
1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

13.1.2 Ã¡«mþÈ©Âñ5����O{

�
�Ñ�����O{,I�Ú?aq?ê� AbelÚn.

Ún 1 (1�È©¥�½n) e f(x)3 [a, b]þ�È, g(x)3 [a, b]þ�K.

e g(x)üN4~,K7�3 ξ ∈ [a, b],¦�∫ b

a

f(x)g(x)dx = g(a)

∫ ξ

a

f(x)dx.

e g(x)üN4O,K7�3 ξ ∈ [a, b],¦�∫ b

a

f(x)g(x)dx = g(b)

∫ b

ξ

f(x)dx.

y² ·��y g üN4~��/. Äk5¿�, g(x)´üN�,¤±´

�È�,Ïd fg �´�È�,þª�>�È©k¿Â.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

é«m [a, b]�©� T : a = x0 < x1 < x2 < · · · < xn = b

K fg 3 [a, b]þ�È©�±L«

∫ b

a

f(x)g(x)dx =

n∑
i=1

∫ xi

xi−1

f(x)g(x)dx

=

n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x)dx

+

n∑
i=1

∫ xi

xi−1

f(x)(g(x)− g(xi−1))dx

XJ^ ωi = sup{|g(x) − g(x′)| : x, x′ ∈ [xi−1, xi]} L« g 3�«m

[xi−1, xi]þ��Ì.K L« f 3 [a, b]���þ.£Ï��È¤±k.¤. @
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

o,þªmà1��Úê�ýé�Ø�L
n∑
i=1

∫ xi

xi−1

|f(x)||g(x)− g(xi−1)|dx 6 K

n∑
i=1

ωi∆xi

Ï� g �È,¤±

lim
|T |→0

n∑
i=1

ωi∆xi = 0.

u´,·�k ∫ b

a

f(x)g(x)dx = lim
|T |→0

n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x)dx.

P

F (x) =

∫ x

a

f(t)dt, ¤± F (xk) =

k∑
i=1

∫ xi

xi−1

f(t)dt

K F (x)´«m [a, b]þ���ëY¼ê,�k���Ú���,©OP�M

Úm,=

m 6 F (x) =

∫ x

a

f(t)dt 6M
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

5¿� g(x0) > g(x1) > · · · > g(xn) > 0,|^ AbelÚn,Òk
n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x)dx =

n−1∑
i=1

F (xi)(g(xi−1)− g(xi)) + F (b)g(xn−1).

¤±

mg(a) = mg(x0) 6
n∑
i=1

g(xi−1)

∫ xi

xi−1

f(x)dx 6Mg(x0) = Mg(a)

- |T | → 0,�

mg(a) 6
∫ b

a

f(x)g(x)dx 6Mg(a).

du F (x)´ëY�,�âëY¼ê�0�½n,�3 ξ ∈ [a, b],¦�∫ b

a

f(x)g(x)dx = g(a)

∫ ξ

a

f(x)dx.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

íØ 1 e f(x)3 [a, b]þ�È, g(x)3 [a, b]þüN,K7�3 ξ ∈ [a, b],

¦� ∫ b

a

f(x)g(x)dx = g(a)

∫ ξ

a

f(x)dx + g(b)

∫ b

ξ

f(x)dx.

½n 1 (Dirichlet) XJ f(x)Ú g(x)÷ve¡ü�^�:

1◦ F (b) =
∫ b
a
f(x)dx�� b�¼ê3 (a,+∞)k..

2◦ g(x)3 (a,+∞)þüN,� lim
x→+∞

g(x) = 0,

@oÈ©
∫ +∞
a

f(x)g(x)dxÂñ.

y² � |F (b)| 6M.A^1�È©¥�½n,�3 ξ ∈ [A,A′],¦�∫ A′

A

f(x)g(x)dx = g(A)

∫ ξ

A

f(x)dx + g(A′)

∫ A′

ξ

f(x)dx
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

¤± ∣∣∣∣∣
∫ A′

A

f(x)g(x)dx

∣∣∣∣∣ = |g(A)|
∣∣∣∣∫ ξ

A

f(x)dx

∣∣∣∣ + |g(A′)|

∣∣∣∣∣
∫ A′

ξ

f(x)dx

∣∣∣∣∣
�â^� 1◦,�∣∣∣∣∫ ξ

A

f(x)dx

∣∣∣∣ = |F (ξ)− F (A)| 6 2M,

∣∣∣∣∣
∫ A′

ξ

f(x)dx

∣∣∣∣∣ 6 2M

d^� 2◦,é?¿� ε > 0,�½�3 X > 0,¦�� A, A′ > X �,k

|g(A)| <
ε

4M
, |g(A′)| <

ε

4M

¤±�� A, A′ > X ,Òk∣∣∣∣∣
∫ A′

A

f(x)g(x)dx

∣∣∣∣∣ < ε.

�â CauchyÂñOK,·�Ò�¤
½n�y².
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

^aq��{�±y²

½n 2 (Abel) XJ f(x)Ú g(x)÷ve¡ü�^�:

1◦ È©
∫ +∞
a

f(x)dxÂñ¶

2◦ g(x)3 [a,+∞)þüNk..

K
∫ +∞
a

f(x)g(x)dxÂñ.

y² d 1◦ �� F (b) =
∫ b
a
f(x) dx k.. d 2◦ �� lim

x→+∞
g(x) Âñ,

�Ù��M,=, lim
x→+∞

(g(x)−M) = 0.�â Dirichlet½n,∫ +∞

a

f(x)(g(x)−M) dx

Âñ. u´∫ +∞

a

f(x)g(x) dx =

∫ +∞

a

f(x)(g(x)−M) dx +M

∫ +∞

a

f(x) dx

Âñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 1 � g(x)3 [a,+∞)k½Â,¿�� x→ +∞� g(x)üNªu",

KÈ© ∫ +∞

a

g(x) sinxdx,

∫ +∞

a

g(x) cosxdx

ÑÂñ.

y² dué?¿ b > a,Ñk∣∣∣∣∫ b

a

sinxdx

∣∣∣∣ 6 2,

∣∣∣∣∫ b

a

cosxdx

∣∣∣∣ 6 2,

d Dirichlet½n��,�È©ÑÂñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 2 � a > 0, 0 < p 6 1,¦y:
∫ +∞
a

sinx
xp
dxÚ

∫ +∞
a

cosx
xp
dxÑ�^�Â

ñ.

y² d©ÜÈ©{��∫ +∞

a

sinx

xp
dx = −

cosx

xp

∣∣∣+∞
a
− p

∫ +∞

a

cosx

x1+p
dx

=
cos a

ap
− p

∫ +∞

a

cosx

x1+p
dx.

du 1 + p > 1,�þªm>�È©ýéÂñ,Ï
È©
∫ +∞
a

sinx
xp
dxÂñ.

qdu | sinx| > sin2 x = 1
2
− 1

2
cos 2x,d'��O{��,�Iy²∫ +∞

a

sin2 x

xp
dx =

∫ +∞

a

dx

2xp
−
∫ +∞

a

cos 2x

2xp
dx

uÑ=�.þªmà1��È©uÑ,1��È©Âñ,��>È©�´uÑ

�.

aq,�±y²
∫ +∞
a

cosx
xp
dx^�Âñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 3 ¦ DirichletÈ©
∫ +∞

0

sinx

x
dx��.

) 3Úª

1

2
+ cosx + cos 2x + · · · + cosnx =

sin
(
n + 1

2

)
x

2 sin x
2

�ü>È©� ∫ π

0

sin
(
n + 1

2

)
x

2 sin x
2

dx =
π

2
. (1)

�Ä¼ê

φ(x) =
1

x
−

1

2 sin x
2

=
2 sin x

2
− x

2x sin x
2

, 0 < x 6 π.

´y

lim
x→0

φ(x) = 0.

- φ(0) = 0.K φ(x)34«m [0, π]þëY.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

Ï�

lim
x→0+

φ(x)− φ(0)

x− 0
= lim

x→0+

2 sin x
2
− x

2x2 sin x
2

= lim
x→0+

2 sin x
2
− x

x3

= lim
x→0+

cos x
2
− 1

3x2
= lim

x→0+

−1
2

sin x
2

6x

= −
1

24
.

� φ(x)3 0��,��¼ê φ′(x)3 [0, π]þk.�È.Ïd,

lim
k→∞

∫ π

0

φ′(x)
1− cos(kx)

k
dx = 0.

Ï


lim
k→∞

∫ π

0

φ(x) sin(kx) dx = 0.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

� k = n + 1
2
,�

lim
n→∞

∫ π

0

(
1

x
−

1

2 sin x
2

)
sin

(
n +

1

2

)
x dx = 0.

(Ü (1)�

lim
n→∞

∫ π

0

sin
(
n + 1

2

)
x

x
dx =

π

2
.

�C� u = (n + 1
2
)x,�

lim
n→∞

∫ (n+1
2)π

0

sinu

u
du =

π

2
.

u´ ∫ +∞

0

sinx

x
dx =

π

2
.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

13.1.3 Ã.¼êÈ©�Âñ�O{

�¼ê f(x)3 (a, b]þk½Â. a´ f(x)�×:,´�

lim
x→a+

f(x) =∞,

d�, ¼ê3 a Ã.. Uì Riemann È©�½Â, ù��¼ê�,Ø�È. X

J f(x)3 (a, b]S�?Û��4«mþ�È,K½Â∫ b

a

f(x)dx = lim
ε→0+

∫ b

a+ε

f(x)dx

��m>�4��3Ò¡×È©
∫ b
a
f(x)dxÂñ.

~X,éu f(x) = 1
(x−a)p

,k

1◦ � 0 < p < 1�,
∫ b
a

1
(x−a)p

dx = 1
1−p(x− a)1−p

∣∣∣b
a

= 1
1−p(b− a)1−p,Â

ñ.

2◦ � p > 1�,
∫ b
a

1
(x−a)p

dxuÑ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

XJ�Cþ��

y =
1

x− a
K ∫ b

a

f(x)dx =

∫ +∞

1
b−a

f
(
a + 1

y

)
y2

dy.

¤±,×È©=z¤
Ã¡«mþ�2ÂÈ©. Ïd,×È©äkÚÃ¡«m

þ2ÂÈ©���A�(Ø.·�òù
(Ø��Û�Ñ5,Ø2y².

½n 3 (Cauchy ÂñOK) È©
∫ b
a
f(x)dxÂñ�¿©7�^�´,é?

¿ ε > 0,�3 δ > 0,�� 0 < δ′, δ′′ < δ,Òk∣∣∣∣∣
∫ a+δ′′

a+δ′
f(x)dx

∣∣∣∣∣ < ε.

½n 4 XJÈ©
∫ b
a
|f(x)|dxÂñ,@oÈ©

∫ b
a
f(x)dx�Âñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

½n 5 XJéu¿©�C a� x (> a)kØ�ª 0 6 f(x) 6 g(x),@o

1◦ e
∫ b
a
g(x)dxÂñ,K

∫ b
a
f(x)dxÂñ;

2◦ e
∫ b
a
f(x)dxuÑ,K

∫ b
a
g(x)dxuÑ.

�âþã½n,·�ÀJ f(x) = 1
(x−a)p

����IO,3 a�m>NC,

ò¼ê f(x)Ú§?1'�¿�Ñé f(x)Âñ5��O.

½n 6 � f(x)Ú g(x)Ñ´ (a, b]þ��KëY¼ê,�

lim
x→a+

f(x)

g(x)
= k,

@o

1◦ e 0 < k < +∞,K
∫ b
a
f(x)dxÚ

∫ b
a
g(x)dxÓñÑ;

2◦ e k = 0,K�
∫ b
a
g(x)dxÂñ�,

∫ b
a
f(x)dxÂñ;

3◦ e k = +∞,K�
∫ b
a
g(x)dxuÑ�,

∫ b
a
f(x)dxuÑ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 4 ïÄe�ý�È©�Âñ5∫ 1

0

dx√
(1− x2)(1− k2x2)

, 0 < k < 1

ùp�È¼ê±È©þ� x = 1�×:.

) du

lim
x→1−

1√
(1−x2)(1−k2x2)

1√
1−x

=
1√

2(1− k2)
,

q
∫ 1

0
1√

1−xdxÂñ,�âþ¡�½n�,ý�È©Âñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 5 ïÄÈ©
∫ 1

0

lnx

1− x2
dx�ñÑ5.

) wþ�q� x = 0, x = 1Ñ´×:,�¢Sþ,Ï�

lim
x→1

lnx

1− x2
= −

1

2
,

¤± x = 1¿�ý×:£�±`´��×:¤.

�Ä x = 0NC��¹,é¿©�� x,ðk 1− x2 > 1
2
,¤±∣∣∣∣ lnx

1− x2

∣∣∣∣ 6 2| lnx|,


È© ∫ 1

0

| lnx|dx = −
∫ 1

0

lnxdx = −x lnx
∣∣1
0

+

∫ 1

0

dx = 1

´Âñ�,Ïd�È©Âñ.
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1�È©¥�½n Dirichlet �O{ Abel �O{ aÈ©

~ 6 ïÄÈ©
∫ +∞

0

xα arctanx

2 + xβ
dx (β > 0)�Âñ5.

) � α < 0�, x = 0´×:, �§q´Ã¡È©, ¤±rÈ©
¤ü

Ü©5�Ä:∫ +∞

0

xα arctanx

2 + xβ
dx =

∫ 1

0

xα arctanx

2 + xβ
dx +

∫ +∞

1

xα arctanx

2 + xβ
dx.

� x→ 0+ �,
xα arctanx

2 + xβ
∼

1

2
xα+1,

�� α + 1 > −1,= α > −2�,1��È©Âñ. � x→ +∞�,

xα arctanx

2 + xβ
∼
π

2

1

xβ−α
.

�� β − α > 1 �, 1��È©Âñ. ¤±�È©� α > −2 � β > 1 + α

�Âñ.
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