 4x + 5 ln |x + 1| + C.

5¿, þ¡1���ªmà�z��Ø½È©Ñ¹k��?¿~ê, �

�Ü¿P� C;ù�:·�±�Ø2�².
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~ 2 ¦
∫

1

sin2 x · cos2 x
dx.
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 2 ¦
∫

1

sin2 x · cos2 x
dx.

) ∫
1

sin2 x · cos2 x
dx
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 2 ¦
∫

1

sin2 x · cos2 x
dx.

) ∫
1

sin2 x · cos2 x
dx =

∫
sin2 x + cos2 x

sin2 x · cos2 x
dx
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 2 ¦
∫

1

sin2 x · cos2 x
dx.

) ∫
1

sin2 x · cos2 x
dx =

∫
sin2 x + cos2 x

sin2 x · cos2 x
dx

=

∫
sec2 xdx +

∫
csc2 xdx
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 2 ¦
∫

1

sin2 x · cos2 x
dx.

) ∫
1

sin2 x · cos2 x
dx =

∫
sin2 x + cos2 x

sin2 x · cos2 x
dx

=

∫
sec2 xdx +

∫
csc2 xdx

= tanx− cotx + C.
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~ 3 ¦
∫

1

x2(1 + x2)
dx.
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~ 3 ¦
∫

1

x2(1 + x2)
dx.

) ∫
1

x2(1 + x2)
dx
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~ 3 ¦
∫

1

x2(1 + x2)
dx.

) ∫
1

x2(1 + x2)
dx =

∫
(1 + x2)− x2

x2(1 + x2)
dx
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~ 3 ¦
∫

1

x2(1 + x2)
dx.

) ∫
1

x2(1 + x2)
dx =

∫
(1 + x2)− x2

x2(1 + x2)
dx

=

∫ (
1

x2
−

1

1 + x2

)
dx
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~ 3 ¦
∫

1

x2(1 + x2)
dx.

) ∫
1

x2(1 + x2)
dx =

∫
(1 + x2)− x2

x2(1 + x2)
dx

=

∫ (
1

x2
−

1

1 + x2

)
dx

=

∫
1

x2
dx−

∫
1

1 + x2
dx
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~ 3 ¦
∫

1

x2(1 + x2)
dx.

) ∫
1

x2(1 + x2)
dx =

∫
(1 + x2)− x2

x2(1 + x2)
dx

=

∫ (
1

x2
−

1

1 + x2

)
dx

=

∫
1

x2
dx−

∫
1

1 + x2
dx

= −
1

x
− arctanx + C.
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

4.1.4 Ø½È©���{

½n 1 (1���{) � F (x) ´ f(x) ����¼ê£= F ′(x) = f(x)¤,

¿� u = ϕ(x)��.K·�k∫
f(ϕ(x)) · ϕ′(x)dx = F (ϕ(x)) + C.

= f(ϕ(x)) · ϕ′(x)����¼ê´ F (ϕ(x)).

y² d���©/ª�ØC5,'Xª

dF (u) = f(u)du

2±¼ê ϕ(x)�OgCþ u�E,¤á,dd�Ñ¤`��ª.

ù��{�¡�“n�©{”.
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~ 4 ¦
∫

tanx dx.
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~ 4 ¦
∫

tanx dx.

) ¤¦�Ø½È©∫
tanx dx
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~ 4 ¦
∫

tanx dx.

) ¤¦�Ø½È©∫
tanx dx =

∫
sinx

cosx
dx
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4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 4 ¦
∫

tanx dx.

) ¤¦�Ø½È©∫
tanx dx =

∫
sinx

cosx
dx

= −
∫

(d cosx)

cosx

10/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 4 ¦
∫

tanx dx.

) ¤¦�Ø½È©∫
tanx dx =

∫
sinx

cosx
dx

= −
∫

(d cosx)

cosx

= − ln | cosx| + C.
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)

=

∫
t

√
1 + t

dt
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)

=

∫
t

√
1 + t

dt

=

∫
(1 + t)− 1
√
1 + t

dt
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)

=

∫
t

√
1 + t

dt

=

∫
(1 + t)− 1
√
1 + t

dt

=

∫ √
1 + td(1 + t)−

∫
d(1 + t)
√
1 + t
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)

=

∫
t

√
1 + t

dt

=

∫
(1 + t)− 1
√
1 + t

dt

=

∫ √
1 + td(1 + t)−

∫
d(1 + t)
√
1 + t

=
2

3
(1 + t)3/2 − 2

√
1 + t + C
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~ 5 ¦
∫

lnx

x
√
1 + lnx

dx.

) P t = lnx,¤¦�Ø½È©�∫
lnx

x
√
1 + lnx

dx =

∫
lnx

√
1 + lnx

d(lnx)

=

∫
t

√
1 + t

dt

=

∫
(1 + t)− 1
√
1 + t

dt

=

∫ √
1 + td(1 + t)−

∫
d(1 + t)
√
1 + t

=
2

3
(1 + t)3/2 − 2

√
1 + t + C

=
2

3
(1 + lnx)3/2 − 2

√
1 + lnx + C.

11/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 6 ¦
∫

1

sinx
dx.
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∫

1

sinx
dx.

) � u = cosx.K∫
1

sinx
dx
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sinx
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) � u = cosx.K∫
1

sinx
dx =

∫
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1− cos2 x
dx
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1

sinx
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∫
sinx

1− cos2 x
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∫

du
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½n 2 (1���{) �¼ê x = ϕ(t)´î�üN���¼ê,� ϕ′(t)Ø

�"�£l ϕk�¼ê ϕ−1¤. e G(t)´ f(ϕ(t))ϕ′(t)����¼ê,=∫
f(ϕ(t))ϕ′(t)dt = G(t) + C,

Kk ∫
f(x)dx = G(ϕ−1(x)) + C.

= G(ϕ−1(x))´ f(x)����¼ê.

y² ·�dEÜ¼ê¦�{K,�¼ê¦�{K±9®�^�,�Ñ

dG(ϕ−1(x))

dx
=
dG(t)

dx
=
dG

dt
·
dt

dx

= G′(t) ·
1

ϕ′(t)
= f(ϕ(t))ϕ′(t) ·

1

ϕ′(t)

= f(ϕ(t)) = f(x).

dd�Ñ¤`�(J.
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~ 7 ¦
∫

1
√
ex + 1

dx.
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~ 7 ¦
∫

1
√
ex + 1

dx.

) � t =
√
ex + 1,K ex + 1 = t2,� exdx = 2tdt,= dx = 2t

t2−1dt. ¤

¦�Ø½È©�∫
1

t
·

2t

t2 − 1
dt
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t
·

2t
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dt =
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t− 1
−

1

t + 1

)
dt
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~ 8 ¦
∫

1
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x(1 + 3

√
x)
dx.
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~ 8 ¦
∫

1
√
x(1 + 3

√
x)
dx.

) �È¼ê�½Â�� x > 0. ·�- x = t6 (t > 0) ±�Ø¤k�

Ò,K
√
x = t3, 3

√
x = t2, dx = 6t5dt,l

∫
dx

√
x(1 + 3

√
x)
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dx.
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Ò,K
√
x = t3, 3

√
x = t2, dx = 6t5dt,l

∫
dx

√
x(1 + 3

√
x)

= 6

∫
t2dt

1 + t2
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∫
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√
x(1 + 3

√
x)

= 6

∫
t2dt

1 + t2

= 6

∫
dt− 6

∫
dt

1 + t2

= 6(t− arctan t) + C.
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~ 9 ¦
∫ √

a2 − x2dx,Ù¥ a´��~ê, a > 0.
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~ 9 ¦
∫ √

a2 − x2dx,Ù¥ a´��~ê, a > 0.

) �
�Ø�g�Ò,·�- x = a sin t, ùp −π
2
< t < π

2
. K

t = arcsin x
a
,� dx = a cos tdt. �¤¦�Ø½È©�∫

a2 cos2 tdt
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~ 9 ¦
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a2 − x2dx,Ù¥ a´��~ê, a > 0.

) �
�Ø�g�Ò,·�- x = a sin t, ùp −π
2
< t < π

2
. K

t = arcsin x
a
,� dx = a cos tdt. �¤¦�Ø½È©�∫

a2 cos2 tdt =
a2

2

∫
(1 + cos 2t)dt
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2
. K
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a
,� dx = a cos tdt. �¤¦�Ø½È©�∫
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2

∫
(1 + cos 2t)dt

=
a2

2

(
t +

sin 2t

2
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+ C
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,� dx = a cos tdt. �¤¦�Ø½È©�∫
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∫
(1 + cos 2t)dt
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a2

2

(
t +

sin 2t

2

)
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a2
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∫
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t +

sin 2t
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)
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=
a2

2
(t + sin t cos t) + C
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a2

2
arcsin
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a
+

1
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x
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e�È¼ê3½Â�þëY,K7L¦Ñ�È¼ê3��½Â�þ�Ø

½È© (·���,§7½�3),Ø´Ü©½Â�þ�Ø½È©. ·�Þ�

~f,±�`².

~ 10 ¦
∫

x2 + 1

x4 + x2 + 1
dx.

) � x 6= 0�,ò�È¼ê�©f!©1ÓØ± x2,�Ñ∫
x2 + 1

x4 + x2 + 1
dx =

∫
1 + 1

x2(
x− 1

x

)2
+ 3

dx

=

∫
d
(
x− 1

x

)(
x− 1

x

)2
+ 3

=
1
√
3
arctan

x2 − 1
√
3x

+ C.

�
¦Ñ f(x) = x2+1
x4+x2+1

3��½Â� (−∞,+∞) þ��¼ê F (x), d®

17/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

��(J,��

F (x) =


1√
3
arctan x2−1√

3x
+ C1, x < 0;

C, x = 0;

1√
3
arctan x2−1√

3x
+ C2, x > 0.

d F (x)3 x = 0?ëY,�Ñ

lim
x→0+0

F (x) = lim
x→0−0

F (x) = F (0),

= 1√
3

π
2
+C1 = C = − 1√

3

π
2
+C2,� C1 = C − 1√

3

π
2
, C2 = C + 1√

3

π
2
. dd´�

F ′+(0) = F ′−(0) = f(0).

l F 3 x = 0?��,� F ′(0) = f(0). �

∫
f(x)dx =


1√
3

(
arctan x2−1√

3x
− π

2

)
+ C, x < 0;

C, x = 0;

1√
3

(
arctan x2−1√

3x
+ π

2

)
+ C, x > 0.
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4.1.5 ©ÜÈ©{

½n 3 (©ÜÈ©{) �¼ê u = u(x)� v = v(x)këY��û,K∫
u(x) · v′(x) dx = u(x) · v(x)−

∫
v(x) · u′(x) dx.

y² �â¼ê¦È��©{K,k

(u(x)v(x))′ = u′(x)v(x) + u(x)v′(x),

Ïd, ∫
(u′(x)v(x) + u(x)v′(x))du = u(x)v(x) + C.

dd=�¤y.
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~ 11 ¦
∫
x2 lnx dx.

20/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 11 ¦
∫
x2 lnx dx.

) Ï� d(1
3
x3) = x2dx,¤±�� u(x) = lnx, v(x) = 1

3
x3.∫

x2 lnx dx =
1

3
x3 lnx−

∫
1

3
x3d(lnx)
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3
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x2dx

=
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3
x3 lnx−

1

9
x3 + C.

��éu/X
∫
xm lnxdx,

∫
xm arctanxdx �Ø½È©Ñ�±�d{

¦).
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~ 12 � p(x)´ ngõ�ª,¦
∫
p(x)exdx.
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~ 12 � p(x)´ ngõ�ª,¦
∫
p(x)exdx.

) ∫
p(x)exdx = p(x)ex −

∫
p′(x)exdx
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)
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∫
p′(x)exdx

= p(x)ex −
(
p′(x)ex −

∫
p′′(x)exdx

)
= (p(x)− p′(x))ex +

∫
p′′(x)exdx
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= p(x)ex −
(
p′(x)ex −
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~ 12 � p(x)´ ngõ�ª,¦
∫
p(x)exdx.

) ∫
p(x)exdx = p(x)ex −

∫
p′(x)exdx

= p(x)ex −
(
p′(x)ex −

∫
p′′(x)exdx

)
= (p(x)− p′(x))ex +

∫
p′′(x)exdx

= · · ·

=

(
n∑
k=0

(−1)kp(k)(x)

)
ex + C.
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~ 13 O� In =

∫
cosn x dx.
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~ 13 O� In =

∫
cosn x dx.

)

In =

∫
(sinx)′ cosn−1 xdx
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~ 13 O� In =

∫
cosn x dx.

)

In =

∫
(sinx)′ cosn−1 xdx

= sinx cosn−1 x− (n− 1)

∫
sinx cosn−2 x(− sinx)dx
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∫
cosn x dx.

)

In =

∫
(sinx)′ cosn−1 xdx

= sinx cosn−1 x− (n− 1)

∫
sinx cosn−2 x(− sinx)dx

= sinx cosn−1 x + (n− 1)

∫
sin2 x cosn−2 xdx
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)
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∫
(sinx)′ cosn−1 xdx

= sinx cosn−1 x− (n− 1)

∫
sinx cosn−2 x(− sinx)dx

= sinx cosn−1 x + (n− 1)

∫
sin2 x cosn−2 xdx

= sinx cosn−1 x + (n− 1)

∫
(1− cos2 x) cosn−2 xdx
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~ 13 O� In =

∫
cosn x dx.

)

In =

∫
(sinx)′ cosn−1 xdx

= sinx cosn−1 x− (n− 1)

∫
sinx cosn−2 x(− sinx)dx

= sinx cosn−1 x + (n− 1)

∫
sin2 x cosn−2 xdx

= sinx cosn−1 x + (n− 1)

∫
(1− cos2 x) cosn−2 xdx

= sinx cosn−1 x + (n− 1)In−2 − (n− 1)In.

22/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 13 O� In =

∫
cosn x dx.

)

In =

∫
(sinx)′ cosn−1 xdx

= sinx cosn−1 x− (n− 1)

∫
sinx cosn−2 x(− sinx)dx

= sinx cosn−1 x + (n− 1)

∫
sin2 x cosn−2 xdx

= sinx cosn−1 x + (n− 1)

∫
(1− cos2 x) cosn−2 xdx

= sinx cosn−1 x + (n− 1)In−2 − (n− 1)In.

¤±k

In =
1

n
sinx cosn−1 x +

n− 1

n
In−2.

du I0 = x+C, I1 = sinx+C,¤±dþ¡4íúª�±�� In�L�ª.
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~ 14 ¦
∫
eax sin bx dx (a, b´Ø�u"�¢ê).

23/25

‖J I‖ J I �£ �¶ '4 òÑ



4.1.1 4.1.2 4.1.3 4.1.4 4.1.5 1���{ 1���{ ©ÜÈ©{

~ 14 ¦
∫
eax sin bx dx (a, b´Ø�u"�¢ê).

) P¤`�Ø½È©� I ,Kd©ÜÈ©úª,�Ñ

I =
1

a

∫
sin bx · d(eax) =

eax

a
sin bx−

b

a

∫
eax cos bx dx.
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~ 14 ¦
∫
eax sin bx dx (a, b´Ø�u"�¢ê).

) P¤`�Ø½È©� I ,Kd©ÜÈ©úª,�Ñ

I =
1

a

∫
sin bx · d(eax) =

eax

a
sin bx−

b

a

∫
eax cos bx dx.

émà1��È©2^©ÜÈ©úª,�∫
eax cos bxdx =

eax

a
cos bx +

b

a

∫
eax sin bxdx.
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~ 14 ¦
∫
eax sin bx dx (a, b´Ø�u"�¢ê).

) P¤`�Ø½È©� I ,Kd©ÜÈ©úª,�Ñ

I =
1

a

∫
sin bx · d(eax) =

eax

a
sin bx−

b

a

∫
eax cos bx dx.

émà1��È©2^©ÜÈ©úª,�∫
eax cos bxdx =

eax

a
cos bx +

b

a

∫
eax sin bxdx.

Ïd,·�k

I =
eax

a
sin bx−

b

a2
eax cos bx−

b2

a2
I.

£��� (5¿, I L«��¼êx)

I =
eax

a2 + b2
(a sin bx− b cos bx) + C.
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~ 15 P In =

∫
1

(x2 + a2)n
dx (n = 1, 2, · · · ), Ù¥ a ´�"¢ê. y

²e¡�4íúª¤á:

In+1 =
1

2na2

x

(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan x

a
,�4í/¦� In.)
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∫
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(x2 + a2)n
dx (n = 1, 2, · · · ), Ù¥ a ´�"¢ê. y

²e¡�4íúª¤á:

In+1 =
1

2na2

x

(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan x

a
,�4í/¦� In.)

y² � u = 1
(x2+a2)n

, v = x,K du = − 2nx
(x2+a2)n+1dx, dv = dx,�

In =
x

(x2 + a2)n
+ 2n

∫
x2

(x2 + a2)n+1
dx
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1

2na2
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(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan x

a
,�4í/¦� In.)

y² � u = 1
(x2+a2)n

, v = x,K du = − 2nx
(x2+a2)n+1dx, dv = dx,�

In =
x

(x2 + a2)n
+ 2n

∫
x2

(x2 + a2)n+1
dx

=
x

(x2 + a2)n
+ 2n

(∫
1

(x2 + a2)n
dx− a2

∫
1

(x2 + a2)n+1
dx

)
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dx (n = 1, 2, · · · ), Ù¥ a ´�"¢ê. y

²e¡�4íúª¤á:

In+1 =
1

2na2
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(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan x

a
,�4í/¦� In.)

y² � u = 1
(x2+a2)n

, v = x,K du = − 2nx
(x2+a2)n+1dx, dv = dx,�

In =
x

(x2 + a2)n
+ 2n

∫
x2

(x2 + a2)n+1
dx

=
x

(x2 + a2)n
+ 2n

(∫
1

(x2 + a2)n
dx− a2

∫
1

(x2 + a2)n+1
dx

)
=

x

(x2 + a2)n
+ 2n

(
In − a2In+1

)
,
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∫
1

(x2 + a2)n
dx (n = 1, 2, · · · ), Ù¥ a ´�"¢ê. y

²e¡�4íúª¤á:

In+1 =
1

2na2

x

(x2 + a2)n
+

2n− 1

2na2
In (n = 1, 2, · · · ).

(dd9 I1 =
1
a
arctan x

a
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y² � u = 1
(x2+a2)n

, v = x,K du = − 2nx
(x2+a2)n+1dx, dv = dx,�

In =
x

(x2 + a2)n
+ 2n

∫
x2

(x2 + a2)n+1
dx

=
x

(x2 + a2)n
+ 2n

(∫
1

(x2 + a2)n
dx− a2

∫
1

(x2 + a2)n+1
dx

)
=

x

(x2 + a2)n
+ 2n

(
In − a2In+1

)
,

dd=�(J.
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NõØ½È©�O�, Iò©ÜÈ©{���{(Ü¦^, ·�Þ��

ù��~f.

~ 16 ¦
∫
xex(1 + ex)−

3
2dx.

) ·�kd©ÜÈ©�Ñ∫
xex(1 + ex)−

3
2dx = −

∫
2xd

(
1

√
1 + ex

)
= −

2x
√
1 + ex

+ 2

∫
1

√
1 + ex

dx.

þª¥�Ø½È©�^��{¦� (�~ 7),·���k∫
xex(1 + ex)−

3
2dx = 4 ln

(√
ex + 1− 1

)
− 2x−

2x
√
ex + 1

+ C.
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