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1 11 Ù �È©Ú¡È©

§11.1 êþ|3�þ�È©

11.1.1 ��l�

� L´�m¥�^1w�,Ùëê�§�

~r = ~r(t) = (x(t), y(t), z(t)) : [α, β] ⊂ R −→ R3.

d���þ�

~r′(t) = (x′(t), y′(t), z′(t)).

ùã��l��

s(L) =

∫ β

α

|~r ′(t)|dt =

∫ β

α

√
x′2(t) + y′2(t) + z′2(t)dt. (11.1)

l���´

ds = |~r′(t)|dt =
√
x′2(t) + y′2(t) + z′2(t)dt.
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11.1.2 1�.�È©�½Â

�á�þ �� L ´�3 R3 ¥���þ!��á, Ù�þ©Ù (��Ý)

�ëY¼ê ρ(x, y, z). ¦d�á��þ.

��Ün��{´kò�á L©�¤k��¿©���áã:

L1, L2, · · · , Ln,

z�ãþ��þ�ÝCq���~ê ρ(ξi, ηi, ζi), ùp (ξi, ηi, ζi) ��ã Li

þ��:, ¤±�ã��þCq� ρ(ξi, ηi, ζi)∆si, Ù¥ ∆si ´�ã Li ��

Ý.ò¤kù��Cq��\Ò´�áo��þ�Cq�:
n∑
i=1

ρ(ξi, ηi, ζi)∆si.

�©��©�[�,ù�Úª�4��ATÒ´�á��þ.
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½Â 1 � L´ R3 ¥�^�¦���,å:Úª:©O� AÚ B. f

´½Â3 L þ���¼ê. l A � B 3 L þ�g�: A = A0, A1, · · · ,
An = B, §�ò� L ©¤ n �ã, /¤ L ���©� T, P1 i ��ã

Li =

)
Ai−1Ai �l�� ∆si (i = 1, 2, · · · , n), ¿P λ = max

16i6n
∆si, ¡�©�

T �°Ý.3 Li þ?��: Pi = (ξi, ηi, ζi),

A

A

A

A

A

AA

1

2

3

n-1

i
i-1

B

P ii
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�Úª

S(f, T ) =

n∑
i=1

f(Pi)∆si. (11.2)

XJ�3��ê I,¦�é?¿ ε > 0,�3 δ > 0,�� λ < δ,ØØ Pi ∈ Li
XÛÀJÑk

|S(f, T )− I| < ε,

K¡ f 3� Lþ�È,ê I ¡� f 3 Lþ�1�.�È©,P�∫
L

f(x, y, z) ds ½

∫
L

f ds

5 ~�¼ê c3 Lþ�È,�∫
L

c ds = cs(L),

Ù¥ s(L)´ L�l�.

4/14

‖J I‖ J I �£ �¶ '4 òÑ



l� ½Â 5� ~f

11.1.3 �È©�5�

½n 1 � L´ R3 ¥�^1w�,ÙëêL«�

ϕ(t) = (x(t), y(t), z(t)), (α 6 t 6 β).

XJ f ´ Lþ�ëY¼ê,@ok∫
L

fds =

∫ β

α

f ◦ ϕ(t)|ϕ′(t)| dt. (11.3)

y² �

T1 : α = t0 < t1 < · · · < tn = β

´ [α, β]���©�. 3N� ϕ�ep�Ñ L���©�

T : A0, A1, · · · , An,

Ù¥ Ai = ϕ(ti), (i = 1, 2 · · · , n).÷^½Â 1�PÒ,�âl�úªÚÈ©
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¥�½n,k

∆si =

∫ ti

ti−1

|ϕ′(t)| dt = |ϕ′(t̃i)|∆ti,

Ù¥ t̃i ∈ (ti−1, ti). � (ξi, ηi, ζi) = ϕ(t̃i).Ïd

S(f, T ) =

n∑
i=1

f ◦ ϕ(t̃i)|ϕ′(t̃i)|∆ti.

ù´¼ê f ◦ ϕ(t)|ϕ′(t)| 3«m [α, β] þ��� Riemann Ú. - ‖T1‖ → 0,

Ò��1�.�È©�O�úª (11.3).

íØ 1 � L´ R3¥�^1w�,ÙëêL«� ϕ(t) = (x(t), y(t), z(t)),

(α 6 t 6 β).K L�l�´

s(L) =

∫
L

ds =

∫ β

α

|ϕ′(t)| dt.
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½n 2 XJ f 3 Lþ�È,@o f 3 Lþk..

½n 3 e f Ú g Ñ3 L þ�È, c1, c2 ´~ê, K c1f + c2g �3 L þ�

È,� ∫
L

(c1f + c2g) ds = c1

∫
L

f ds + c2

∫
L

g ds.

½n 4 � f Ú g Ñ3 Lþ�È.

(1)e f > 0,K

∫
L

f ds > 0;

(2)e f > g,K

∫
L

f ds >
∫
L

g ds.
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½n 5 � L1 Ú L2 ´ü^�¦���ã, L1 �ª:´ L2 �å:. XJ

f 3 L1 Ú L2 þÑ�È,@o f �3 L = L1 ∪ L2 þ�È,¿�∫
L

f ds =

∫
L1

f ds +

∫
L2

f ds.

½Â 2 8Ü E ⊂ R3 ¡���"ÿ8,e�31w� ϕ : [0, 1]→ R3

¦� ϕ��CX E,� E 3 ϕe���´ [0, 1]¥�"ÿ8.

½n 6 � L ´�^�¦���ã, f ´ L þk.¼ê, XJ f 3 L þ

�mä:�N´����"ÿ8,K f 3 Lþ�È.

½n 7 � L ´�^�¦���ã. e f ´ L þëY¼ê, K�3

P0 ∈ L¦� ∫
L

f ds = f(P0)s(L).
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~ 1 ¦�È©
∫
L

√
x2 + y2 ds,Ù¥ L´�± x2 + y2 = ax (a > 0).

) �� L�ëê�§�

x =
a

2
+
a

2
cos t, y =

a

2
sin t, (0 6 t 6 2π).

K��þ�

~r′(t) =
(
−
a

2
sin t,

a

2
cos t

)
.

l���´

ds =
∣∣~r′(t)∣∣ dt =

a

2
dt.

Ïd, ∫
L

√
x2 + y2 ds =

∫ 2π

0

a2

2

√
1 + cos t

2
dt

=
a2

2

∫ 2π

0

∣∣∣∣cos
t

2

∣∣∣∣ dt = a2

∫ π

0

| cos t| dt = 2a2.
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~ 2 �� L�ý� x2

a2 + y2

b2 = 1 (a > 0, b > 0)31����lã,O

��È©
∫
L

xyds.

) L��§��¤

x = a cos θ, y = b sin θ, 0 6 θ 6
π

2
,

¤± ∫
L

xyds = ab

∫ π/2

0

cos θ sin θ
√
a2 sin2 θ + b2 cos2 θ dθ

=
ab

2

∫ π/2

0

√
b2 + (a2 − b2) sin2 θ d sin2 θ

=
ab

3(a2 − b2)

(
b2 + (a2 − b2) sin2 θ

)3/2
∣∣∣π/2

0

=
ab(a2 + ab + b2)

3(a + b)
.
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~ 3 ¦�È©
∫
L
xds, Ù¥ L ´±²¡þ O(0, 0), A(1, 0), B(0, 1)

�º:�n�/�>..

) � L ´©ã1w�, §dn^�� OA, AB, BO �¤, n^�

���§±9l�� ds�©OL«�

OA : x = t, y = 0, ds = dt, t ∈ [0, 1];

AB : x = 1− t, y = t, ds =
√

2dt, t ∈ [0, 1]

BO : x = 0, y = 1− t, ds = dt, t ∈ [0, 1]

¤±©ã?1È©k∫
L

xds =

∫
OA

xds +

∫
AB

xds +

∫
BO

xds

=

∫ 1

0

t dt +

∫ 1

0

(1− t)
√

2 dt +

∫ 1

0

0 dt

=
1 +
√

2

2
. O

x

y

A

B
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~ 4 ¦�È©
∫
L

xyds, Ù¥ L ´¥¡ x2 + y2 + z2 = a2 �²¡

x + y + z = 0�¤��±.

x

y

z

O

) k¦ L�ëê�§. w, L¤3²¡�{�� (1, 1, 1).�

~e1 =
1
√

6
(1,−2, 1), ~e2 =

1
√

2
(1, 0,−1), ~e3 =

1
√

3
(1, 1, 1),

ù´n��¤mÃX��pR��ü �þ,� ~e1, ~e2 Ü¤ L¤3²¡.
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Ïd,�±� L��§�

~r = ~r(θ) = a(cos θ~e1 + sin θ~e2), (0 6 θ 6 2π).

dd�� L�ëê�§�Ðmª

x = a

(
1
√

6
cos θ +

1
√

2
sin θ

)
,

y = a

(
−

2
√

6
cos θ

)
,

z = a

(
1
√

6
cos θ −

1
√

2
sin θ

)
.

dl���úª�� ds = |~r′(θ)|dθ = adθ.u´∫
L

xyds = a3

∫ 2π

0

(
−

1

3
cos2 θ −

1
√

3
sin θ cos θ

)
dθ

= −
1

3
a3

∫ 2π

0

cos2 θ dθ = −
1

3
πa3.
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�{ 2 �âé¡5,k∫
L

xyds =

∫
L

yzds =

∫
L

zxds.

Ïd ∫
L

xyds =
1

3

∫
L

(xy + yz + zx)ds

=
1

6

∫
L

(
(x + y + z)2 − (x2 + y2 + z2)

)
ds

= −
1

6

∫
L

a2ds

= −
1

6
a2

∫
L

ds

= −
1

6
a22πa

= −
1

3
πa3.
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