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13.5.2 Γ¼ê�{�úª9éêà5

½n 1 ({�úª) � x ∈ (0, 1)�,k

Γ(x)Γ(1− x) =
π

sin(πx)
.

y² é x ∈ (0, 1),3e¡�úª

B(x, y) =

∫ +∞

0

zy−1

(1 + z)x+y
dz.

¥- y = 1− x.¿�â B¼ê� Γ¼ê�'X��

Γ(x)Γ(1− x) = B(1− x, x) =

∫ +∞

0

tx−1

1 + t
dt.

�â®��(J: ∫ +∞

0

xp−1

1 + x
dx =

π

sin pπ
(0 < p < 1).

=�{�úª.
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~ 1 (Euler¦È) � n > 2´g,ê. Kk

E :=

n−1∏
k=1

Γ

(
k

n

)
=

(2π)
n−1

2

√
n

.

y² �â{�úª,

E2 =

n−1∏
k=1

Γ

(
k

n

)
Γ

(
1−

k

n

)
=

n−1∏
k=1

π

sin kπ
n

(1)

�
O�¦È
n−1∏
k=1

sin kπ
n
,�	ð�ª

zn − 1

z − 1
=

n−1∏
k=1

(
z − cos

2kπ

n
− i sin

2kπ

n

)
¿3Ù¥¦ z → 1,�4��(J�

n =

n−1∏
k=1

(
1− cos

2kπ

n
− i sin

2kπ

n

)
.
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ü>��,��

n = 2n−1

n−1∏
k=1

sin
kπ

n
,

=,

n−1∏
k=1

sin
kπ

n
=

n

2n−1
.

òdª�\ (1)=�¤y.
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½n 2 ln Γ(x)´ (0,+∞)þ�à¼ê.

y² � p > 1� 1
p

+ 1
q

= 1.é?¿ x1, x2 ∈ (1,+∞)k

Γ

(
x1

p
+
x2

q

)
=

∫ +∞

0

t
x1
p +

x2
q −1e−t dt

=

∫ +∞

0

(
t
x1−1
p e−

t
p

) (
t
x2−1
q e−

t
q

)
dt

6

(∫ +∞

0

tx1−1e−t dt

) 1
p
(∫ +∞

0

tx2−1e−t dt

)1
q

= (Γ(x1))
1
p (Γ(x2))

1
q ,

Ï


ln Γ

(
x1

p
+
x2

q

)
6

1

p
ln Γ(x1) +

1

q
Γ(x2),

=, ln Γ(x)´ (0,+∞)þ�à¼ê.
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½n 3 XJ f(x)´½Â3 (0,+∞)þ�¼ê,÷v

1◦ é?¿ x > 0,k f(x) > 0� f(1) = 1;

2◦ f(x + 1) = xf(x), x > 0;

3◦ ln f(x)´ (0,+∞)þ�à¼ê.

K f(x) = Γ(x), x > 0.

y² d 2◦,�Ié x ∈ (0, 1)5y². éug,ê n,k

n− 1 < n < n + x < n + 1.

Ïd,�âà¼ê�5�,k

ln f(n)− ln f(n− 1)

n− (n− 1)
6

ln f(n + x)− ln f(n)

(n + x)− n
6

ln f(n + 1)− ln f(n)

(n + 1)− n
.

d 1◦, 2◦,�� f(n) = (n− 1)!,Ïdþª�{z�

(n− 1)x(n− 1)! 6 f(n + x) 6 nx(n− 1)!.
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2�â 2◦ ��
(n− 1)x(n− 1)!

x(x + 1) · · · (x + n− 1)
6 f(x) 6

nx(n− 1)!

x(x + 1) · · · (x + n− 1)
.

���¤
n

x + n
f(x) 6

nxn!

x(x + 1) · · · (x + n)
6 f(x)

dd��

f(x) = lim
n→+∞

nxn!

x(x + 1) · · · (x + n)
.

Ï� Γ(x)÷v 1◦, 2◦, 3◦,¤± Γ(x) = f(x).

íØ 1 (Euler-Gaussúª) éu x > 0,k

Γ(x) = lim
n→+∞

nxn!

x(x + 1) · · · (x + n)
.
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~ 2 � 0 < α < 2, β > 0.¦È©
∫ +∞

0

sinβx

xα
dx.

) Ï� α > 0, ¤±d Dirichlet �O{�
∫ +∞

1

sinβx

xα
dx Âñ. ,	,

� x → 0 �,
sinβx

xα
∼

β

xα−1
. Ïd� α < 2 �,

∫ 1

0

sinβx

xα
Âñ. �, �

0 < α < 2�,

∫ +∞

0

sinβx

xα
dx.Âñ. 5¿�∫ +∞

0

e−xt
1/α

dt =
α

xα

∫ +∞

0

uα−1e−u du =
αΓ(α)

xα
.

=,

1

xα
=

1

αΓ(α)

∫ +∞

0

e−xt
1/α

dt. (1)

·�k ∫ +∞

0

sinβx

xα
dx =

1

αΓ(α)

∫ +∞

0

(∫ +∞

0

e−xt
1/α

sinβx dt

)
dx. (2)
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��þªmàü�È©Ò�gS,�∫ +∞

0

sinβx

xα
dx =

1

αΓ(α)

∫ +∞

0

(∫ +∞

0

e−xt
1/α

sinβx dx

)
dt

du ∫ +∞

0

e−ax sinβx dx =
β

β2 + a2
, (a > 0)

¤±, ∫ +∞

0

sinβx

xα
dx =

1

αΓ(α)

∫ +∞

0

β

β2 + t2/α
dt

=
1

αΓ(α)

∫ +∞

0

βα−1α
2
u
α
2−1

1 + u
du (�C� t = βu

α
2 )

=
1

2Γ(α)
·
πβα−1

sin απ
2

.

u´é 0 < α < 2, β > 0k∫ +∞

0

sinβx

xα
dx =

1

2Γ(α)
·
πβα−1

sin απ
2

. (3)
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AOk ∫ +∞

0

sinx

x3/2
dx =

√
2π.

5¿� ∫ +∞

0

e−ax cosβx dx =
a

β2 + a2
(a > 0).

��?Uþ¡��{,��∫ +∞

0

cosx

xα
dx =

1

2Γ(α)
·
πβα−1

cos απ
2

(0 < α < 1, β > 0). (4)
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